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Integral
Indefinite Integration

General Indefinite Integration: In calculus, an antiderivative of a function f(x) is a
differentiable function F(x) whose derivative is equal to the original function f(x).

Flz) = f(z) = G2 = f(=)
— dF(z) = f(z)dz
L ar@) - [ 1)
= |F(z) = / f(z)dz + C|, where C € R.

Example:|y = 2r — i—f = 2r

— dy =2z dx :f- [dy=[2z2dr = |y=—+C

Indefinite Integrals Properties:
Let f(z) be a function and = € R, then:

i. [af(z)=a [ f(z)dx, where a is a constant.

ii. [ (f(m):Fg(a:])drsz(m]dm:ng(r}dI

Notes:
-f(f(:c * gz )dm%ff (z)dz * [ g(z)dz

f(z) r)dz
[ Loy 4 L0

Rules: In general,

1. /d:v=r+c

a1
ii. /u“d-u — 2 4+ C, where C €R.
n+1 '
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Examples: Evaluate the following integrals:

1) [ 3dx 4) [(2z + 3)dz
=3 [dx
= | 2zdxr + | 3dx
=3z +C f f
— 224+ C1 432+ Cy
2)f5:122d1.'
=221 3z24C
=5 [2%dx
_ 2T 5) [v2z+1ldr
73
1 1
== |(2x +1)2.2d
_1@e1)? | o
= [ 3rzSdz 21 7T
— —./ 3
= 3T+ —I—C
—d'ﬂ'
4y +C
J|" (z41)d=
6) [ E da x/zz+2,z+2
1
= [(22+224+2)73(2 + 1)dz

=3 [(22+2z 4+ 2)=12(z + 1)dz

2
2+2:42)3
%'{E'_Jr;i_FG
3

3
= E«f’/(32+23+2}2+0
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Integrals of Trigonometric Functions

If u 1s a function of x, then

lfsmudu——cosu+c 2.fcosudu:sinu+c
stec udu=tanu +c 4.J’csczudu:—cotu+c

5. fsecutanudu =secu+c 6.Icscu cotudu =—cscu+c
7. ftanudu = —In|cosu| + ¢ = In|secu| + ¢

8.[ cotudu = In|sinu| + ¢ = —In|cscul| + ¢

Examples: Evaluate the following integrals:

1) [sin(3z)dx 3) [xzsec(z?)dx
= 1 [sin(3z).3dzx = 5 [ sec?(z?).2zdz
1
=|—3 cos(3z) + C = %tan(a:z) +C
2) [ cos(2t)dt 4) [ cot(5x) cse(5z)dx
= 1 [ cos(2t).2 dt = 1 [ cot(5z) ese(5a

1
="z cse(bx) + C

1
=3 sin(2t) + C‘

Remark. Sometimes we should do some algebra to evaluate the integral.
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Examples. Evaluate the following integrals:

1) [sec’(z)tan(z)dz

fﬁ—cos(?):r)
_ sin§(3:r)
= [ sec’(x) sec(x) tan(z)dx cos(3z)
— = | e — e
3 1 cos(3z)
_ seeg(:s) L C f Ez(—@h? f sin(3z) sin(3z) x

cos(2z) = 6f0802(3$ dzr — [ cse(3z) cot(3z)dz

2) f sin3(2z) dz

2
=3/ (§in(2x)l)‘3 lcos(Qx).del =5 [ esc?(3z).3dz — § [ ese(3z) cot(3z).
(in(2)) 2 du’ = 2(— cot(3z)) — §(— ese(3x)) + C
% 81N = +C 1
1 = |—2cot(3z) + - 050(33;) +C
= ——5—+C
4sin®(2x)
Remark

A. When the power of sin(z) or cos(z) is odd, we use:

sin?(z) + cos?(z) =1

B. When the power of sin(z) or cos(x) is even, we use:

1 1
sin?(z) = 5(1 — cos 2z)|or |cos?(x) = 5(1 + cos 2x)

Examples: Evaluate the following integrals:

1) [sin’(z)da]

= [sin(z)dz — fcr:us ) sin(z)dz
U du
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3) [ cos*(z)dz
[ (cmg(m})gdr
= J (301 + cos(2a))
=1 /(1 +2008(22) + cos®(22)) ) da
=1 [1dz +1 [2cos(2z)dz + 1 [ cos(2z)dx
= 1 [dz +35 [cos(2z)dz + } [ §(1 + cosdz)dz

=1 [dr+313 [cos(2z).2dz + § [dz+ 11 [cosdzdde

1 1 1 1
=7+ Zsin(im} +gT+ ﬁain(@x} +C
Remark

A. If the powers of tan(z) & cot(z) is even, we use:

use |tan?(z) = sec’(z) — 1

B. If the powers of sec(z) & csc(zx) is even, we use:

use [sec’(z) = 1 + tan’(z)

Examples: Evaluate the following integrals:

1) [tan?(3z)dz
= [(sec®(3z) — 1)dz
= 1sec’(3z).3dx — [dx

1
= gt-a,n{&.ﬂ:} —z+C
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2) [sect(z)dx
= [ sec’(z) sec*(z)dx
= [ (1 + tang(m)) sec’(z)dx

= [sec(z)dz + [ tan’(z)sec’(z)dx
tan®(z)
3

= |tan(zx) + +C

3) [ esct(z)dx
= [esc?(z) esc?(z)dx
= [ (1 - cotg(m)) csc?(z)dx

_ fcscg(:r]dm + fcotﬂ{r) cscg(r}dr
cot3(z)
3

=|—cot(z) — +C

Integrals of Inverse Trigonometric Functions: We can derive all the integration forms
from our derivatives forms as follows:

(1) Lsin~(w) = L5 V/ll__ugdu — sin~l(u) + C
(2) %ms‘l{u} = 11 fo/ll__ﬂfdu = —cos Hu)+C
(3) %tan‘lﬂ ) = 1+1u j}/ du:tan_l{ﬂ]—l—c

1
(4) dﬂmt Hu) = l_lﬂg f}/]+ﬂ2du= —cot™Hu) +C

du = sec” (u) + C

_ I
(5) dosec™ () = }fmwr

_ | 1 _1,
(6) %cgc Hu) = — lulv,l_j_] }flmmdu:—csc Yu)+C
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Examples: Evaluate the following integrals:

DN =
_1 [ 2dx
24 1—(20)2

- %sjn_l(z:-:) + C'|or %ms_l(%) +C

2) [

= |tan~!(t) + C|or |— cot~}(t) + C

24 /(22)2-1

= [sec™!|2z|+C| or | — esc~! [2z|+C

.| Or

|

|
| =

ta

=

|
,T'T
5

+
'

tan~1(x)
5) f cos( T )dr 6) fm—dl'

~ [tan (@) 12

(tan~!(z))?

~[=0] =

]




