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Inverse Trigonometric Functions

The inverse trigonometric functions are defined to be the inverses of particular parts of
the trigonometric functions; parts that do have inverses.

The inverse sine function, denoted by sin ~1x (or arcsin x), is defined to be the
inverse of the restricted sine function. A similar idea holds for all the other inverse
trigonometric functions. It is important here to note that in this case the 1” is not an

. 1
exponent and so, sin ~1x #

sinx

In inverse trigonometric functions the 17 looks like an exponent but it isn’t, it is
simply a notation that we use to denote the fact that we’re dealing with an inverse
trigonometric function. It is a notation that we use in this case to denote inverse
trigonometric functions. If we had really wanted exponentiation to denote 1 over sine

we would use the following. (sinx) ~! = :

sinx
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Derivatives of inverse trigonometric functions

Let u be a function x, the derivatives of inverse trigonometric functions are:

l.i(siu‘1 u) = ;ﬁ Z.i(cos‘l u) = _—1ﬂ
dx V1—u2 dx dx V1i—uZ dx
d . 1 du d . -1 du
E.E(tan u) = 77 dx cLE(cot u) = T dr
d 1 du d -1 du
5+a(sec'1 u) = A =T dx 6.a(csc'1 u) =m+a
Example : Find the derivative for
l.y=sin"'2x = E:;xz :L
&~ =@ Vi-ae
2.y =3xcos 13x—+1—9x2
ﬁ= 3x><_—1>< 3+ 3c05‘13x—i
dx J1=(G0)? NT—9x7
9% . 9x _ .
—W+3cos 3x+ﬁ—3cos 3x

Integrals of Inverse Trigonometric Functions

We can derive all the integration forms from our derivatives forms as follows

=

(1) Lsin~!(u) = Ly 2

= = du =sin~'(u) 4+ C

o=

T 1
| N

L.

(2) L cos™!(u) = = —cos Hu)+C

o

1 ‘
(3) %tan_l(ﬂ} = 1+1u9 / /1 +uqdu = tan " Yu) + C

d —1y 1 f\ 1 _1
(4) gy ot (u) = B _/l—i—u?du = —cot” (u)+C
d - -1 — 1 "r". 1 - —].
(5) £sec™ (u) = v :f |u|mdﬂ =sec (u)+C

d 17y | I, 1
(6) 4 csc [:u}__lﬂlv?—_] /|u|mdu

= —csc Hu)+C
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Examples: Evaluate the following integrals:

DN =
_ lf 2dx
20 1-(2r)2

- %sjn_l(zr) + C'|or %ms_l(Q:ﬂ) +C

2) [ 1%

= |tan~}(t) + C|or |— cot7}(t) + C

dx
3) ov'dr=—1

2dx

2171,.-"[2:5]2—1

= |sec™!|2z|+C | or | — csc™! |2z |4+-C

Ein_l(%:r:} + C'or Eccns_l(glr} +C

5) f cos| T )dr

v/ 1—sin?(z)

= sin~!(sin(z)) + C

_[z=C]
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Logarithm function

The logarithm function with base b is the function y=log x where b>0 and b+1. The
function is defined for all x > 0.

Here is its graph for any base b y

b1
1 (b,1) v =log, x

[y
=]
-

Note the following:

[a—

. For any base, the v-interceptis 1. =  log,1=0.

. The graph passes through the point (b,1). = logy b = 1.

. The graph 1s below the x-axis -- the logarithm 1s negative --for 0 < x < 1
. The function is defined only for positive values of x.

. The range of the function is all real numbers.

. The negative y-axis 1s a vertical asymptote.

-1 o Lh e D b2

. log, (xy) = log, x + log, ».
x
8. log, (?) = logy x — log, v.

1
9. log, (—) = —log, x.
X

10. log, x¥ = ylog, x.
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The natural logarithm y =1n x

The system of natural logarithms has the number called e as its base. e is an irrational
number; its decimal value is approximately 2.71828182845904.

To indicate the natural logarithm of a number we write "In." In x means log x. So we
have

1. lIne=1

Inx

Inb
3.In(xy)=Inx+ Iny

2. logy x =

4. 1 (x) 1 1
.In|{—]=Inx—Iny
Y

5. Inx"=n Inx

Derivative of natural logarithm function

If u 1s a function x, then

d (Inw) = 1 du
dx Y T dx
Example 1: Find derivatives of the functions
1. y=In(bx+1)
dy 1 5
dx_5x+1><5_5x+1

2. y=2xtan 'x—In(x?+1)

dy 2x . 2x .
dx=1+x2+2tan x—x2+1:2tan X
3. y = In(sin 3x)

dy 1
= — X 3cos3x = 3 cot3x
dx sin3x
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Integrals of Logarithmic Functions

1
L n(u) =1du —r:» f;du = In|u|+C| u#0

Examples: Evaluate the following integrals:

1) 2 o
| ) f[z»_;9+3] ¥
- Qf;d:r 1 ar d
TR = 1J P23t
=|2In|x|+ .
= |~ In|22% + 3|+C
2) [(;z+2)da
=3[z 2dzr+5 [ldx
1 i 4) J'- SECEI{J;}IdI
= 3_—1 + n_JlI'J.|.T|—|-G tan(z)
_3 _
=|— + 5In|z|+C =|Inftan(z)[+C
T

Exponential functions

For any positive number a>0, a#1, there is a function called an exponential
function that is defined as f(x)=a

For example

1
y=2",-y=(§)"

Basic rules for exponents

1.The productrule a*.a¥ = a**¥

2.The quotient rule — = a*y
a

3. The rule for power of a power (a*)¥ = a*™¥
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Natural exponential function

The function f(x) = e* is often called exponential function or natural exponential
function which 1s an important function. The exponential function f(x) = e* 1is the
inverse of the logarithm function f(x) = Inx.
Derivatives of exponential function

If u 1s a function x. then

d (e¥) = o du
dx 7T dx
Example : Find y" and y" of the function
1. y = e3* 2
yt — E,Ex—z X 3 = 3€3x—2
y'' = 3e3*7% x 3 = 9e3* 2

Integrals of Exponential Function

%e(”) — e(“}dui*- /e(“)du — e +C

Examples: Evaluate the following integrals:

1) [e*dz 3) [Gr=de
= %fge%dg; = |Inle” + e "|+C
L,
=|-e"+C _ _
2 4) [ e* sin(e*)dx
2) [, cos(3x)dx =1 [2.e% sin(e*)dx
=1 3.6 cos(3z)dx — [~ cos(e®) + C
_ %esin(?ﬂ:) +C




