Mathematical
MSC. Sarai Hamza
First stage [Lecter five

Integration by Trigonometric Substitution

In this section, we see how to integrate expressions like

a? — u?||Va?+u?| and |V u? — a?

depending on the function we need to integrate, we substitute one of
the following trigonometric expressions to simplify the integration:

e For v a? — u?| use|lu = asin @
e For [v/a? + u?| use |u
e For |\ u? — a?| use |lu = asec#f

atan@

Examples: Evaluate the following integrals:

1 dx
) f’\,’g—ﬂl‘2
VI — 22 =+va? —u? = weuse|u=asinf

ra=3andu=1xr = |z =3sind

— F: Siﬂ_l(g} and |dx = 3 cosfdf

V9= = /9= (3sinf)2 = /9 — 9sin’6
— +/9(1 —sin?#) = 3/ 1 —sin?# = 3v/cos? @ =3 cos b

€T

3

- Seoslll — [df =6+ C = |sin”(

JoT = )+C
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2)1‘—\%

V2 + 22 =+vVa2+u? = weuse|u =atanf

‘ra=bandu=x = |z =>5tan¥

—> |0 = tan_l(%) and |dx = 5sec fdf

V25 + 22 = /25 + (5tan 6)? = V25 + 25tan? 6
= 1/25(1 + tan?f) = 5v/1 + tan® § = 5v/sec? § = |5sec

T JSECQ
L \/2[;?2 = [ 255" = [ secbdd
V25
= In|secf + tan 0|+C = ln|4 + g\—i—C
5 5

3) J m
\/rE u? —a? = we use|u:aseci9|

‘ra=4andu=1r = |z = 4sech)|

— |f = sec‘1(§)| and |dz = 4 secf tan #df]

SoVEE—16 = \/(4dsecl)? — 16 = V/16sec?f — 16
= /16(sec2@ — 1) = 4v/sec2 — 1 = 4Vtan? 0 =4 tan 0

] dx [ 4secOtanfdd 1 1 . -1
. f vri—16 dsecO+dtanh ~ 4 f df = 19+C = |7 Sec (_) + C
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Integration of Rational Functions

Definition: A rational function is a quotient of two polynomials, written

as R(X)=grz(g()),Qm(x)¢0where Pn(x)and Qm(x)are polynomials Of

degree n and m respectively.

(1) If n = m, we perform a long division until we obtain a rational
function whose numerator degree less than to the denominator

x%—3x+5)

Example (1): Evaluate the integral f( —2) dx

2—3x+5)

Solution: [ (x dx = | [(x — 1) +$] dx

(x—2) x-2 x%2—3x+4+5
- x%+2
—2x2 —x+3In|x—2|+C AL
2 X+5
+x+2
3
2
Example (2): Evaluate the integral fﬁzi dx 1
2 w2 9
2 x+1 | x“+2
Solution: [ == dx = f(l +— )dx I
x%+1 x+1 vZ 1
=x+tan t(x)+C +71+
(2) If n < m,we shall discuss the three cases of separating g;—((xx))into a

sum of partial fractions.

Case (1): If the m factor of Qm(x)are all different and simple, that is
Qn(x) =(x—a;) (x—ay)..(x —a,). Then we assign the

. . A A
sum of m partial fractions to these factors as follows—— + —2
(x-a1) = (x-ay)

A
---+(x Z‘ ) where 4, A,,..., A,, are constants must be evaluated.
—an).

_|_
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. x2+3x+3
Example (2): Evaluate the integral IW dx
: x?+3x+3 x?+3x+3 A B C
Solution: = =—+ +
x3—x x(x=1)(x+1) x x-1 x+1

_ A(=1)(x+1)+B(x)(x+1)+C(x)(x—1)
- x(x—=1)(x+1)

x24+3x4+3=Ax2—A+Bx?+4+Bx+Cx%?—Cx
= (A+B+0O)x*+(B—-C)x— A

(A+B+C)=1
B-c=3 L. a=-3 p=1 (=1
2 2
-A=3
J’x2+3x+3 _'f A, _B ¢\,
x3 —x B x x—1 x+1 *
5 7 1
- 2 2
= T d
j X x—1 x+1 *

7 1
— —31nx+51n(x— 1) +E£n.(x+ )+cC

Case (2): Repeated factors of Q,,(x) suppose (x — a)” is the highest power of (x — a)which divides Q,,(x).

Then we assign the sum of r partial fractions to these factors as follows:

Al Az el AT

et o + ot — where Ay, 45, ..., A, are constants must be evaluated.
. | x3-3x2+4x-2 _ﬂ_l_ B 4 c v D T E + F + ¢
o XM et )12 x @ (1) T 12 | (xt1) | (c42) | (et2? | (xt2)°
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The Definite Integrals and Its Application

A Definite Integral has start and end values: in other words, there is
an interval [a, b].

a and b (called limits, bounds or boundaries) are put at the bottom and
top of the "S", like this:

b
b
[f0 dx [ pe) e
a
Definite Integral Indefinite Integral
(from a to b) (no specific values)
Properties
b b b
J‘ flx) + g(x) dx = j f(x) dx + J‘ g(x) dx TLh\
a da a
X

1, e X
[ f@yde =~ [ f@)de

[N
[ @)z =0 Xy

[ i@z = [ @i [ @) b
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Example (1): Evaluate the integral f_23(6 — x — x?) dx

Solution: f_23(6 —x— xz)dx:[6x — %2 — gg]:
[o) - & [o- - 22
2202wk o 90
=19—Z+2=19+ 07 =194+ 2= 22,
Example (2): Evaluate the integral f;r sinx dx
Solution:f;sinx dx = —cosx|§ = — (cosm — coso)

= -(-1-1)= (-2)=2

sin 2x

[
Example (3): Evaluate the integral fﬁﬁ o

sin 2x

T
dx = fuz(cos 2x) 2sin2x dx

:(_iz) fﬂz(cos 292_2 (—2) si:Il 2x dx

-1 ((cost]_l)E 1( 1 )E
- -1 o 2 \cos2x/g

T
Solution:fﬂﬁ =
Cos X

[ 1 1 1 1 1

3

N N,

[2-1]=+

ms(z%) - cos(2 (0)) -2 [cos( E) ~ cos(0)

|

1701
Z[T 1
2

1

|



