6.1.1 Angle between Two Lines

Consider two straight lines

Il.X_X]_:y_y]_:Z_Zl

a b C
and
I .X_X2 :y_y2 :Z_ZZ
2 e f

The line 1y parallel to the vector u =ai +bj+ck
and the line I, parallel to the vector
v =di+ej+ fk. Since the lines |; and |, are

parallel to the vectors u and v respectively,
then the angle, @ between the two lines is
given by
u-v
CoSf =——
ulv
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Example:
Find an acute angle between line
L=1+2]+t(2i—] + 2K)
and line
l, =2i—j+k+s(3i—6j+ 2Kk).

33



6.1.2 Intersection of Two lines

In three dimensional coordinates (space),

two line can be

Z
In one of the k\‘ 3
three cases as /”<é‘
shown below, / Y
z (a)
A
“\ f
-\%
M&\ez\i
/ Sy
x (b)

£1 A
%
6\\ > 1/
(c)




Let |, and I, are given by:

Il:x—xlzy—ylzz—zl and (1)
a b C

X=X _Y=Yo Z1-17
l, 2 = 2
2° 4 . f (2)

From (1), we have v{ =< a,b,c >

From (2), we have v, =<d,e, f >

Two lines are parallel if we can write

Vi =AV,
The parametric equations of |, and |, are:
l|: x=X +at
y =Yy, +Dbt
Z=12;+Ct
l,: X=X,+ds
Y=Y, +€s > (3)
Z=12,+fs
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Two lines are intersect If there exist unigue

values of t and s such that:
X +at =X, +ds
y; +bt=1y,+es
Zy+Ct=2,+fs
Substitute the value of tand sin (3) to get x, y

and z. The point of intersection = (X, Y, 2)

Two lines are skewed If they are neither

parallel nor intersect.

Example:
Determine whether |, and |, are parallel,

Intersect or skewed.

a)ly: x=3+3t,y=1-4t, z=-4-71t
l,: Xx=2+3s,y=5-4s, z=3-7s
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x-1 2-y

b) l|: ——=—+-=72
) h .
X—4 Z+2
l,: — —=y-3="——
2+ 1 7Y 3
Solutions:
a) forl, :

pointon the line, P=(3, 1, - 4)
vector that parallel to line, v, =<3,—4,-7 >
for I,:
point on the line, Q = (2, 5, 3)
vector that parallel to line,v, =<3,—4,—7 >
Vi =AV, ?
Vi =V, where A =1

Therefore, lines |, and |, are parallel.

b) Symmetrical equations of I, and |, can be

rewrite as:
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Xx-1 y-2 z-0

1 —4 1

" x—4_y-3_z-(=2)
—-1 1 3

Therefore:

| :

m Il  P= (1, 2, O) , V=< 1,—4,1>
MIZ: Q:(4, 3, '2) , Vo :<—1,1,3>
Vi =AV, ?
Vi # AV, — not parallel.

In parametric eq’s:

I x=1+t ,y=2-4t,z=t
lb: X=4-s ,y=34+s,2=-2+3s

1+t =4-5 (1)
24t =3+s (2)
t=-2+3s (3)
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Solve the simultaneous equations (1), (2), and
(3) to get t and s.

s:§ and t:z
4 4

The value of t and s must satisfy (1), (2) and

(3). Clearly they are not satisfying (2) 1.e

2 — ! =3+ > 7 = 1 # 1/
4 4 4 4
Therefore, lines |, and |, are not intersect.

This implies the lines are skewed!

Example:

Let L, and L, be the lines

Ly :x=1+4t,y=5-4t,z=-1+5t

L, :x=2+8t,y=4-3t,z=5+t
(a) Are the lines parallel?

(b) Do the lines intersect?
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