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Arc length in polar coordinate3. 

The length of arc in Cartesian coordinates when y=f(x) is∴ 

 𝒍 = ∫ |𝒗|
𝒃

𝒂
𝒅𝒕  

𝒅𝒔 = √𝒅𝒙𝟐 + 𝒅𝒚𝟐 → 𝒔 = ∫ √𝒅𝒙𝟐 + 𝒅𝒚𝟐 𝒅𝒔  

But in polar coordinate where we have  

𝒚 = 𝐫𝐬𝐢𝐧 𝜽  . 𝒙 = 𝐫𝐜𝐨𝐬 𝜽  .   𝒓 = 𝒇(𝜽) 

𝒅𝒙

𝒅𝜽
= −𝒓 𝐬𝐢𝐧 𝜽 + 𝐜𝐨𝐬 𝜽

𝒅𝒓

𝒅𝜽
 

𝒅𝒚

𝒅𝜽
= 𝒓 𝐜𝐨𝐬 𝜽 + 𝐬𝐢𝐧 𝜽

𝒅𝒓

𝒅𝜽
 

𝐝𝐬

𝐝𝛉
= √(

𝒅𝒙

𝒅𝜽
)𝟐 + (

𝒅𝒚

𝒅𝜽
)𝟐 

𝐝𝐬

𝐝𝛉
= √(−𝒓 𝐬𝐢𝐧 𝜽 + 𝐜𝐨𝐬 𝜽

𝒅𝒓

𝒅𝜽
)𝟐 + (𝒓 𝐜𝐨𝐬 𝜽 + 𝐬𝐢𝐧 𝜽

𝒅𝒓

𝒅𝜽
)𝟐 

𝐝𝐬

𝐝𝛉
= √𝒓𝟐 + (

𝒅𝒓

𝒅𝜽
)𝟐 → 𝒅𝒔 = √𝒓𝟐 + (

𝒅𝒓

𝒅𝜽
)𝟐𝒅𝜽 

𝑺 = ∫ √𝒓𝟐 + (
𝒅𝒓

𝒅𝜽
)𝟐 𝒅𝜽

𝜽𝟐

𝜽𝟏
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Example 1: Find length of the cardioid 𝒓 = 𝒂(𝟏 − 𝐜𝐨𝐬 𝜽) 

from 𝜽 = 𝟎. 𝜽 = 𝟐𝝅  

Solution / 

𝒅𝒓

𝒅𝜽
= 𝒂 𝐬𝐢𝐧 𝜽 .   𝑺 = ∫ √𝒓𝟐 + (

𝒅𝒓

𝒅𝜽
)𝟐 𝒅𝜽                

𝟐𝝅

𝟎

 

= ∫ √𝒂𝟐(𝟏 − 𝒄𝒐𝒔 𝜽)𝟐 + 𝒂𝟐 𝒔𝒊𝒏𝟐 𝜽
𝟐𝝅

𝟎

𝒅𝜽 

=∫ √𝒂𝟐(𝟏 − 𝟐𝒄𝒐𝒔 𝜽 +𝒄𝒐𝒔𝟐𝜽) + 𝒂𝟐𝒔𝒊𝒏𝟐 𝜽
𝟐𝝅

𝟎
𝒅𝜽 

=∫ 𝒂√𝟏 − 𝟐𝒄𝒐𝒔 𝜽 +𝒄𝒐𝒔𝟐𝜽 + 𝒔𝒊𝒏𝟐 𝜽
𝟐𝝅

𝟎
𝒅𝜽 

= ∫ 𝒂√(𝟐 − 𝟐𝒄𝒐𝒔 𝜽
𝟐𝝅

𝟎

𝒅𝜽 = ∫ √𝟐𝒂√(𝟏 − 𝒄𝒐𝒔 𝜽
𝟐𝝅

𝟎

𝒅𝜽 

[𝐬𝐢𝐧𝟐 𝜽 =
𝟏

𝟐
(𝟏 − 𝒄𝒐𝒔𝟐 𝜽) ↔ 𝐬𝐢𝐧𝟐

𝜽

𝟐
=

𝟏

𝟐
(𝟏 − 𝒄𝒐𝒔 𝜽)] 

=∫ √𝟐𝒂√𝟐𝒔𝒊𝒏𝟐 𝜽

𝟐

𝟐𝝅

𝟎
𝒅𝜽 = ∫ √𝟐𝒂√𝟐𝒔𝒊𝒏

𝜽

𝟐

𝟐𝝅

𝟎
𝒅𝜽 = 𝟖𝒂 

H.W.: Find length of the cardioid 𝒓 = 𝟐(𝟏 + 𝐜𝐨𝐬 𝜽) 
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10. Function of two or more varibles 

If (F) is a function of two independent variables we usually 

call the variables X and Y and the domain of (F) are a region 

in the xy-plane.                                                                               

 :Domain 

Range  Domain  Function  

w≥ 𝟎 y≥ 𝒙 W=√𝒚 − 𝒙 

w≠ 𝟎 x,y&z≠ 𝟎 W=
𝟏

𝒙𝒚𝒛
 

-1≤ 𝒘 ≤ 𝟏 X,Y real number W=sin xy 

w≥ 𝟎 All real number 𝒘 = √𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 

: Limits 
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Example: 

 

-Partial derivatives of a function of two variables:11. 
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Example 1: Find 
𝝏𝒇

𝝏𝒚
.  

𝝏𝒇

𝝏𝒙
 𝒇𝒐𝒓 𝒇(𝒙. 𝒚) = 𝒙𝟐 + 𝟐𝒙𝒚 + 𝒚𝟐 + 𝟓  

Solution// 

𝝏𝒇

𝝏𝒚
= 𝟎 + 𝟐𝒙 + 𝟐𝒚 + 𝟎 

𝝏𝒇

𝝏𝒙
= 𝟐𝒙 + 𝟐𝒚 + 𝟎 + 𝟎 

 

Example 2: Find 
𝝏𝒇

𝝏𝒚
.  

𝝏𝒇

𝝏𝒙
 𝒇𝒐𝒓 𝒇(𝒙. 𝒚) = 𝒚 𝐬𝐢𝐧 𝒙𝒚  

Solution// 

𝝏𝒇

𝝏𝒚
= 𝒚 𝐜𝐨𝐬 𝒙𝒚 ∗ 𝒙 + 𝐬𝐢𝐧 𝒙𝒚 ∗ 𝟏 = 𝒙𝒚 𝐜𝐨𝐬 𝒙𝒚 + 𝐬𝐢𝐧 𝒙𝒚 

 



Mathematics (II )                                 Al-mustaqbal University Collage 

Dr. Alaa Mohammed Hussein Wais 

6 
 

𝝏𝒇

𝝏𝒙
= 𝒚 𝐜𝐨𝐬 𝒙𝒚 ∗ 𝒚 = 𝒚𝟐 𝐜𝐨𝐬 𝒙𝒚 

Example 3: Find 
𝝏𝒇

𝝏𝒛
 𝒇𝒐𝒓 𝒇(𝒙. 𝒚) = 𝒙 𝒔𝒊𝒏(𝒚 + 𝟑𝒛). 

Solution // 

𝝏𝒇

𝝏𝒛
= 3𝑥 cos (𝑦 + 3𝑧) 

 

H.W. Example: Find 
𝝏𝒇

𝝏𝒚
.  

𝝏𝒇

𝝏𝒙
 𝒇𝒐𝒓 𝒇(𝒙. 𝒚) = 𝒙𝟐 + 𝒚𝟐 

H.W. Example: Find 
𝝏𝒇

𝝏𝒚
.  

𝝏𝒇

𝝏𝒙
 𝒇𝒐𝒓 𝒇(𝒙. 𝒚) =

𝐬𝐢𝐧 𝒙𝒚𝟐

𝒙𝟐+𝟏
 

-Notes: 

The higher order partial derivative: 
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H.W. Example 1: Find 
𝝏𝒇

𝝏𝒚
.

𝝏𝒇

𝝏𝒙
.

𝝏𝟐𝒇

𝝏𝒚𝟐
.

𝝏𝟐𝒇

𝝏𝒙𝟐
.

𝝏𝟐𝒇

𝝏𝒙𝝏𝒚
.

𝝏𝟐𝒇

𝝏𝒙𝝏𝒚
𝒇𝒐𝒓  

𝒇(𝒙. 𝒚) = 𝒆𝒙𝟐 𝒚
+ 𝒙𝒚𝟑 

H.W. Example 1: Find 
𝝏𝒇

𝝏𝒚
.

𝝏𝒇

𝝏𝒙
.

𝝏𝟐𝒇

𝝏𝒚𝟐
.

𝝏𝟐𝒇

𝝏𝒙𝟐
.

𝝏𝟐𝒇

𝝏𝒙𝝏𝒚
.

𝝏𝟐𝒇

𝝏𝒙𝝏𝒚
𝒇𝒐𝒓  

𝒇(𝒙. 𝒚) = 𝒙𝒚 +
𝒆𝒚

𝒚𝟐 + 𝟐
 


