Vectots in Space

Properties of Vectors in Space

Let v=(v,,v,,v;) and w=(w,,w,,w,) be
vectors in 3 dimensional space and k Is a
constant.

1. v=w ifand only if

V, =W, V, =W,,V, =W,.

2. The magnitude of v is [v| = \v,” +V,” +V,

3. The unit vector In the direction of v IS

\ <V1’V2’V3>

vV

4. V+W=(V, +W,,V, +W,,V, +W,)
5. kv = (kv,, kv, , kv, )
6. Zero vector is denoted as 0=(0,0,0).

[{. V+W=W+V

10



8. Let U=(U,U,,Ug)
then (U+V)+w=u+(v+w),
9. u+0=u
10, U+(-u)=0
11. (c+d)u=cu+du
12. c(u+v)=cu+cv
13. ¢(du)=(cd)u
14. L(u)=uand0(u)=0

15. |cu|=c|u|

Example:
Express the vector PQ if it starts at point
P =(6,5,8) and stops at point Q =(7,3,9) In

components form.
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Solution:
P—Q:<Xz — XY, =Y 4 _21>
PQ=(7-6,3-5,9-8)

PQ=(1-2,1)

Example:

Given that a=(31-2), b=(-16,4). Find

(@) a+3b (b) b

(c) a unit vector which is In the direction of b.
(d) find the unit vector which has the same

direction as a+ 3b.

Answer:

41 23
(a) (0.19.10) (b) V53 (c) < >

L (-1,6,4)

(1 © 75 (0,19,10)

(f) JF
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Parallel VVector

v" have same slopes

v V= Ay, ; Aconstants
So, there are multiples of each other.
Example:
Vector w has initial point (2,-1,3) and
terminal point (-4,7,5). Which of the
following vectors is parallel to w?
Solution:

W=(-4-2,7+15-3)
W=(-6,8,2)

One example: 2(~6.8,2)=(-12,16,4)

1

Another is 5(6:8.2)=(-3.41)
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Example: (Collinear Points)

Determine whether the point P(1-23),Q(2.10)
and R(4,7,-6) lie on the same line.

Solution:

PQ=(2-11+2,0-3)=(13,-3)

Q=1 +3 +(-3)' =19

QR=(4-2,7-1,-6-0)=(2,6,-6)

QR|=/22 +6% +(-6)" =2V19

PR=(4-17+2,-6-3)=(3,9,-9)

PR|= /3" +9? +(-9)" =3V19

Thus, PR=PQ+QR  Since one vector is a

multiple of the other, the two vectors are
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parallel and since they share a common point

Q, they must be the same line.

The Dot Product

-Theorem-
If v=(v,v,,v;)and w = (w,,w,,w,), then the
scalar product v-w Is
VW =(V},V,y, Vg ) (W, W, , W,y )
=V,W, +V,W, +V,W,
-Note-

The dot product is also called
- the scalar product
- the Inner product

The dot product of two vectors is a scalar.
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The Angle between Vectors

Refer to the figure below, let
U=0(OP)=(u,u,,Uu;)
V=V(0Q)=(v,V,,V,)

be two vectors and let & be the angle between

them, with 0<60<r

Z

Q ViV Vs) ¢ P (uy,u,,U,)

<
)
<l

X

Compute the distance, ¢ between points P and

Q In two ways.
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1) Using the Distance formula

¢’ =(u, —vl)2 +(u, —v2)2 +(u, —v3)2

=U°+U,° +U +V V2V
—2(UV; +U,V, +U,Vs)
=a]” +[v]" = 2(uy, +u,v, +u,y,) —(1)
2) Using the Law of Cosines
¢® =[af" + | —2[a|[v|cos6 ..()
Equating equation (1) and (2), we get

UV; +UV, UV,  T-V
Ml m

cos@ =

Example:
If v = 2iI-J+k, w = i+]+2k and the angle

between v and w is 60°, find v-w.
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Solution:

V- W= \/22 +(-1)" +1° NP +1% 427 cos(7/3)

=/6-/6cos(7/3)=6(1/2) =3
Example:
Given that u =(2,-2,3), v=(581) and
w =(-43-2), find
(@) u-v
(b) (u-v)w
() u-(v+w)
(d) the angle between u and v
(e) the angle between v and w.
Answer:
(a) -3
(b) {12,-9,6)
(c) -23
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(d) 94°24
(e) 87°46

Example:

Let A=(4,1,2), B=(3,4,5) and C=(5,3,1) are
the vertices of a triangle. Find the angle at
vertex A.

Answer:

7912

-Theorem-

The nature of an angle 4, between two vectors
uandv.

v' @ isanacute angleifand only if u-v>0

v 0 is an obtuse angle ifand only if u-v<0

v 6 =90°ifand only if u-v=0. The
Vectors u and v are orthogonal /

perpendicular.

19



Example:

Show that the given vectors are perpendicular

to each other.

(a) 1and |

(b) 3i-7j+2k and 10i+4j-k

-Theorem-

(Properties of Dot Product)

If u,v and w are nonzero vectors and k is a
scalar,

l.u-v=v-u

2.U-(V+W)=U-v+U-w

3. ku-v=u-kv

4JLV=M2

5.u-0=0-u=0
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