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Shear force and bending moment
diagram
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Chapter 4 Shear Forces and Bending Moments

4.1 Introduction

Consider a beam subjected to l*\ s
YYVYY
transverse loads as shown in figure, the _Ar-"-_-‘--‘--._:::-_-i_—/f;;;;;;;;:::---32;_
deflections occur in the plane same as
the loading plane, is called the plane of
bending. In this chapter we discuss shear l l
forces and bending moments in beams e
related to the loads.
4.2 Types of Beams, Loads, and Reactions
JPI PE s
Type of beams s /é\a l i |
a. simply supported beam (simple beam) RA%“ “—ﬁ
— J
(a)
Py g
/j‘z I
b. cantilever beam (fixed end beam) i/ T S 2 ¥
. cantilever beam (fixed end beam v,
(MI Laaj L—b—b
Ry
L L

c. beam with an overhang |




Type of loads

a. concentrated load (single force)

b. distributed load (measured by their intensity) :
uniformly distributed load (uniform load)

linearly varying load

c. couple
Reactions
consider the loaded beam in figure Y 34\? Py T |
equation of equilibrium in horizontal direction A J
RA Tfr; ﬂ—('d
SF, = 0  Hs - Picosa = 0 — |
(a)
Ha = Picosa
Mg = 0  -RaL+(Pisina)(L-a)+P,(L-b)+qc®/2=0
(Pysina) (L - a) P, (L - b) qc?
RA = - -
L L 2L
(Pysina) a P,b qc?
RB = -
L L 2L
for the cantilever beam ™, a2
o .fg "
YF, = 0 Ha = 5P;3/13
X (M: -—a—] LIJ—»
= L
12 P (g1 +Qg2) b ®)
z Fy = 0 A=—— + —1

13 2



12P; qib 0 b
SMy = 0 Ma=——+——(L-2b/3) +—— (L—-h/3)
13 2 2
for the overhanging beam ) l”4 L

> Mg
> Mp

0 'P4a+RBL+M1:O

P4(L—a)+M1 Psa-M;

Ra = B—

L L
4.3 Shear Forces and Bending Moments

Consider a cantilever beam with a
concentrated load P applied at the end
A, at the cross section mn, the shear

force and bending moment are found

I
o

\
M M = PXx

1
o

the shear force tends to rotate the

material clockwise is defined as positive

the bending moment tends to compress
the upper part of the beam and elongate the

lower part is defined as positive

vy
0 -RaL+P,(L-a)+M;=0 AF J o
Ry ¢

( ‘)M ()
M M
(b




Example 4-1

a simple beam AB supports a force P l” 5
1;_ o :;l_ﬂ
and a couple My, find the shear V and L= —
BT R S50 ! 4
bending moment M at j v l
@ at x=(L/2) (b) at x=(L/2).
3P Mo P Mo
RA = - - — RB = —_— + — p
4 L 4 L | %

(@ at x = (L/2) Y

SF, = 0 Ry - P -V =0 By
V. = Rya - P = -P/4 - My/L
SM = 0 -Ra(L2)+P(L/M4A)+M = 0
M = Ra(LI2)+P(L/4) = PL/8-My/2
(b) at x = (L/2), [similarlyas (a)] 1 m .
V = -P/4-Mo/L =)
M = PL/8+M/2 I - )
Ry
Example 4-2
a cantilever beam AB  subjected to a q i
linearly varying distributed load as shown, find =+ttt * ¢ ,:
the shear force V and the bending moment M ‘ o ” B__
q = Qox/L (@)
IF, = 0 V- (qex/L)x) = 0 ?} l‘)M
Vo= -qx/(2L) ) —

Vinax = 'QOL/2



SM = 0 M + W%B(@x/L)®)x/3)= 0

M = -qgox/(6L)
Mmax = -0oL?/6
Example 4-3
an overhanging beam  ABC is 7Y
supported to an uniform load of intensity :/_K RNy = ";&B';f
g and a concentrated load P, calculate I - J RBI
the shear force V and the bending R"L 2 ol 6 11
moment M at D N
14k
from equations of equilibrium, it is found 7" ‘l I D.u
A
Ra = 40KN R = 48KN " o .
at section D v MCVT e~ - ;" €
SF, = 0 40-28-6Xx5-V= 0 Lo
V = -18kN "
XM = 0
-40x5+28x2+6x5%x25+M=0
M = 69KkN-m

from the free body diagram of the right-hand part, same results can be

obtained

4.4 Relationships Between Loads, Shear Forces, and Bending Moments

consider an element of a beam of length .

V M +dM

dx subjected to distributed loads q EI l

equilibrium of forces in vertical direction

dx  |yiqv
(a)




TRy, = 0 V-gqdx-(V+dvV) = 0
or dv/dx = -q

integrate between two points A and B

B

B
§ dv = -§ qgdx
A A

.e. B
Vg - Vo = - S q dx

A

= - (area of the loading diagram between A and B)

the area of loading diagram may be positive or negative

moment equilibrium of the element

>M = 0 -M-qgdx (dx/2) - (V+dV)dx+M+dM = 0
or dM/dx = V

maximum (or minimum) bending-moment occurs at dM / dx = O,
I.e. at the point of shear force V = 0
integrate between two points A and B

B B
§ dM = SAde

A

B
Mg - My = S V dx
A

= (area of the shear-force diagram between A and B)

this equation is valid even when concentrated loads act on the beam
between A and B, but it is not valid if a couple acts between A
and B



concentrated loads

&

equilibrium of force vV M+ M,
v - P - (V+V) = 0 C I [ >
_ dx V+V,
or Vi = -P

(b)
i.e. an abrupt change in the shear force occurs
at any point where a concentrated load acts

equilibrium of moment

-M -P@x2) - (V+Vp)dx + M + M; = 0
or M, = P(@x/2) + Vdx + Vi;dx =~ 0

since the length dx of the element is infinitesimally small, i.e. M;
is also infinitesimally small, thus, the bending moment does not change as

we pass through the point of application of a concentrated load

loads in the form of couples M,
equilibrium of force V; = 0 M_v M+ M,
I.e. no change in shear force at the point of T l

dx V+ V|

application of a couple

(c)

equilibrium of moment

-M+M0-(V+V1)dX+M+M1 = 0
or M, = -Mg

the bending moment changes abruptly at a point of application of a

couple



4.5 Shear-Force and Bending-Moment Diagrams

concentrated loads . P b
| [« 1) 7
consider a simply support beam AB _AA_ ?éz
with a concentrated load P T = - J?
» T »
R = Pb/L Ry = Pa/L ™ " o
for 0 < X < a 1‘)&1
A
V = Ry = Pb/L A J V
M = Rax = Pbx/L ;} |
notethat dM/dx = Pb/L = V o
| — =
s 1)
for a < x < L 1 = .
V. = Ra - P = -PallL “ "
M = Rax - P(x-a) = Pa(L-x)/L
notethat dM/dx = -Pa/L =V
with Mmax = Pab/L o‘
_Fa
L
(d)
Pab
R
M
0
(e)
uniform load 5
consider a simple beam AB with a 3 IFERERERENY
E | B
uniformly distributed load of constant A é
intensity ¢ "




RA = RB = qL/2

V. = Ry - gx = gL/2 -gx

M=Rax-qx(x2)=qLx/2-qx*/2

note that dM/dx=qL/2-qx/2=V

Mmx = QL°/8 at x =

several concentrated loads

for 0<x<a V=R, M=RpX
M; = Raa

for a;<x<a V. = Ry - P;
M = RaXx - Pi(x-a)
Mz-M; = (Ra-P1)(@z-a)

similarly for others

M, = Mnax Dbecause V =0 at that point

Example 4-4

construct the shear-force and bending

-moment diagrams for the simple beam
AB

Ra = gqb(+2c)/2L
Re = qb(b+2a)/2L

for 0 < X < a

V = Ra M = RapX

L/2 o

N[“r-r\.'_—

(c)

|
Vv P

0 I




for a < x < a + b M

= Ra - q(x-a) p m

\Y

M = Rax - q(x-a)?/2 UF—I'—(:
for ra + b < x < L

V = -Rg M = Rg(L-X)
maximum moment occurs where V. = 0

Ie. X1 = a + b(+2c)/2L
Mmx = Qb(b+2c)(4aL+2bc+b? /8L

for a = ¢, x4 = L/2
Mmax = qb(2L'b)/8
for b=L, a=c=0 (uniform loading over the entire span)

Mmx = QL?/8

Example 4-5
construct the V- and M-dia for the |” le ]
cantilever beam supportedto P; and P, Al ‘
Re=P:+P, Mg=P;L+PyDb a = | bJ
_ Ry
for 0 < x < a ) fa)
v
V.= -P M = -PiX P,
for a < x < L P, - P,

V = -P, - P, M 0
= -Pix - P;(x-3) MW
-P\L—-P,b
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Example 4-6 NIIERRRRTRRRRTRN R
=
construct the V- and M-dia for the f})
cantilever beam supporting to a constant uniform . ’{
R
load of intensity (a) ’
Vv
0
Re = gL Mg = qlL?/2
then V = -gx M = -qx*/2 " &
Vix=-qL  Mux=-qL°/2
alternative method N g2
X (c) -
V-V, = V-0 = V = -0 gdx = -qx
0
X
M-Ma = M-0 = M = -§ Vdx = -qx*/2
0
Example 4-7
) . . 4= 1Ak Mo = 12.0 k-ft
an overhanging beam is subjected to a [[] ]l ~
Al =) 1C
uniform load of g = 1 kN/m on AB A |7 A
and acouple M, = 12 kN-m on midpoint ﬁ?-;%ﬂﬂlgﬂpl
1 L &
of BC, construct the V- and M-dia for Ry - Re
a
the beam
Vik) +1.25
0
Re = 525kN Rc = 1.25kN \
-4.0
shear force diagram (b)
M(k-f
V. = -qx on AB 0 =
V = constant on BC \_lo ‘
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bending moment diagram
Mg = -qb®/2 = -1x4?/2 = -8kN-m

the slope of M on BC is constant (1.25 kN), the bending moment
justto the leftof My is

M = -8+125x8 = 2kN-m

the bending moment just to the right of M, is
M = 2-12 = - 10kN-m

and the bending moment at point C is

Mc = -10+125x8 = 0 as expected
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