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Techniques of Integration

I- Integration by parts

Sometimes we can recognize the differential to be integrated as a product of a function
which is easily differentiated and a differential which is easily integrated. For example,
if the problem is to find

[ x™ cosx dx
We have two ways to do this:

1- Tabular integration by parts
Which is used for

1) the products of polynomials and sine function, x sinbx.
2) the products of polynomials and cosine function, x cosbx.

3) the products of polynomials and exponential function, x e4* .
In any of these three cases we choose the polynomial as u and the product of sine
function and dx (cosine or exponential function and dx respectively) as dv.

Examplel: Evaluate

1-f x3 cosxdx

Derivatives of u | Integrals ofv
3
X COSX
3x? Taginx
1.J’ x? cosx dx ~—
6x ™= _cosx
6 - I —sinx
0 " cosx

jxa cosxdx = x3sinx + 3x%cosx —6xsinx —6cosx + ¢
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x? 2x 2 e2x 1
szezxdx=—ezx——e2x+—e2x+c= 5 (xz—x+?)+c

2-Integration by using the formula

fudv=uv—-[vdu
Which is used for inverse trigonometric functions and logarithm functions.

Example2: Evaluate

1. Inx dx

u=Inx and dv = dx
dx

du = — and v=xXx
X

judt?:uv—Jvdu

dx
flnxdx lenx—J’xx?

=xlnx — [dx =xlnx—-x+c
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2.f sin ~12xdx
u=-sin"'2x and dv=dx
2dx

du = ——
V1 —4x2
judvzu'v—jvdu
fsin_:L 2xdx = xsin" ! 2x 2xdx
V1 — 4x?

1
=xsin_12x—|—? 1—4x2 4 ¢

and V=X

J sin xcos™x

Z x

lfmodd ——— cos’x =1 —sin

2

sinfx=1-cos®*x

Ifnodd /)

5 1
sin“ x :E(l — €0Ss 2x)

If n, m even |:>

1
coszx=5(1+sin2x)
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2- Power of Trigonometric Functions

A. To Find the integral for: /sin"'(:r} cos™(x)

case (1): If one of the powers is odd (or both are odd), then we use
the following form;

sin®(x) + cos?(z) = 1

Case (2): If both of the powers are even, then we use one of the following forms:

1 1
sin?(z) = E(l — cos 2x)|or |cos?(z) = 5(1 + cos2x)

Examples: Evaluate the following integrals:
1) [ sin*(z) cos®(z)dz [n rodd & m :even — case(l]}
= [ sin*(z) cos(z) cos?(z)dx

= [ sin*(z) cos(z) (1 — 51119{1')) T

= fsm u:cns{:f )dz — fsm cc:ns{:c

u du u du
3 &
_|sin*(z)  sin’(z) L
3 o)
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2) [ sin®(zx) cos®(x)dx [n rodd &m :odd — case{l)]
= [sin*(z) cos(z) cos?(z)dx
= [sin(z) cos[:c}(l — sinﬂ{:c))d:c

=fsin3(:1: cc:rs[:f dsr fsm cos z)dx

u du u e
. 4 - 6
_|sin’(z)  sin®(z) L C
4 6

B. To Find the integral for: / tan"(z) sec™(x)

Case (1): If the powers sec(X) is even, we divide the sec(x) as:

sec™(x) = sec™ 2(x) sec?(z) & use |sec?(z) = 1 + tan®(z)

Case (2): If the powers tan(x) is odd, we divide the tan(x) as:

tan™(z) = tan™"!(z) tan(z) & use [tan’(z) = sec?(z) — 1

Examples. Evaluate the following integrals.
[ sec*(x) tan?(z)dz
= [sec’(z)sec®(z) tan®(z)dx
= [ (1 - tang(:r]) sec?(z) tan?(z)dx

= ftan sec () d:c—|—ftan sec (x ]da: dx

u du N di
tan3(z) tan’(x
[T )
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C. To find the integral for.

/cot“(;t:} csc™(x)

Case (1): If the power of csc(x) is even, we divide the csc(x) as:

csc™(x) = cse™ 2 (x) esc?(x) |& we use [esc?(z) = 1 + cot?(x)

Case (2): If the power of cot(x) is odd, we divide the cot(x) as:

cot™(z) = cot™ (x) cot(z)|& we use |cot?(x) = esc?(z) — 1

Examples: Evaluate the following integrals:
[ esc*(x) cot?(z)dx
= [ esc?(x) esc?(z) cot?(z)dz
_f ( |+ cc.tﬂ(m)) esc?(z) cot?(z)dx

= [ cot’(z) esc*(z)dzx + [ cot’(z) csc®(z)dx dx

u du u du
2 5
cot™l T cot (T
_|_cot’(z) cot’( }+C
3 5)

3
2 cot?(z) d
) f 4/ csc(x) x

= [ cot?*(z) cot(z) cscT (z)dz
= [ (e’(@) 1) cot(z) esc¥ (@)

= fcsc%(a:} cot(x)dr — fcot(m)cscil(m)da:

= f::sc%(i’}lfsc(a:) cot(:r)da:l— flcisc;}(a:)"csc(x)eot(m)(x}da:l
u du u du

3 —1
cscZ(x csc (T
_|od@) _et@
2

3
2




