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Mathematic II 

6. Integral of vector function and distance along the 

-:curve 

Integral of vector function 

let If F(t)=f(t)i+g(t)j+h(t)k then 

∫  𝑭(𝒕)
𝒃

𝒂
𝒅𝒕 = ∫ 𝒇(𝒕)𝒊 + ∫ 𝒈(𝒕)𝒋 +

𝒃

𝒂

𝒃

𝒂
∫ 𝒉(𝒕)𝒌

𝒃

𝒂
  

Example : Find ∫ (𝐜𝐨𝐬 𝒕 𝒊 + 𝐬𝐢𝐧 𝒕 𝒋 + 𝒕𝒌)𝒅𝒕
𝝅

𝟎
 

/Solution/ 

∫ 𝒄𝒐𝒔 𝒕

𝝅

𝟎

𝒊 𝒅𝒕 + ∫ 𝐬𝐢𝐧 𝒕

𝝅

𝟎

𝒋 𝒅𝒕 + ∫ 𝒕𝒌

𝝅

𝟎

𝒅𝒕 = 𝟎𝒊 + 𝟐𝒋 +
𝝅𝟐

𝟐
𝒌 

  𝒇𝒊𝒏𝒅  ∫ (𝒕𝟑𝒊 + 𝟕𝒋 + (𝒕 + 𝟏)𝒌)𝒅𝒕
𝟏

𝟎
H.W. 

istance along the curve. D 

Length of curve=∫ |𝑽|
𝒃

𝒂
𝒅𝒕 

 dt =∫ √(
𝒅𝒙

𝒅𝒕
)𝟐 + (

𝒅𝒚

𝒅𝒕
)𝟐 + (

𝒅𝒙

𝒅𝒕
)𝟐𝒃

𝒂
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Example: Find the length of curve of one turn of the 

r= (𝐜𝐨𝐬 𝒕 𝒊 + 𝐬𝐢𝐧 𝒕 𝒋 + 𝒕𝒌).                                                            

solution// 

 Length of curve =∫ |𝑽|
𝒃

𝒂
𝒅𝒕 

V=-sin t i+cos t j+ 1k 

|𝐕| = √(− 𝐬𝐢𝐧 𝒕)𝟐 + (𝐜𝐨𝐬 𝒕)𝟐 + (𝟏)𝟐 = √𝟐  

 Length of curve =∫ √𝟐
𝟐𝝅

𝟎
𝒅𝒕 = 𝟐𝝅√𝟐  

7. Unit tangent and normal vector for curve. 

vector angent TThe Unit  
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 dtS(t)=∫|𝑽| 

     ds(t)=|𝑽|dt÷ 𝒅𝒕  

|𝑽|=              
𝒅𝒔(𝒕)

𝒅𝒕
 

𝟏

|𝑽|
=              

𝒅𝒕

𝒅𝒔
 

𝐝𝐫

𝐝𝐬
=

𝒅𝒓

𝒅𝒕
.
𝒅𝒕

𝒅𝒔
 

T=
𝑽

|𝑽|
=

𝒅𝒓

𝒅𝒕

|
𝒅𝒓

𝒅𝒕
|

 

Example: Find unit tangent vector of the curve  

r= (𝐜𝐨𝐬 𝒕 𝒊 + 𝐬𝐢𝐧 𝒕 𝒋) 

Solution// 

V=
𝒅𝒓

𝒅𝒕
= −𝒔𝒊𝒏 𝒕 𝒊 + 𝒄𝒐𝒔 𝒕 𝒋 

|𝑽| = √(𝒔𝒊𝒏 𝒕)𝟐 + (𝒄𝒐𝒔 𝒕)𝟐 = 𝟏 

T=
𝑽

|𝑽|
= −𝒔𝒊𝒏 𝒕 𝒊 + 𝒄𝒐𝒔 𝒕 𝒋 

H.W. Find unit tangent vector of the curve 

r=(2+t)i-(t+1)j+k 
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 in plane.The Unit Normal  vector  

 

N=
𝒅𝑻

𝒅𝒕

|
𝒅𝑻

𝒅𝒕
|

 

Example: Find the tangent and normal vector for curve  

r= (𝐜𝐨𝐬 𝟐𝒕 𝒊 + 𝐬𝐢𝐧 𝟐𝒕 𝒋) 

Solution// 

V=
𝒅𝒓

𝒅𝒕
= −𝟐𝒔𝒊𝒏 𝟐𝒕 𝒊 + 𝟐𝒄𝒐𝒔 𝟐𝒕 𝒋 

|𝑽| = √(𝟐𝒔𝒊𝒏 𝟐𝒕)𝟐 + (𝟐𝒄𝒐𝒔 𝟐𝒕)𝟐 = 𝟐 

T=
𝑽

|𝑽|
= −𝒔𝒊𝒏 𝟐𝒕 𝒊 + 𝒄𝒐𝒔 𝟐𝒕 𝒋 
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𝒅𝑻

𝒅𝒕
= −𝟐𝒄𝒐𝒔 𝟐𝒕 𝒊 − 𝟐𝒔𝒊𝒏 𝟐𝒕 𝒋 

|
𝒅𝑻

𝒅𝒕
| = 2 

 =-cos2t i-sin2t j N=
𝒅𝑻

𝒅𝒕

|
𝒅𝑻

𝒅𝒕
|

 

Example: Find the tangent and normal vector for curve  

r= (𝐚𝐜𝐨𝐬 𝒕𝟐 𝒊 + 𝐚 𝐬𝐢𝐧 𝒕𝟐 𝒋 + 𝒃𝒕𝟐𝒌) 

Solution// 

V=
𝒅𝒓

𝒅𝒕
= −𝟐𝒂𝒕 𝒔𝒊𝒏 𝒕𝟐 𝒊 + 𝟐𝒂𝒕 𝒄𝒐𝒔 𝒕𝟐 𝒋 + 𝟐𝒃𝒕𝒌 

|𝑽| = 𝟐𝒕√𝒂𝟐 + 𝒃𝟐 

 
−𝒂 𝒔𝒊𝒏𝒕𝟐 𝒊

√𝒂𝟐+𝒃𝟐
+

𝒂 𝒄𝒐𝒔 𝒕𝟐 𝒋

√𝒂𝟐+𝒃𝟐
+

𝒃 𝒌

√𝒂𝟐+𝒃𝟐
=T=

𝑽

|𝑽|
=

−𝟐𝒂𝒕 𝒔𝒊𝒏𝒕𝟐 𝒊+𝟐𝒂𝒕 𝒄𝒐𝒔 𝒕𝟐 𝒋+𝟐𝒃𝒕𝒌

𝟐𝒕√𝒂𝟐+𝒃𝟐
 

𝒅𝑻

𝒅𝒕
=

−𝟐𝒂𝒕 𝒄𝒐𝒔  𝒕𝟐 𝒊

√𝒂𝟐 + 𝒃𝟐
−

𝟐𝒂𝒕 𝒔𝒊𝒏  𝒕𝟐 𝒋

√𝒂𝟐 + 𝒃𝟐
+ 𝟎𝒌 

|
𝒅𝑻

𝒅𝒕
| =

2𝑎𝑡

√𝒂𝟐 + 𝒃𝟐
 

 =-cos𝒕𝟐 i-sin𝒕𝟐 j N=
𝒅𝑻

𝒅𝒕

|
𝒅𝑻

𝒅𝒕
|

 

 


