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Lecture No. 2

Limits and Continuity

LIMITS OF FUNCTION: Y-axis

A

Definitions: L y=f(x)

lim,_, f(x) = L Mean that when a value of (x) close to (a)f(x)

B
»

approaches the limiting value(l). > a4 x-axis

lim,_,+ f(x) = L Mean that(x)approaches (a)from the right.

lim,_,- f(x) = L Mean that(x)approaches (a)from the left.
Note: lim,._ + f(x) = L = lim,_4- f(x) = L we say that lim,._,, f(x) exist.

otherwise the limit doesn't exist.

<
Ex:Find limy_, f(x) where f(x) = {xB —+x1 ﬁ > 3

Sol: lim,,- f(x) =12+1=2 = -7 1 L

lim,,;+ f(x) =3—-1=2

s~ limy - f(x) = lim, 1+ f(x) = 2, s0 the limit exist.

Ex: Find lim,_, f (x) where f(x) = {x : 1 x> o}

x<0
limyeo-f(x) = x =0 pOO X VO
lim, o+ f(x) =0+1=1 L= S ST =

limx—>0_ f(x) i liInx—>0+ f(x)
v lim,_o f(x) does’t exist.

Note that — A function F (¢) has a limit at point C if and only if the right hand
and the left hand limits at C exist and equal. In symbols:
limF(t)=L < lim F(t)Landltm F(t)L

t—C t —C*
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Properties of Limits: ca) ailas
Let: ;Ic":ﬂ f(x) =11

lim g(x) = 12

& K is a constant, then:

D) lim [f(x) + g(x)] = Im f) + limg(x) = 11412

D lim 7@+ gCol = lim £x) + lim g(x)

! lim f(x)

3 llm @ = X 3 i

) x-a 'g(x)! T lim gx) but l‘_{'}z g(x) =0
L=l

4) L : s :

) K fG) =K lim f(x)
xX—a

6) 'lm X=na
X=+gq

7 lim 2=0 & limyx=-o

X=+tn X XY=

8) lim 1= im 1_ "
) Jig =+ & i L oo bt iy 2

9) lim sinx = | ‘ i
) amsinx =0 & :l‘_i_l"luj cosx=1 & JIfl_ﬂ tanx =0
10) lim 2 =1 & jim X —

x—+0 x .!;I—-mn sinx 1

1) Iim 2= _1 & lim =1

X=D X x=0 tanx
12) limsin (i) = sin (lim 2
sk Ter/ . Sin (P_{g = ”) Note: sine or cosine or any trigonometric

functions is the same

13 lim™ = nJp 5 .
) lim VI(x fliﬂ fl(x) & J:'-'.','z;:"': [,,{il’,} ﬂn

Note:
Undefined expression in limits:

0

Y el ¥ =
0’ 0%, @ % but we can say o + w = o
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THEOREM 2 Limits of Polynomials Can Be Found by Substitution
IfP(x) = apx" + ay—1x" ! + --- + ag, then

lim P(x) = P(c) = ayc" + ap1¢™ ' + -+ + aq.

X—>c

THEOREM 3 Limits of Rational Functions Can Be Found by Substitution
If the Limit of the Denominator Is Not Zero

If P(x) and Q(x) are polynomials and Q(c) # 0, then
i Plx)  Plec)
x=e Qx)  Qe)”

E—xah’IPZQ N

3
(o 344 -3 _ (-"\)+Lf(—')a_—3 - o

x>t >4 § (—+ &

/fmxnafm(j Leve Denominators ﬁ/gfbra:ca[{y

Theovem 3 GLPPL& onlj i He Clenomma‘for‘ of #.e mhoncd
function is net 2eve at the limit t peint C . If Hhe denominedor
is 2€éve ; Can cd\mj Common 'fachor‘s in He numevator and
denowinator vy reduce Hoe Praction +o one whose densminator

is no longer zevo at ¢ .
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Exumple s -
/- (‘-m xlhx—2 _ [I_M (DC-')(DC+1) _ {'.h’) X +2
x> x 2_ % x> | x (x—1) K1 o
- 1-1;-2 - 3 é‘;‘jtf = C%/'Qf\
SEGNISE ' 2 2.
2. i Jx‘+loo — (o (O-\O> (Q—\—‘O} = Q ~ b
X3 a xz

N [ x%iioo
/;m /)( _'..(OO —10 X X +‘00 + {O

—te——

s [xtoe + 10

(v x ¢ _;-/ro{ 7/10/0 - A e

e x<?( [xii00 +to) x>0 2%( [x?100 410
! i

\
[}rv’) N = : = . = ©.085

o
*e /:2+|oc + 1o o+loe + 10 %

—
|- THEQREM 4 The Sandwich Theovem

Suppose that g(x) = f(x) =< h(x) for all x in some open interval containing ¢,
except possibly at x = c itself. Suppose also that

lim g(x} = lim A(x) = L.
Xx—¢ x>

Then m,—, f(x) = L.

R R Y T TO N I I T TR SR P ey

hd
1
lLe .
0 < *
The graph of f is
sandwiched between the graphs of g and A.
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L =>q m'o le :
2

f JZ \< U < /+%2 for all ccH# ¢
ancl /i‘m O((x)

x>0
Sol\k‘“{)n:
[/ /. 22Xy L ) =
2 .
(r“M ( { — x = ( [ + ._O_ = |
{.'h«) UlCx) = |
X 2o

THEOREM 5 If f(x) = g(x)forallx in some open interval containing ¢, except

possibly at x = ¢ itself, and the limits of f and g both exist as x approaches c,
then

lim f(x) = lim g(x).
X—*C X—*c
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DEFINITIONS  Limit as x approaches o or — oo
1. We say that f(x) has the limit L as x approaches infinity and write

Jim ) = 1

if, for every number € > 0, there exists a corresponding numbe: M such that |
for all x : : .

x>M = [fix) — L| <€,
2. We say that f(x) has the limit L as x approaches minus infinity 1::! write
im  fx) =L

if, for every number € > 0, there exists a corresponding number A such that
for all x

<N = |ftx)-L| <e.

The basic facts to be verified by applying the formal definition

1
which are: lim k =k and lim — =0
x—+oo x—too X

| THEOREM Limit Laws as x — £ o©
~ IfL, M, and k, are real numbers and

lim f(x) =L  and lim g{x) = M, the™
) x—>Loe

X—»00 _ .
1. Sum Rule: lim (f(x}) + g(x)) =L+ M
. , x—+00

2. Difference Rule: lil:Itloo( fix)—glx))=L—-M
x""‘"

3. Product Rule: lirfoo( fx)-glx)) =L-M

4. Constant Multiple Rule: ﬂliloo(k. f(x)) =k-L
xX—

5. Quotient Rule: lim igf-)- =L M#0

6. Power Rule: If r and s are integers with no common factors, s # 0, then
lim (f())y” = L™
X100

provided that L'/ is a real number. (If s is even, we assume that L > 0.)
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caurinpies.

11limy g, (5 + ) = liMyeo 5 + liMyp s =5+ 0 = 5

2.1im, nx\/_ = limy_,q n\/_— -= = limy_, /3 - hmx_>oo llmx_)oo =7mv3 -0.0=0

Limits at Infinity of Rational Functions:

Example: (Numerator & Denominator of same Degree)

5x2+8x—3: _ 5+(§>_(3?_2):5+0_0_E

xow  3x2 42 xo 3+(32) 3+0 3

Example: (Degree of Numerator less than Degree of Denominator)

x+2 (}C—%)Jr(xz—s) 0+0 _
xoe 203 — 1 xooen 2 () “2-0
x3

Example: (Degree of Numerator greater than degree of Denominator)

3
2x2 -3 (Zx)—(;)_z(—oo)—o
o Tx 4 xomco 7+(Q) ~ T 7+0
X
Examples:
x+Vx?+1 m;/“/—ﬁf+1)
D limx—y/x?24+1=limx—yx24+1 X ———=1i
) Ll P R L S e
1
= lim ——— - = —lim X = 0 =—9=0
X200 x +4/x2 + 1 X0 o x2 1 14++v1+0 2
xtxtaz
1
x5 1
2) 1im3x_%=1 X3/ _ im as/ 120 1
x-0o3fx +3fx  x-0 x% X—00 1 1+40 1
1+ I+{—=
1
x§ x15
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- x®—64
4) lim x> + 2x* + 4x3 + 8x% + 16x + 32
x-2 X —2
x® — 64 x—2
Fxb+2x5E= X°(X —2)
2x5 — 64
+ 2
¢2xsi4x4¢ AX (7(" )
4x* — 64
3
Faxt £8x° <= LK (X-i)
8x3 — 64
F8x3 + 16x2E— 09/(2()(~2)
16x% — 64
F16x? i32x¢: IéX(X ’\2)
y/x—m”
F326 + 64 <= 32 (X—i)
0 0
o xb—-64
lim p— =9161£r%x5+2x4+4x3+8x2+16x+32
=2°+202Y) +4(2® +8(2%) +16(2) +32 =192
n —2’—
orte :; X
fexy)y = ="=3 2% 2
2>¢ — iy _
=
=3 R>C — 4y
L (ox-tr) = z=r2ex
=3
| (iX—LF) == 3 22Xy
f P
fo) = x°-3 >< { \ ,(:.’/%41
2> —t, =2 ¢ -
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Continuity:

DEFINITION  Continuous at a Point
Interior point: A function y = f(x) is continuous at an interior point ¢ of i{s
domain if

lim f(x) = flc).

X .
Endpoint: A function y = f(x) is continuous at a left endpoint a or is
continuous at a right endpoint b of its domain if :

lim_f(x) = f(a) or xing_ f(x) = f(b), respectivel.y.

If a function f isnot continuous at a point c,we say that f is discontinuous at c and
¢ isapoint of discontinuity of f.

Note that ¢ need not be in the domain of f.

Continuity Test

A function f(x) is continuous at an interior point of its domain x = ¢ - if andd only
if it meets the following three conditions.

1. f(c) exists (c lies in the domain of f)

2. lim,_,. f(x) exists (f has a limit as x — ¢)

3. limy, f(x) = f(c) (the limit equals the function value)

. 1, .
Example: The function y = ~ Is continuous at every value of x except x = 0. It has

a point of discontinuity at x = 0.

THEOREM Properties of Continuous Functions

If the functions f and g are continuous at x = c, thcn the follo\mng C _-ninav.tiohs‘
are continuous at x = c. o

1. Sums: ft+g

2. Differences: f—g

3. Products: _ f-g

4. Constant multiples: k-f, for any number &

5. Quotients: f/g provided g(c) # 0

6. Powers: £, provided it is defined on an oi::: interval

containing ¢, where r and s are integers
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lim(F + 9)(6) = im(F () + g(0)) = lim £ () + lim () = £(0) + 9() = ( + 9)(©)

This shows that f + g is continuous.

THEOREM: Composite of Continuous Functions
If f is continuous at ¢ and g is continuous at c, then the composite

g o f is continuous at c.

The following types of functions are continuous at every point in their domains:

1 — Polynomials.

2 — Rational functions: They have points of discontinuity at the zero of their
denominators.

3 — Root functions: (y = Vx ,n a positive integer greater than 1).

4 — Trigonometric functions.

5 — Inverse trigonometric functions.

6 — Exponential functions.

7 — Logarithmic functions.

Note: The inverse function of any continuous function is continuous.

Examples:
2x%+x-3 +1
1) f(x)={—x—1 x }
2 x=1
1-f(1)=2
o 2x*+x-3 (2x+3)(x-1)
Zx_—>l11m—x—1 = lim a—1 =2(1)+3=5
3—lim f(x) = f(1)
X—
~ f(x) discontinuous at x = 1.
_(3+x x<1
Z)f(x)_{B—x x>1}
1-f1)=3+1=4
2—1lim34+x=3+1=4
x—-1"
3— lim3—-x=3—-1=2 o« lim3+4+x+# lim3—x
x—1% x—1" x—-1*
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~ f(x) discontinuous at x = 1.

3) f(x) ={_ ”2}

3 x=2
f(2)=3 & lim,_, ﬁ = % =o .~ nolimit, f(x)discontinuous.
x2-16
4) f(x) = { e 7 4}
9 x =4
x?-16 (x—4)(x+4)

F@) =9, lime, S = tim,, S2ED = 8, £(4) # limy .y f()

~ f(x) discontinuous at x = 4.

5) £ (x) :{Ix;3| X # 3}

x=3
f(3)=2, lim(x—3)=3-3=0, lim —(x—3)=0
x—-3* x—3~
AR =g =3 =0

but f(3) # }Cl_rg f(x)

~ f(x)discontinuous at x = 3.
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