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Let y=f(x) be a function of x . If the limit :

L= ()= tim

f(x+A4¢)-f(x) _
Ax

Lecture No. a

D

= lim Ay
Ax—>o Ax

erivatives

exists and is finite , we call this limit the derivative of f at x and say

that f is differentiable at x .

EX-1 — Find the derivative of the function: f(x)=

Sol.:

£(x)= lim IO

1

1
2x +

3

1

f(x)_

o 2t Ax)+3 2x+3

Ax—)0

Ax

=lim

\/2x+3 J2Ax+Ac)+3 2x+3+,2(x+Ax)+3

a0 A, [2(x+ Ax)+ 32x+3 2x+ 3 +[2(x+ Ax)+ 3
(2x+3)—(2(x+Ax)+3)

=i
A’Zn"’Ax\/Z(x+Ax)+3\/2x+3(\/2x+3+\/2(x+Ax)+3)
(2x+3)(N2x+3+2x+3)  J2x+3)

Rules of derivatives
differentiable functions of x :

1. %0:0

2. %u" = nu”_l%: %(%J = _u%%
3. %cu=c%’

. Dygy)=duzdr A ,zy5,)=4
S. di(uv) u%+v%’

+dv

: Let ¢ and n are constants, u , v and w are

+dw

dx dx

dx
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d A dv du
and E(u.v.w)—u.v e +u.w dx+v'wdx
d Ve
u\_
6. dx(v)— 3 where v#0

v

d
EX-2- Find Ey for the following functions :

a) y=(x’+1)° b) y=[(5-x)(4-2x)]

c) y=(2x’-3x"+6x)” d)y=£—i3+i4
X X
(X +x)(x’=x+1 x’ =1
e)y= 3 ) fly=—
X X' +x-2

Sol.-

a) %= 5(x’+1)"2x=10x(x*+1)*

Y % =2(5-x)(4-20)][- 205~ %)~ (4~ 2x)]

=8(5—x)(2-x)(2x-7)

c) dx=—5(2x3—3x2+6x)'6(6x2—6x+6)
=-30(2x" = 3x" +6x)°(x*—x+1)
d) y=I2x"-4x"+3x7"> dy

=—I2x?+12x* - 12x"°

dx
dy 12 12 12
= dx x2+x4 x’
2
¢) y=(x+1)(x3—x+1):>
X

dy _ X[’ —x+ D (x+ D2x-D]-3x* (x+ )(x* —x+1) __ 3
dx 6 B

x x*

) Y 2x(x’+x=2)=(x’-1)(2x+1) _ x*-2x+1
dx (x*+x-2)° C(x?+x=2)°
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The Chain Rule:

1. Suppose that h = g, f is the composite of the differentiable
functions y=g(tr) and x=f(t) ,then h is a differentiable
functions of x whose derivative at each value of x is:

by _dy dx
dx dt  dt

2. If y is a differentiable function of # and ¢ is differentiable

function of x , then y is a differentiable function of x :

dy dy. dt
=g(t) and t= = L=k
y=g(t) and 1= f(x)=F =20

EX-3 — Use the chain rule to express dy /dx in terms of x and y:

a) y=t2+1 and t=+2x+1
b) y= 21 and x=A~4t+1
t°+1 ,
t—1 1
c) y=(mj and x=t—2—1 at t=2
d) y=1—1 and t=i at x=2
t 1-x
Sol.-
r dy 2t(t’+1)-2tr 2t
a) y=- = = 2 2 =2 2
t"+1 dt (t"+1) (t"+1)
1 1
S oodt 1 - 1
t=(2x+1)) =>—=—.(2x+1) *.2=
dx 2 N2x+1
ﬂ;_ﬂ; ﬂ_ 2t 1 2V2x+1 1 1

dc di'dc (C+1) V2xel (2x+D+1) V2xal 2x+1)
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_ dy _ 2t
b =(t’+1)"' > F==2¢(t’+1) " =——F"——
) y=( ) = ( ) PERTE
1 1
5 dc 1 - 2
x=(4t+1)’ > —=—(4t+1) > . 4=
( / dt 2( / NAt+ 1
d_y_d_yéﬁ__ 2t . 2 __t\/4t+1
de dt  dt (t?+1)° J4t+1 (' +1)°
__x- 1 (X -1)
) y
x’-1
where x=A4t+1=1t=
1
h = >t'+1=—
where y e :
-1\ d t—I\t+1-(t-1) 4(t-1
c) y=(— =>—y=2( (z )X 3)
t+1 dt t+1) (t+1) (t+1)
[d_q _4c2-1)_ 4
dt |_, (2+1)° 27
1 dx dx 2 1
x———] _— = —_— _— = —_— = -
t’ dt t’ dt |_, 2° 4
{d_y} _{d_y_ﬂ} _4 . _1)__£
dc|_, |dt ar]_, 27 4 27
1 _ 1 _ _
d) t_l—x_I—Z_I at x=2
y=1_i2>d_y=%:>|:d_y:| — 1 2:1
t dt ¢ dadt | . (-1)
tr=(1-x _I:>ﬂ=— 11— x -2 -1 :#
(1=x)" = go==~(1=x)"(-1)= =

Higher derivatives : If a function y = f( x ) possesses a derivative at every
point of some interval , we may form the function f '(x) and talk
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about its derivate , if it has one . The procedure is formally identical
with that used before , that is :

d y d dy fl(x)z lim f’(x+Ax)—f’(x)
dx? dx \ dx Ax—0 Ax
if the limit exists .

This derivative is called the second derivative of y with respect to x.
It is written in a number of ways , for example,

”,f"(X) or df)lc(ZX)'
In the same manner we may define third and higher derivatives ,
using similar notations The nth derivative may be written :

Y x), 4

.
I'l

EX-4- Find all derivatives of the following function :
y=3x3-4x2+ 7x+ 10

Sol.-
dy d’y
E=9x2—8x+7 s =18x-8
3 4 5
ER RS

Ex-5 — Find the third derivative of the following function :

y=—=+Vx
X
Sol.-
dy __ 1.3 3
dx - 2%
d’y _2 3 -
x4
3 3 3
Zx{=_%_%x2 _4y__6 __3
X



Windows
Stamp


Al-Mustagbal University Lecture Note: Mathematics |

College of Engineering 1*' stage

Prosthetics and Orthotics Eng. Dept. Dr. Mujtaba A. Flayyih

1*' Semester (2023-2024)

Implicit Differentiation: If the formula for f is an algebraic combination
of powers of x and y . To calculate the derivatives of these implicitly
defined functions , we simply differentiate both sides of the defining

equation with respect to x .

d
EX-6- Find Ey for the following functions:

a)xz.y2=x2+y2 b)(x+y)3+(x—y)3=x4+y4
x_

)Y 2wt PG d) xp+ 2x-5p =2 at P(3,2)
x—-2y

Sol.

2 dy 2 _ dy ﬂ_x—xyz
a)x (Zydx)+y (Zx)_2x+2ydx:>dx_ ny ,

d d d
b)3(x+y)2(1+ay)+3(x—y)2(1—Ey)=4x +4y’ d)yc

3 2 Y 2.2 2.2
:ﬂ:4x 3(x+y) —3(x—y) :ﬂ:2x 3x° -3y

dx 3(x+y)2—3(x—y)2—4y3 dx 6xy—2y3
5 (x - Zy)(l-—) (x—=y)(1- 2 ) oy l:d_y:l 1
d) xﬂ+y+2—5d—y=0:>dy y+2 [—y} —£=2

Exponential functions : 1If u is any differentiable function of x , then :

d i _ gt a8 d yu_ gu du
7) dxa =a" lnadx and dxe i
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d
EX-7 —Find & for the following functions :

dx
a) y=2* b) y=2%3"
C)J’:(Zx); d) y=x2%
e) y=e(x+e ) f) y=e\/1+5x

Sol.-
a) y=23x:>@=23x*3ln2
dx

b) y=2x.3x:>y=6x:>ﬂ=6x.ln6
dx

c) y=(2x)2:>y=22x:)‘dl_y=22xln2.2=22x+lln2
X

d)y=x2 = % =x2"In2.2x+2% =25 2’2+ 1)

e) y=e™ = b _ e (1+5¢°%)
dx
1 1 _l .
f)y=e”+5x2)2:>Q=e”+5x2)zi(]+5x2) 2.10x:em5—x
dx 2 Vi+5x?

Logarithm functions : If u is any differentiable function of x , then :

d 1 du d 1 du
8) Elogau— Ina’ dx and Elnu—;.a

d
EX-8 — Find k4 for the following functions :

b) y=log,(x+1)

a) y=log,e"
d) y=line’+2)°
2

c) y=log2(3x2+1)3

5

(2x’ —4)3.(2x* +3)?
+1 =1 =

Sol. -
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x dy 1 1
a) y=log,e :>y:xlog10e:>E:logwe: lnnleo =10
_ 2 dy_ 2
b) y=log;(x+1) —210g5(x+1):>dx (x+1)in3
dy_ 3 6x_  I8x

c 3log,(3x°+1)=> —
) y=3log,( ) U T 3 a1 In2 (3P 4 1)In2

48x|in(x? + 2)f

d) =312In(x* +2) —%—.2x=
[ ] +2 x’+2
e) y+inx+iIny = 1:>dy+1 Iy 0:>d—y=— A4
dx x y dx dx x(y+1)
f) lny=£ln(2x3—4)+%ln(2x +3)=2In(7x’ +4x-3)
ld_y_g 6x L3 dx 2Ix° +4
ydx 32 4 2 2x +3 7 +4x-3
d 21x* +4
2x —4 2x +3 7x’ +4x-3

Trigonometric functions : If u is any differentiable function of x , then :

9) %smu = cosu. du

dx
10) icosu = — sin u. Zx—”
11) tanu = sec’u. z—z
12) Ecotu = —csc’u. Zx—”
13) j—xsecu = secu.tanu. Z—Z
14) %cscu = —cscu.cotu. Z—;’

d
EX-9- Find d—y for the following functions :
A
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b) y=(cscx + cotx)’

a) y=tan(3x’)
c) y=2sin%—xCos% d) y=tan’(cosx)

e) x+tan(xy)=10 ) y=sec’x—tan’ x

Sol.-
d_y_ 2 2 _ 2 2
a) dx—sec (3x° ).6x=6x.sec”(3x°)

b) :ll—')}: = 2(csc x + cot x )(—csc x.cot x — csc’ x ) =—2cscx.(cscx + cot x )’
dy _ li_[ _sinX) L l}_l b X
c) dx—Zcos2.2 x( smz).2+cos2 —2.sm2
d) % = 2.tan(cosx ).sec’ (cosx ).(—sinx)=—2.sinx.tan(cosx ).sec’ (cosx)
dy dy 1+y.sec(xy) cos'(xy)+y
e) I+sec (xp).(x—+y)=0=>—"= =
) (xy).( Y I x50 (x7) x

d
f) Ey =4sec’ x.secx.tanx—4.tan’ x.sec’ x=4tanx.sec’ x

EX-10- Prove that :
a) %tanu = sec’ uzx—” b) %secu = secu.tan u.%
Proof :
o) LHS. d —_— d_sinu _ cosu.cosu.% —sinu.(—sinu )%
dx . de cosu cos’ u
= cosgctz—;—zzn 4 % = cofg » % =sec u.% =R.H.S.
b) L.H.S. :%secu=% colsu =— cofg - (—sinu)%

I sinu du secu.tanu.@=R.H.S.

cosu’ cosu’ dx dx

The inverse trigonometric functions : If u is any differentiable function
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of x , then:
d -1 1 du
15) —— u= —I<u<l
dx [1— dx
d -1, _ du _
16 ) I u=- \/ﬁdx I<u<l
d -1
17 ) dﬁtan u= 1+u12 dxd
d -1, _ u
18) ”‘ll cot™ u 1+u2 dxd
u
19) dxsec ]u]\/i Ix | > 1
20) Mocselu=- u|> 1

\u]x/uz — 1 dx

d
EX-11- Find d—y in each of the following functions :
X

— el 2 -1 X 1 X—1
a) y=cot x+tan 3 b) y=sin" 11
c) y=x.c0s'12x—%\/1—4x2 d) y=sec'5x
e) y=x.In(sec’x) f) y= 3
Sol. -
d 1 1 1 1 4
a) —y=—722.(——2j+ P 2
dx (2J X (xJ 2 4+x
I1+|— I1+|—
X 2
dy 1 (x+1)1-(x-1).1 1
b) —= =. 5 =
dx ; x—1 (x+1) (x+1)«/;
x+1
dy -2 -1 1 -8x -1
c) —=Xx +cos” 2x——. =cos  2x
dx  \1-4x’ 4 J1-4x?
d) dy _ 5 1

dc " |sxN25x'—1  |xN2sx -1

10



Windows
Stamp




