
Mathematics ( I )                                 Al-mustaqbal University Collage 

Dr. Alaa Mohammed Hussein Wais 

1 
 

. Limits and their properties, definition and theory.7 

-Properties of limits 

1. 𝐥𝐢𝐦
𝑿→𝒂

𝒙 = 𝒂 

2.𝐥𝐢𝐦
𝒙→𝒂

𝒄 = 𝒄 

3.𝐥𝐢𝐦
𝒙→𝒂

𝒄 𝒇(𝒙) = 𝒄 𝐥𝐢𝐦
𝒙→𝒂

𝒇(𝒙) 

4.𝐥𝐢𝐦
𝒙→𝒂

(𝒇(𝒙)𝒈(𝒙)) = 𝐥𝐢𝐦
𝒙→𝒂

𝒇(𝒙) 𝐥𝐢𝐦
𝒙→𝒂

𝒈(𝒙) 

5.𝐥𝐢𝐦
𝒙→𝒂

(𝒇(𝒙) ± 𝒈(𝒙)) = 𝐥𝐢𝐦
𝒙→𝒂

𝒇(𝒙) ± 𝐥𝐢𝐦
𝒙→𝒂

𝒈(𝒙) 

𝟔. 𝐥𝐢𝐦
𝒙→𝒂

(
𝒇(𝒙)

𝒈(𝒙)
)

.

=
𝐥𝐢𝐦
𝒙→𝒂

𝒇(𝒙)  

𝒍𝒊𝒎
𝒙→𝒂

𝒈(𝒙)  
 

  =∞ 7.𝐥𝐢𝐦
𝒙→𝟎

𝟏

𝒙
 

𝟖. 𝐥𝐢𝐦
𝒙→∞

𝟏

𝒙
= 𝟎 

1=  9.𝐥𝐢𝐦
𝒙→𝟎

𝐬𝐢𝐧 𝒙

𝒙
 

10.𝐥𝐢𝐦
𝒙→𝟎

𝒙

𝐬𝐢𝐧 𝒙
=1 

11. 𝐥𝐢𝐦
𝒙→∞

𝐬𝐢𝐧 𝒙

𝒙
=0 

Example 1: Find 𝐥𝐢𝐦
𝒙→𝟎

𝒙𝟐 + 𝟑𝒙 + 𝟓  

Solution/ / 

=0+3*0+5=5 
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Example 2: Find 𝐥𝐢𝐦
𝒙→𝟏

(𝟐𝒙−𝟑)(√𝒙−𝟏)

(𝟐𝒙𝟐+𝒙−𝟑)
  

Solution // 

𝐥𝐢𝐦
𝒙→𝟏

(𝟐𝒙 − 𝟑)(√𝒙 − 𝟏)

(𝟐𝒙𝟐 + 𝒙 − 𝟑)
= 𝒍𝒊𝒎

𝒙→𝟏

(𝟐𝒙 − 𝟑)(√𝒙 − 𝟏)

(𝟐𝒙 + 𝟑)(𝒙 − 𝟏)
 

= 𝒍𝒊𝒎
𝒙→𝟏

(𝟐𝒙 − 𝟑)(√𝒙 − 𝟏)

(𝟐𝒙 + 𝟑)(√𝒙 + 𝟏)(√𝒙 − 𝟏)
= 𝒍𝒊𝒎

𝒙→𝟏

(𝟐𝒙 − 𝟑)

(𝟐𝒙 + 𝟑)(√𝒙 + 𝟏)
 

 

𝒍𝒊𝒎
𝒙→𝟏

(𝟐 ∗ 𝟏 − 𝟑)

(𝟐 ∗ 𝟏 + 𝟑)(√𝟏 + 𝟏)
= −𝟏/𝟏𝟎 

Example 3: Find 𝐥𝐢𝐦
𝒙→𝟐

(𝒙𝟐−𝟒)

(𝒙𝟑−𝟖)
  

Solution // 

𝐥𝐢𝐦
𝒙→𝟐

(𝒙𝟐 − 𝟒)

(𝒙𝟑 − 𝟖)
= 𝐥𝐢𝐦

𝒙→𝟐

(𝒙 − 𝟐)(𝒙 + 𝟐)

(𝒙 − 𝟐)(𝒙𝟐 + 𝟐𝒙 + 𝟒)

= 𝒍𝒊𝒎
𝒙→𝟐

(𝒙 + 𝟐)

(𝒙𝟐 + 𝟐𝒙 + 𝟒)
= 𝒍𝒊𝒎

𝒙→𝟐

(𝟐 + 𝟐)

(𝟐𝟐 + 𝟐 ∗ 𝟐 + 𝟒)

= 𝟏/𝟑 

 

Example 4: Find 𝐥𝐢𝐦
𝐱→𝟐

(𝟒−𝐱𝟐)

(𝟑−√𝒙𝟐+𝟓)
  

Solution / 

𝐥𝐢𝐦
𝐱→𝟐

(𝟒 − 𝐱𝟐)

(𝟑 − √𝒙𝟐 + 𝟓)
 ∗

(𝟑 + √𝒙𝟐 + 𝟓)

(𝟑 + √𝒙𝟐 + 𝟓.)
= 𝒍𝒊𝒎

𝒙→𝟐

(𝟒 − 𝒙𝟐)(𝟑 + √𝒙𝟐 + 𝟓.)

(𝟑 − √𝒙𝟐 + 𝟓) ∗ (𝟑 + √𝒙𝟐 + 𝟓.)
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= 𝐥𝐢𝐦
𝐱→𝟐

(𝟒 − 𝐱𝟐)(𝟑 + √𝐱𝟐 + 𝟓)

𝟗 − (𝐱𝟐 + 𝟓)
= 

= 𝐥𝐢𝐦
𝐱→𝟐

(𝟒 − 𝐱𝟐)(𝟑 + √𝐱𝟐 + 𝟓)

(𝟒 − 𝐱𝟐)
= (𝟑 + √𝐱𝟐 + 𝟓.)

= 𝟑 + √𝟒 + 𝟓 = 𝟔 

 

Example 5: Find 𝐥𝐢𝐦
𝐱→∞

(𝐱+𝟐)

√𝒙𝟐+𝟏)
  

Solution // 

𝐥𝐢𝐦
𝐱→∞

(
𝒙

𝒙𝟐+
𝟐

𝒙𝟐)

√𝒙𝟐

𝒙𝟐+
𝟏

𝒙𝟐

. = 𝒍𝒊𝒎
𝒙→∞

(
𝟏

𝒙
+

𝟐

𝒙𝟐)

√𝟏+
𝟏

𝒙𝟐

)
=

𝟎

𝟏
= 𝟎  

  

Example 6: Find 𝐥𝐢𝐦
𝒙→𝟐

(
𝟏

𝒙−𝟐
−

𝟒

𝒙𝟐−𝟒
)  

Solution // 

𝐥𝐢𝐦
𝒙→𝟐

(
𝟏

𝒙 − 𝟐
−

𝟒

𝒙𝟐 − 𝟒
) = 𝒍𝒊𝒎

𝒙→𝟐
(

𝟏

𝒙 − 𝟐
−

𝟒

(𝒙 − 𝟐)(𝒙 + 𝟐)
) 

 

𝒍𝒊𝒎
𝒙→𝟐

(
𝟏

𝒙 − 𝟐
(𝟏 −

𝟒

(𝒙 + 𝟐)
) = 𝒍𝒊𝒎

𝒙→𝟐
(

(𝒙 + 𝟐 − 𝟒)

(𝒙 − 𝟐)(𝒙 + 𝟐)
 

𝒍𝒊𝒎
𝒙→𝟐

(
(𝒙−𝟐)

(𝒙−𝟐)(𝒙+𝟐)
 = 

=
𝟏

𝟐 + 𝟐
= 𝟏/𝟒 
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Example 7: Find 𝐥𝐢𝐦
𝒉→𝟎

(
𝐬𝐢𝐧(𝒂+𝒉)−𝐬𝐢𝐧 𝒂

𝒉
)  

Solution // 

𝐥𝐢𝐦
𝒉→𝟎

(
𝐬𝐢𝐧(𝒂) 𝐜𝐨𝐬(𝒉) + 𝐜𝐨𝐬(𝒂) 𝐬𝐢𝐧(𝒉) − 𝐬𝐢𝐧(𝒂)

𝒉
) 

 

𝐥𝐢𝐦
𝒉→𝟎

(
𝐬𝐢𝐧(𝒂) ((𝐜𝐨𝐬(𝒉) − 𝟏) + 𝐜𝐨𝐬(𝒂) 𝐬𝐢𝐧(𝒉)

𝒉
) 

 

𝐥𝐢𝐦
𝒉→𝟎

(
−𝐬𝐢𝐧(𝒂) (𝟏 − 𝐜𝐨𝐬(𝒉) + 𝐜𝐨𝐬(𝒂) 𝐬𝐢𝐧(𝒉)

𝒉
 

 

 

𝐥𝐢𝐦
𝒉→𝟎

(
−𝐬𝐢𝐧(𝒂) (𝟏 − 𝐜𝐨𝐬(𝒉)

𝒉
+ 𝐥𝐢𝐦

𝒉→𝟎
( 

𝒔𝒊𝒏(𝒉) 𝒄𝒐𝒔(𝒂)

𝒉
= 𝐜𝐨𝐬 𝒂 

Example 8: Find 𝐥𝐢𝐦
𝒙→𝟎

(𝟏−√𝐜𝐨𝐬 𝒙)

𝒙𝟐
  

Solution // 

𝐥𝐢𝐦
𝒙→𝟎

(𝟏 − √𝐜𝐨𝐬 𝒙)

𝒙𝟐
∗

(𝟏 + √𝐜𝐨𝐬 𝒙)

(𝟏 + √𝒄𝒐𝒔 𝒙)
 

= 𝐥𝐢𝐦
𝒙→𝟎

𝟏 − 𝐜𝐨𝐬 𝒙

𝒙𝟐(𝟏 + √𝒄𝒐𝒔 𝒙)
= 𝒍𝒊𝒎

𝒙→𝟎

𝟏 − 𝒄𝒐𝒔 𝒙

𝒙𝟐(𝟏 + √𝒄𝒐𝒔 𝒙)
∗

𝟏 + 𝒄𝒐𝒔 𝒙

(𝟏 + 𝒄𝒐𝒔 𝒙)
 

=𝐥𝐢𝐦
𝒙→𝟎

𝟏−𝐜𝐨𝒔𝟐 𝒙

𝒙𝟐((𝟏+𝒄𝒐𝒔 𝒙)(𝟏+√𝒄𝒐𝒔 𝒙)
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=𝐥𝐢𝐦
𝒙→𝟎

𝐬𝐢𝒏𝟐 𝒙

𝒙𝟐((𝟏+𝒄𝒐𝒔 𝒙)(𝟏+√𝒄𝒐𝒔 𝒙)
 

=1/4 

Example 9: Find 𝐥𝐢𝐦
𝒙→𝝅

(
𝐬𝐢𝐧(𝒙)

𝒙−𝝅
)  

Solution / 

Y=x-𝝅 →    𝒙 = 𝒚 + 𝝅 . 𝒚 = 𝟎  

𝐥𝐢𝐦
𝒚→𝟎

(
𝐬𝐢𝐧(𝒚 + 𝝅)

𝒚
) = 𝐥𝐢𝐦

𝒚→𝟎
(
𝐬𝐢𝐧(𝒚) 𝐜𝐨𝐬(𝝅) + 𝐬𝐢𝐧(𝝅) 𝐜𝐨𝐬(𝒚)

𝒚
)

= −𝟏 

H.W. Example 1: Find 𝐥𝐢𝐦
𝒙→𝟎

𝐬𝐢𝐧(
𝝅

𝟐
𝐜𝐨𝐬(𝐭𝐚𝐧 𝑿 )  

         Example 2: Find 𝐥𝐢𝐦
𝒙→𝟏

(√𝒙−𝟐)

(𝒙−𝟐)
  

         Example 3: Find  𝐥𝐢𝐦
𝐱→𝟏

(𝒙𝟐−𝟗)

(√𝑿+𝟑)
 

         Example 4: Find  𝒍𝒊𝒎
𝒙→∞

(√𝒙𝟐 + 𝟏) − 𝑿) 

        Example 5: Find 𝐥𝐢𝐦
𝒙→𝟎

(𝑿∗𝐬𝐢𝐧 𝑿)

(𝟐−𝟐 𝐜𝐨𝐬 𝑿)
 

        Example 6: Find  𝐥𝐢𝐦
𝐱→∞

(𝒙𝟐+𝟐𝑿+𝟏)𝟓𝟎

(𝒙𝟐+𝟏)𝟏𝟎𝟎
   


