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-:3. Vectors analysis/angle between two planes 

 

Example: Find the angle between the planes 2x - 6y - z = 5 

and x + 2y - 2z = 12 

Solution// 

k-6j-=2i1n 

n2=i+2j-2k 

|𝒏𝟏| = √𝟒 + 𝟑𝟔 + 𝟏 = √𝟒𝟏 
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|𝒏𝟐| = √𝟏 + 𝟒 + 𝟒 = √𝟗 

𝛉 = 𝐜𝐨𝐬−𝟏
𝒏𝟏. 𝒏𝟐

|𝒏𝟏|. |𝒏𝟐|
= 𝐜𝐨𝐬−𝟏

−𝟖

√𝟒𝟏. √𝟗
= 𝟏𝟏𝟒. 𝟔° 

-:4. Vectors analysis/intersection line &plane 

Example: Find the vector parallel to the line of intersection of 

the planes 3x-6y-2z=15    , x+2y-z=5. 

Solution/ 

N1=3i-6j-2k 

N2=i+2j-k 

N=N1 X N2=|
𝒊 𝒋 𝒌
𝟑 −𝟔 −𝟐
𝟏 𝟐 −𝟏

| 

=10 i+j+12k  

-:5. Vector Functions 

A vector –valued function of real variable can be written in 

component form as:  

F(t)=F1(t)i+F2(t)j+F3(t)k 

1. Limits 

If L=L1i+L2j+L3k is a vector in space 

F(t) is a vector function 

 F(t)=f(t)i+g(t)j+h(t)k 
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𝐥𝐢𝐦
𝒕→𝒂

𝒇(𝒕) = 𝐥𝐢𝐦
𝒕→𝒂

𝒇𝟏(𝒕) + 𝐥𝐢𝐦
𝒕→𝒂

𝒇𝟐(𝒕) + 𝒍𝒊𝒎
𝒕→𝒂

𝒇𝟑(𝒕) 

If f(t)=𝐜𝐨𝐬 𝒕 𝒊 + 𝟑 𝐬𝐢𝐧 𝒕 𝒋 + 𝒕𝟑𝒌Example: Find 𝐥𝐢𝐦
𝒕→𝝅

𝒇(𝒕) 

Solution// 

𝐥𝐢𝐦
𝒕→𝝅

𝒇(𝒕) = 𝐥𝐢𝐦
𝒕→𝝅

(𝒄𝒐𝒔 𝒕 𝒊 + 𝟑 𝒔𝒊𝒏 𝒕 𝒋 + 𝒕𝟑𝒌 

= 𝒍𝒊𝒎
𝒕→𝝅

 𝒄𝒐𝒔 𝒕 𝒊 + 𝒍𝒊𝒎
𝒕→𝝅

 𝟑 𝒔𝒊𝒏 𝒕 𝒋 + 𝒍𝒊𝒎
𝒕→𝝅

𝒕𝟑𝒌 = −𝟏𝒊 + 𝟎𝒋 + 𝝅𝟑𝒌 

Derivative. 2. 

r(t)=f(t)i+g(t)j+h(t)k 

∆𝒓 = 𝒓(𝒕 + ∆𝒕) − 𝒓(𝒕) … … … 𝟏 

Then if r(t) sub in equation 1 

∆𝒓 = {𝒇(𝒕 + ∆𝒕) − 𝒇(𝒕)}𝒊 + {𝒈(𝒕 + ∆𝒕) − 𝒈(𝒕)}𝒋

+ {𝒉(𝒕 + ∆𝒕) − 𝒉(𝒕)}𝒌 

As ∆𝒕 = 𝟎 

𝒅𝒓

𝒅𝒕
= 𝐥𝐢𝐦

∆𝒕→𝟎

∆𝒓

∆𝒕
 

+𝐥𝐢𝐦
∆𝒕→𝟎

{𝒇(𝒕+∆𝒕)−𝒇(𝒕)}𝒊

∆𝒕
=𝐥𝐢𝐦

∆𝒕→𝟎

{𝒈(𝒕+∆𝒕)−𝒈(𝒕)}𝒋

∆𝒕
+𝐥𝐢𝐦

∆𝒕→𝟎

{𝒉(𝒕+∆𝒕)−𝒉(𝒕)}𝒌

∆𝒕
 

𝒅𝒓

𝒅𝒕
=

𝒅𝒇

𝒅𝒕
𝒊 +

𝒅𝒈

𝒅𝒕
𝒋 +

𝒅𝒓

𝒅𝒕
𝒌 
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Notes// 

1. Velocity=
𝒅𝒓

𝒅𝒕
= �̅� 

2. Acceleration a=
𝒅𝟐𝒓

𝒅𝒕𝟐
=

𝒅𝒗

𝒅𝒕
 

3. Speed or magnitude of velocity =|𝑽| 

Or velocity�̅� = 𝒔𝒑𝒆𝒆𝒅|𝑽| ∗ 𝒅𝒊𝒓𝒆𝒄𝒕𝒊𝒐𝒏   

i+𝟐𝒕𝟐𝒋 +5k                                                 Example: Find speed and direction of r(t) when t=2      If r(t)= 𝒕𝟐 

Solution// 

𝒅𝒓

𝒅𝒕
= �̅� = 𝟑𝒕𝟐𝒊 + 𝟒𝒕 𝒋 + 𝟎𝒌 

√(𝟑𝒕𝟐)𝟐 + (𝟒𝒕)𝟐 =speed =|𝑽| 

At t=2→ |𝑽| = 𝟏𝟒. 𝟒 

Direction (at t=2) =
�̅�

|𝑽|
 

=
𝟏𝟐 𝒊 + 𝟖 𝒋 + 𝟎𝒌

𝟏𝟒. 𝟒
 

-rules: Differential  

1.
𝒅𝒄

𝒅𝒕
= 𝟎 𝒊𝒇 𝒄 = 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕  

Example :c=2i+4j+5k, 
𝒅𝒄

𝒅𝒕
= 𝟎𝒊 + 𝟎𝒋 + 𝟎𝒌 = 𝟎 

2. if u(t) is a vector function, then
𝒅𝒄𝒖

𝒅𝒕
= 𝒄.

𝒅𝒖

𝒅𝒕
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 𝒘𝒉𝒆𝒓𝒆 𝒄 𝒊𝒔 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕 𝒂 𝒗𝒆𝒄𝒕𝒐𝒓  

3.
𝒅(𝒖±𝒗)

𝒅𝒕
=

𝒅𝒖

𝒅𝒕
±

𝒅𝒗

𝒅𝒕
(𝒖&𝒗 𝒂𝒓𝒆 𝒗𝒆𝒄𝒕𝒐𝒓 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏)  

4.
𝒅(𝒖.𝒗)

𝒅𝒕
= 𝒖.

𝒅𝒗

𝒅𝒕
+ 𝒗.

𝒅𝒖

𝒅𝒕
(𝒖&𝒗 𝒂𝒓𝒆 𝒗𝒆𝒄𝒕𝒐𝒓 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏)  

5.
𝒅(𝒖𝒙𝒗)

𝒅𝒕
= 𝒖 𝒙

𝒅𝒗

𝒅𝒕
+ 𝒗 𝒙

 𝒅𝒖

𝒅𝒕
(𝒖&𝒗 𝒂𝒓𝒆 𝒗𝒆𝒄𝒕𝒐𝒓 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏)  

Chain rule 

If r(t)=f(t)i+g(t)j+h(t)k is a function of S then 

𝒅𝒓

𝒅𝒔
=

𝒅𝒓

𝒅𝒕
.
𝒅𝒕

𝒅𝒔
 

u(t) is a function vector has constant length then  Note: 

�̅�.
𝒅𝒖

𝒅𝒕

̅̅ ̅̅
= 𝟎  𝒐𝒓 �̅�┴

𝒅𝒖

𝒅𝒕

̅̅ ̅̅
 

Example:  show that u(t)=𝐬𝐢𝐧 𝒕 𝒊 + 𝐜𝐨𝐬 𝒕 𝒋 +

𝟓𝒌   𝒉𝒂𝒔 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕 𝒍𝒆𝒏𝒈𝒕𝒉 𝒂𝒏𝒅 𝒊𝒔 𝒐𝒓𝒕𝒉𝒐𝒈𝒐𝒏𝒂𝒍 𝒕𝒐 𝒊𝒕𝒔 𝒅𝒆𝒓𝒊𝒗𝒂𝒕𝒊𝒗𝒆  

Solution// 

�̅�.
𝒅𝒖

𝒅𝒕

̅̅ ̅̅
= 𝟎 

u(t)=𝐬𝐢𝐧 𝒕 𝒊 + 𝐜𝐨𝐬 𝒕 𝒋 + 𝟓𝒌   

𝐬𝐢𝐧 𝒕 𝒋 + 𝟎𝒌-
𝒅𝒖

𝒅𝒕
= 𝐜𝐨𝐬 𝒕 𝒊 

�̅�.
𝐝𝐮

𝐝𝐭

̅̅ ̅̅
= 𝐬𝐢𝐧 𝐭 𝐜𝐨𝐬 𝐭 − 𝐬𝐢𝐧 𝐭 𝐜𝐨𝐬 𝐭 + 𝟎 = 𝟎 


