
4.2 Column Theory 111

FIGURE 4.3

relationship was first formulated by Swiss mathematician Leonhard Euler and published
in 1759. The critical load is sometimes referred to as the Euler load or the Euler buck-
ling load. The validity of Equation 4.1 has been demonstrated convincingly by
numerous tests. Its derivation is given here to illustrate the importance of the end
conditions.

For convenience, in the following derivation, the member will be oriented with
its longitudinal axis along the x-axis of the coordinate system given in Figure 4.3. The
roller support is to be interpreted as restraining the member from translating either up
or down. An axial compressive load is applied and gradually increased. If a tempo-
rary transverse load is applied so as to deflect the member into the shape indicated by
the dashed line, the member will return to its original position when this temporary
load is removed if the axial load is less than the critical buckling load. The critical
buckling load, Pcr, is defined as the load that is just large enough to maintain the
deflected shape when the temporary transverse load is removed.

The differential equation giving the deflected shape of an elastic member subjected
to bending is

(4.2)

where x locates a point along the longitudinal axis of the member, y is the deflection
of the axis at that point, and M is the bending moment at the point. E and I were pre-
viously defined, and here the moment of inertia I is with respect to the axis of bend-
ing (buckling). This equation was derived by Jacob Bernoulli and independently by
Euler, who specialized it for the column buckling problem (Timoshenko, 1953). If we
begin at the point of buckling, then from Figure 4.3 the bending moment is Pcry. 
Equation 4.2 can then be written as

where the prime denotes differentiation with respect to x. This is a second-order, lin-
ear, ordinary differential equation with constant coefficients and has the solution

y = A cos(cx) + B sin(cx)
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where

and A and B are constants. These constants are evaluated by applying the following
boundary conditions:

At x = 0, y = 0: 0 = A cos(0) + B sin(0) A = 0

At x = L, y = 0: 0 = B sin(cL)

This last condition requires that sin(cL) be zero if B is not to be zero (the trivial
solution, corresponding to P = 0). For sin(cL) = 0,

cL = 0, p, 2p, 3p, . . . = np, n = 0, 1, 2, 3, . . .

From

we obtain

The various values of n correspond to different buckling modes; n = 1 represents the
first mode, n = 2 the second, and so on. A value of zero gives the trivial case of no
load. These buckling modes are illustrated in Figure 4.4. Values of n larger than 1 are
not possible unless the compression member is physically restrained from deflecting
at the points where the reversal of curvature would occur.
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FIGURE 4.4
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