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The Limits

A limit is the value that a function or sequence "approaches" as the input or index

approaches some value. We say that the limit of f(x) 1s L as x approaches a and
write this as

limf(x)=1L

x—a

Properties of the limit
1. If a and c are constants then lime=rc

x—a

2. li_l}ll x=a

Let fi(x) =L; and f5(x) =L, then
3. li_}nl(fl(X) + fz(x)) =L+ 1L,

4. }61_}11‘11(}:1(3:) - fz(x)) =L, - L,

5. }Clﬂ;(fl(x)fz(x)) =L,.L,

_(fi(x) L,
ot ()~ 1o

7.1f lim g(x) = L then li_r>n f(g(x)) = f(L)

x—a

Example 8: Find the following limits
Vx—+3 Vx—+3

1
1.lim— = lim = lim

1
w3 x—3 =3 (Vx—v3)(Va++3) =3(Vx+v3) 2v3

. 5x%+ 3
.xl—hnt}o?xz +2x—5

Divide top and bottom by x2, then we get

_ 5x% +3 ) 5+ (3/x%) 5
lim = lim = —
xs07x2 +2x -5 a2 74+(2/x)—(5/x%2) 7

_ (2x+1)% \° 4x? +4x+1\°
3. lim = [ lim = | lim
x=wo (x2 + 2x — 3)? x=0ox? +2x — 3 x—=oo x2 + 2x — 3

A+ (A0 + (/)N
(mlﬂzxx)—(m@) =4 =16
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_ VA 4+x —2 NA+x +2
4. lim—— = lim X
x—0 X x—0 X Vad+x +2
. 4+x—4 . 1
= lim = lim

X
x0xVEtx +2 *OxVitx +2 4

5.
VxZ+x+1+x)
limyx2+x+1—x=1lim(yx2+x+1—x x(
Xx—oo x—)w( ) (m+x)
x4 x+1-—x* x+1
= lim = lim
ooyl x+14+x oyxi+x+14x
x;rl 1+%
= lim = lim = —
x—bw,.l'xz_l_x_'_l_l_x x—oo 1 1 2
= 14+ -+ 5+1

Derivatives
Rules for finding derivatives
1. Constant Rule
The derivative of a constant is always zero. That is if f(x) = ¢ then f'(x) = 0.
2. Power Rule The derivative of a power function, f(x) = x™. Here n is a number of
any kind: integer, rational. positive, negative, even irrational, as in x™.
The derivative is f'(x) = nx™ !

Example 1:

) &
dx
y=x* j—z:4x3
y=x* g— —4x_5=—:5
y=x" %—Hx“_l
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3. Multiplication by constant: The derivative of cf(x) 1s cf'(x)

4. Sum Rule: The derivative of f(x) + g(x) is f'(x) + g'(x)

5. Difference Rule: The derivative of f(x) —g(x) is f'(x) —g'(x)

6. Product Rule: The derivative of the product of two functions is not the product of

the functions' derivatives: rather, it is described by the equation below:
d
) xe(x)) = f(x) xg'(x) + f'(x) X g(x)

Example 2: Find derivative of the function y = (3x% 4+ 5)(2x® — 5x — 4)

d
%z(3x2+5)><(6x2—5)+(2x3—5x—4)><6x

7. Quotient Rule: The derivative of the quotient of two functions is not the quotient of the

Junctions' derivatives; rather, it is described by the equation below:

d (f (X)) glx) x f'(x) — f(x) X g'(x)

dx \ g(x) (g(x))z
Example 3: Find derivative of the function
x*-1

YT X2 +1
dy (P+1)x2x—(x?-1)x2x 2x°+2x—(2x* - 2x)
dx (x%2+ 1) B (x2+1)2

2P+ 2x—2x+2x  4x

a (x2 +1)2 C (x2+1)2

8. Chain Rule:
Suppose that we have two functions f(x) and g(x) and they are both differentiable.
1.If we define F(x) = (fog)(x) then the derivative of F(x) is,
F'(x) = f'(2(x))g'(x)

2.If we have v = f(u) and u = g(x) then the derivative of y is,

dy_dyxdu
dx  du’ dx
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d
Example Ify=u?—-2u and u=+v3x+ 1, find d_y

x
d—y=2u—2=2(u—1) and du: ;

du dx 243x+1

dy dy du 3 3(u—1) B(W—l)
o i ax TV AT Vel Vaad
Example 6:If y =t+ — and xzt——,ﬁndj—i
d—yzl—iztz_1 and ﬁ=1+i=t2+1

dt t2 t2 dt t2 t2

dy_dyxdt_tz—lx t? t?-1
dx dt dx t2 T t24+1 t2+1

Trigonometric functions,

Definitions of trigonometric functions for a right triangle

A right triangle is a triangle with a right angle (90°)

o

opposite

adjacent

For every angle @ in the triangle, there is the side of the triangle adjacent to it, the side
opposite of it and the hypotenuse such that a? 4+ b? = ¢2.
For angle 6. the trigonometric functions are defined as follows:

opp b adj a

sing = —=— , cos@=—=—
Vp hyp ¢
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sinf opp b cosf adj a
tan @ = = =— ., coth =— - -
cosf adj a sin@ opp b

1 h C 1 h c

secd = _ P , csch = ﬂ:_

cos@ a_dj T a
Trigonometric functions of negative angles
sin(—@) = —sin@ , cos(—60)=cosf and tan(—-0)= —tanéd
Some useful relationships among trigonometric functions
1. sin’x4cos?x=1 , sec’x—tan’x=1 , «csc?x—cot’x=1
2. sin2x = 2sinxcosx, cos2x = cos’x — sin’x = 1 — 2sin?x = 2cos?x — 1

3. sinx = —— ) cos’x =

2

1—cos2x 1+ cos2x
2

Graphs of Trigonometric Functions

|
— =
=]
o
»N
— — -2}
b
o
£
|
|
—
(T SR

Domain: ~= < x < = Domain: ~= < x < = Domain:x#:’z—',:%....
Range: -l=y=<l Range: -l<y=<|]
i o Range: ~-x<y<w
Period: 2w Period: 27 Rides o
y y y
J = %CxE ) y = cscx y = cot x
‘K‘j |U 1
! 1 > X 1 1 | >X X
m-7_ g0| & = % 70| & ¥ 3z 2n -7 a0 m\¥ A%
Dormin:x+:%,: 37' Domain: x # 0, +ar, +2m,... Domain: x # 0, *7, *2m,...
Range: y<-landy=1 ggcd z:—lmd.\'zl ::z ;°°<)‘<°°
Period: 2w ; )
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Derivatives of trigonometric functions

If u 1s a function x. the chain rule version of this differentiation rule is

L ] B du
I (sinu) = cosu.
) du
Z.E(cosu) = —sinu.—-
. du
e 2 S
S'dx (tanu) = sec®u. e
2L (cotu) = 5 du
. (co u) = —csc’u.

. ( )= . du
-7, (secu) = secutanu.
6 B . du
o (cscu) = —cscuco .o

Example 1: Find derivatives of the functions

1. y=sin’x = y=(sinx)? = d—i: 2sinx cosx = sin 2x

d
2. y=cos(x?) = di = —2xsin(x?)

dy 1 sec?x
3. y=tanVx = — =secZx X =
Y dx x| 2vx

d
4. y=x%sec3x o= é = 3x%sec3xtan3x + 2x sec3x = x sec3x (2 + 3xtan 3x)

d 1
5. y=+Vsin2x = y=(sin2x)“? = %—?(SmZx)_i"ZXcostXZ

_ cos 2x
N vsin 2x
Example 2:If y =tan2t and x = sec2t show that d—y = csc 2t
X
dy dx
— =2sec?2t , ——=2sec2ttan2t
dt dt
d d dt 1 sec 2t
—yz—yX—ZZSeCZth =
dx dt dx 2sec2ttan2t tan2t
1
_ cos2t _ _
~ sin2t  sin2t csc 2t
cos 2t
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Derivative of natural logarithm function

If u 1s a function x. then
d 1 du
I (Inu) = e
Example 1: Find derivatives of the functions

1. y=In(5x+1)
dy 1 5
a_Sx—I—IXS_Sx—l—l
2. y=2xtan tx —In(x? + 1)
dy_ 2x 2x

— = 2tan tx —
dx 1+x2+ x2+1

= 2tan 'x

3. y = In(sin3x)

dy
dx sin3x
4. y=In(x?+3)®*3) oy = (x2+3)In(x2 + 3)

®X 3cos3x = 3cot3x

dy_ 2, 3 2x
dx_{x + )K(xz—l—3)

+ 2xIn(x? 4+ 3) = 2x + 2xIn(x? + 3)
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Integral

If the function F(x) is an antiderivative of f(x) then the expression F(x) + C where

C is an arbitrary constant, is called the indefinite integral of f(x) and we write

ff(x)dx:F(x)+C

The integral of the power function

If u is a function of x. then

un+1
1. u"duszrc meR, n=—1

du

Z.J’—z Infu| + ¢
u

Examples

1 1 1 3 2 2 3
1.J’u‘3x+1dx:?J3(3x+1)7dx:?(3x+ 1)z x ?+c:?(3x+1)7+c

xdx 1 1

- 0 - _ 2 -1/2 _ 2 1/2 — 2 _
2. N 2J2x(x 3) dx z(x 3NYEXx24+c=+x?2—-3+c
2 xdx 1l Ix? _ 3]
'jx2—3_ > njxc—3|+c

The integrals of trigonometric functions

If u 1s a function of x, then

1.fsinudu=—cosu+c 2.fcosudu=sinu+c
3.fsec2udu:mnu+c 4.Jcsczudu:—cotu+r:
S.fsecutanudu=secu+c 6.Jcscuc0tudu=—cscu+c
?.ftanudu = —In|cosu| + ¢ = In|secu| + ¢

8.fcotu du = In|sinu| + ¢ = —In|escu| + ¢
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Methods of integration
I- Integration by parts

Sometimes we can recognize the differential to be integrated as a product of a
function which is easily differentiated and a differential which is easily integrated. For

example. if the problem is to find
j x? cosx dx

We have two way to do this:

1- Tabular integration by parts

Which is used for

1) the products of polynomials and sine function, x™ sin bx.

2) the products of polynomials and cosine function, x™ cos bx.

3) the products of polynomials and exponential function., x™e®*.

In any of these three cases we choose the polynomial as u and the product of sine

function and dx (cosine or exponential function and dx — respectivelv) as dv.
Examplel: Evaluate

1.fx3 cos x dx Z.szezxd)d

Derivatives of u | Integrals ofv
x3 COS X
3x? T—=sinx
l.f x? cos x dx ~
6x ™= _cosx
_+
6 1= —sinx
0 > cosx

fxa cosxdx = x3sinx + 3x%cosx — 6xsinx — 6cosx + ¢
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D.of x* I.of e**
xg \.\‘___'_ ezx
—
2x \\ iehE
- 2
2 + %eu
1
0 _ alx
3 e

2- Integration by using the formula

[udv=uv—f1:du

Which 15 used for inverse trigonometric functions and logarithm functions.

Example2: Evaluate

jlnx dx

u=Inx and dv = dx
dx

dy =— and r=x
x

jud*r,?:uv—fvdu

dx
Jlnxdx =xlnx —[x)( —

X

=xlnx— (dx =xlhx—x+4c¢

[ x sec x tan x dx
uU=x du =dx
dv = secxtan x dx vV = sec x
[xsecxtanxdx = x secx — [ sec x dx
= xsecx— In|secx + tan x| + ¢

10
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