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LIMITS OF FUNCTION: Y-axis

Definitions: L y=f(x)

ࢇ→࢞ܕܑܔ (࢞)ࢌ = (ݔ)݂(ܽ)�݋ݐ�݁ݏ݋݈ܿ�(ݔ)݂݋�݁ݑ݈ܽݒ�ℎ݁݊�ܽݓ�ݐℎܽݐ�݊ܽ݁ܯ�ࡸ

.(݈)݁ݑ݈ܽݒ�݃݊݅ݐℎ݁�݈݅݉݅ݐ�ݏℎ݁ܿܽ݋ݎ݌݌ܽ a x-axis

శࢇ→࢞ܕܑܔ (࢞)ࢌ = .ݐℎ݃݅ݎ�ℎ݁ݐ�݉݋ݎ݂(ܽ)�ݏℎ݁ܿܽ݋ݎ݌݌ܽ(ݔ)ݐℎܽݐ�݊ܽ݁ܯ�ࡸ

షࢇ→࢞ܕܑܔ (࢞)ࢌ = .ݐℎ݁�݈݂݁ݐ�݉݋ݎ݂(ܽ)�ݏℎ݁ܿܽ݋ݎ݌݌ܽ(ݔ)ݐℎܽݐ�݊ܽ݁ܯ�ࡸ

:ࢋ࢚࢕ࡺ lim௫→௔శ (ݔ)݂ = ܮ = lim௫→௔ష (ݔ)݂ = �ݐℎܽݐ�ݕܽݏ�݁ݓ�ܮ lim௫→௔ (ݔ)݂ .ݐݏ݅ݔ݁�

.ݐݏ݅ݔ݁�ݐ,݊ݏ݁݋݀�ݐℎ݁�݈݅݉݅ݐ�݁ݏ݅ݓݎℎ݁ݐ݋

�݀݊݅ܨ:ݔܧ lim௫→ଵ (ݔ)݂�݁ݎℎ݁ݓ(ݔ)݂ = ൜ݔ
ଶ + 1 ݔ ≤ 1
3 − ݔ ݔ > 1ൠ

:݈݋ܵ lim௫→ଵష (ݔ)݂ = 1ଶ + 1 = 2

lim௫→ଵశ (ݔ)݂ = 3 − 1 = 2

∴ lim௫→ଵష (ݔ)݂ = lim௫→ଵశ (ݔ)݂ = 2, .ݐݏ݅ݔ݁�ݐℎ݁�݈݅݉݅ݐ�݋ݏ

�݀݊݅ܨ:ݔܧ lim௫→଴ (ݔ)݂�݁ݎℎ݁ݓ(ݔ)݂ = ൜ݔ
ଶ + 1 ݔ ≥ 0
ݔ ݔ < 0ൠ

lim௫→଴ష (ݔ)݂ = ݔ = 0

lim௫→଴శ (ݔ)݂ = 0 + 1 = 1

∴ lim0→ݔ− (ݔ)݂ ≠ lim0→ݔ+ (ݔ)݂

∴ lim௫→଴ (ݔ)݂ ݏ݁݋݀� .ݐݏ݅ݔ݁�ݐ,
Note that – A function F (t) has a limit at point C if and only if the right hand
and the left hand limits at C exist and equal. In symbols:
limF( t )= L⟺ lim F( t ) L and lim F( t ) L
t⟶ C t⟶C+ t⟶C -
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݅ݎ݁ݒ�ܾ݁�݋ݐ�ݏݐ݂ܿܽ�ܿ݅ݏܾܽ�݄݁ܶ

��ǣ݁ݎܽ�݄݄ܿ݅ݓ
௫
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݈ܽ݉ݎ݋݂�݄݁ݐ�݃݊݅ݕ݈݌݌ܽ�ݕܾ�݂݀݁݅݅ݎ݁ݒ

lim
௫՜േஶ

݇ ൌ ݇���������ܽ݊݀����������� ���
௫՜േஶ

1
ݔ
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݊݋݅ݐ݂݅݊݅݁݀�݈ܽ݉ݎ݋݂

1
ݔ
= 0
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:ݏ݈݁݌݉ܽݔܧ

1. lim௫→ஶ ቀ5 + ଵ
௫
ቁ = lim୶→ஶ 5 + lim୶→ஶ

ଵ
୶
= 5 + 0 = 5

2. lim௫→ஶ
గ√ଷ
௫మ

= lim௫→ஶ 3√ߨ ଵ
௫
∙ ଵ
௫
= lim௫→ஶ 3√ߨ ∙ lim௫→ஶ

ଵ
௫
∙ lim௫→ஶ

ଵ
௫
= 3√ߨ ∙ 0.0 = 0

:࢙࢔࢕࢏࢚ࢉ࢔࢛ࡲ�࢒ࢇ࢔࢕࢏࢚ࢇࡾ�ࢌ࢕�࢚࢟࢏࢔࢏ࢌ࢔ࡵ�࢚ࢇ�࢙࢚࢏࢓࢏ࡸ

:ࢋ࢒࢖࢓ࢇ࢞ࡱ (ࢋࢋ࢘ࢍ݁ܦ�݁݉ܽݏ�݂݋�ݎ݋ݐܽ݊݅݉݋݊݁ܦ�&�࢘࢕࢚ࢇ࢘ࢋ࢓࢛ࡺ)

lim
௫→ஶ

ଶݔ5 + ݔ8 − 3
ଶݔ3 + 2 = lim

௫→ஶ

5 + ቀ8ݔቁ − ቀ ଶቁݔ3

3 + ቀ ଶቁݔ2
= 5 + 0 − 0

3 + 0 = 5
3

:ࢋ࢒࢖࢓ࢇ࢞ࡱ (࢘࢕࢚ࢇ࢔࢏࢓࢕࢔ࢋࡰ�ࢌ࢕�ࢋࢋ࢘ࢍࢋࡰ�࢔ࢇࢎ࢚�࢙࢙ࢋ࢒�࢘࢕࢚ࢇ࢘ࢋ࢓࢛ࡺ�ࢌ࢕�ࢋࢋ࢘ࢍࢋࡰ)

lim
௫→ஶ

ݔ11 + 2
ଷݔ2 − 1

= lim
௫→ஶ

ቀ11ݔଶቁ+ ቀ ଷቁݔ2

2 − ቀ ଷቁݔ1
= 0 + 0
2 − 0

= 0

:݈݁݌݉ܽݔܧ (ݎ݋ݐܽ݊݅݉݋݊݁ܦ�݂݋�݁݁ݎℎܽ݊�݀݁݃ݐ�ݎ݁ݐܽ݁ݎ݃�ݎ݋ݐܽݎ݁݉ݑܰ�݂݋�݁݁ݎ݃݁ܦ)

lim
௫→ିஶ

ଶݔ2 − 3
ݔ7 + 4 = lim

௫→ିஶ

(ݔ2) − ቀ3ݔቁ

7 + ቀ4ݔቁ
= 2(−∞)− 0

7 + 0 = −∞

:ݏ݈݁݌݉ܽݔܧ

1) lim
௫→ஶ

ݔ − ඥݔଶ + 1 = lim
௫→ஶ

ݔ − ඥݔଶ + 1 × ݔ + ଶݔ√ + 1
ݔ + ଶݔ√ + 1

= lim
௫→ஶ

ଶݔ − ଶݔ) + 1)
ݔ + ଶݔ√ + 1

= lim
௫→ஶ

−1
ݔ + ଶݔ√ + 1

= − lim
௫→ஶ

1
ݔ

ݔ
ݔ +ටݔ

ଶ

ଶݔ +
1
ଶݔ

= 0
1 + √1 + 0

= −
0
2 = 0

2) lim
௫→ஶ

యݔ√ − ఱݔ√

యݔ√ + ఱݔ√ = lim
௫→ஶ

1 − ൭ݔ
ଵ
ହ

ݔ
ଵ
ଷ
൱

1 + ൭ݔ
ଵ
ହ

ݔ
ଵ
ଷ
൱

= lim
௫→ஶ

1 − ቆ 1
ݔ
ଶ
ଵହ
ቇ

1 + ቆ 1
ݔ
ଶ
ଵହ
ቇ
= 1 − 0
1 + 0 =

1
1 = 1

3) lim
௫→ஶ

ඨ2 + 1ݔ3 + ݔ5 = ඨ lim
௫→ஶ

2 + ݔ3
1 + ݔ5 = ඩ lim

௫→ஶ

2
ݔ +

ݔ3
ݔ

1
ݔ +

ݔ5
ݔ
= ඨ35
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4) lim
௫→ଶ

଺ݔ − 64
ݔ − 2

ହݔ������������������������������������� + ସݔ2 + ଷݔ4 + ଶݔ8 + ݔ16 + 32

଺ݔ������������������������������������������������������������������������� − ݔ�������������������������64 − 2

଺ݔ∓ ± ହݔ2

ହݔ2 − 64

ହݔ∓2 ± ସݔ4

ସݔ4 − 64

ସݔ∓4 ± ଷݔ8

ଷݔ8 − 64

ଷݔ∓8 ± ଶݔ16

ଶݔ16 − 64

ଶݔ∓16 ± ݔ32

ݔ32 − 64

ݔ∓32 ± 64

0 0

lim
௫→ଶ

଺ݔ − 64
ݔ − 2

= lim
௫→ଶ

ହݔ + ସݔ2 + ଷݔ4 + ଶݔ8 + ݔ16 + 32
= 2ହ + 2(2ସ) + 4(2ଷ) + 8(2ଶ) + 16(2) + 32 = 192
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ݑ݋ݑ݊݅ݐ݊݋ܿ�ݐ݋݊�ݏ݅��݂��݊݋݅ݐܿ݊ݑ݂�ܽ�݂ܫ

ݕݐ݅ݑ݊݅ݐ݊݋ܿݏ݅݀�݂݋�ݐ݊݅݋݌�ܽ�ݏ݅���ܿ

ݐ�݊݅�ܾ݁�ݐ݋݊�݀݁݁݊���ܿ�����ݐ݄ܽݐ�݁ݐ݋ܰ

ǣ݈݁݌݉ܽݔܧ ݕ��݊݋݅ݐܿ݊ݑ݂�݄݁ܶ ൌ ଵ
௫

ݔ��ݐܽ�ݕݐ݅ݑ݊݅ݐ݊݋ܿݏ݅݀�݂݋�ݐ݊݅݋݌�ܽ
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ǡܿ���ݐ݊݅݋݌�ܽ�ݐܽ�ݏݑ݋ݑ݊݅ݐ݊݋ ݐ݊݋ܿݏ݅݀��ݏ݅��݂���ݐ݄ܽݐ�ݕܽݏ�݁ݓ

Ǥ݂���݂݋

Ǥ݂���݂݋��݊݅ܽ݉݋݀�݄݁ݐ

ݐ݌݁ܿݔ݁�ݔ��݂݋�݁ݑ݈ܽݒ�ݕݎ݁ݒ݁�ݐܽ�ݏݑ݋ݑ݊݅ݐ݊݋ܿ�ݏ݅

= 0.
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݀݊ܽ�ܿ�ݐܽ�ݏݑ݋ݑ݊݅ݐ݊݋ܿݏ݅݀

ݔ��ݐ݌݁ܿݔ݁ ൌ ͲǤݏ݄ܽ�ݐܫ����
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lim
௫→௖

(݂ + (ݔ)(݃ = lim
௫→௖

(ݔ)݂) + ((ݔ)݃ = lim
௫→௖

(ݔ)݂ + lim
௫→௖

(ݔ)݃ = ݂(ܿ) + ݃(ܿ) = (݂ + ݃)(ܿ)

ܶℎ݅ݏ�ݏℎݐ�ݏݓ݋ℎ݂ܽ�ݐ + .ݏݑ݋ݑ݊݅ݐ݊݋ܿ��ݏ݅��݃

࢙࢔࢕࢏࢚ࢉ࢔࢛ࡲ�࢙࢛࢕࢛࢔࢏࢚࢔࢕࡯�ࢌ࢕�ࢋ࢚࢏࢙࢕࢖࢓࢕࡯:ࡹࡱࡾࡻࡱࡴࢀ
,ܿ��ݐܽ�ݏݑ݋ݑ݊݅ݐ݊݋ܿ�ݏ݅��݃��݀݊ܽ��ܿ��ݐܽ�ݏݑ݋ݑ݊݅ݐ݊݋ܿ�ݏ݅��݂��݂ܫ ݁ݐ݅ݏ݋݌݉݋ℎ݁�ܿݐ�ℎ݁݊ݐ
.ܿ�ݐܽ�ݏݑ݋ݑ݊݅ݐ݊݋ܿ�ݏ݅��݂�ߧ�݃
ܶℎ݁�݂ݐ�݊݅�ݐ݊݅݋݌�ݕݎ݁ݒ݁�ݐܽ�ݏݑ݋ݑ݊݅ݐ݊݋ܿ�݁ݎܽ�ݏ݊݋݅ݐܿ݊ݑ݂�݂݋�ݏ݁݌ݕݐ�݃݊݅ݓ݋݈݈݋ℎ݁݅ݏ݊݅ܽ݉݋݀�ݎ:

1 − .ݏ݈ܽ݅݉݋݊ݕ݈݋ܲ

2 − �ݎℎ݁݅ݐ�݂݋�݋ݎ݁ݖ�ℎ݁ݐ�ݐܽ�ݕݐ݅ݑ݊݅ݐ݊݋ܿݏ݅݀�݂݋�ݏݐ݊݅݋݌�݁ݒ�ℎܽݕℎ݁ܶ:ݏ݊݋݅ݐܿ݊ݑ݂�݈ܽ݊݋݅ݐܴܽ

.ݏݎ݋ݐܽ݊݅݉݋݊݁݀

3 − :ݏ݊݋݅ݐܿ݊ݑ݂�ݐ݋݋ܴ ൫ݕ = ೙ݔ√ .ℎܽ݊�1൯ݐ�ݎ݁ݐܽ݁ݎ݃��ݎ݁݃݁ݐ݊݅�݁ݒ݅ݐ݅ݏ݋݌�ܽ�݊,

4 − .ݏ݊݋݅ݐܿ݊ݑ݂�ܿ݅ݎݐ݁݉݋݊݋݃݅ݎܶ

5 − .ݏ݊݋݅ݐܿ݊ݑ݂�ܿ݅ݎݐ݁݉݋݊݋݃݅ݎݐ�݁ݏݎ݁ݒ݊ܫ

6 − .ݏ݊݋݅ݐܿ݊ݑ݂�݈ܽ݅ݐ݊݁݊݋݌ݔܧ

7 − .ݏ݊݋݅ݐܿ݊ݑℎ݉݅ܿ�݂ݐ݅ݎܽ݃݋ܮ

.ݏݑ݋ݑ݊݅ݐ݊݋ܿ�ݏ݅�݊݋݅ݐܿ݊ݑ݂�ݏݑ݋ݑ݊݅ݐ݊݋ܿ�ݕ݊ܽ�݂݋�݊݋݅ݐܿ݊ݑ݂�݁ݏݎ݁ݒℎ݁�݅݊ܶ:݁ݐ݋ܰ

:ݏ݈݁݌݉ܽݔܧ

1) (ݔ)݂ = ቊ
ଶ௫మା௫ିଷ
௫ିଵ

ݔ ≠ 1
2 ݔ = 1

ቋ

1 − ݂(1) = 2

2 − lim
௫→ଵ

ଶݔ2 + ݔ − 3
ݔ − 1 = lim

௫→ଵ

ݔ2) + ݔ)(3 − 1)
ݔ) − 1) = 2(1) + 3 = 5

3 − lim
௫→ଵ

(ݔ)݂ ≠ ݂(1)
∴ ݔ���ݐܽ�ݏݑ݋ݑ݊݅ݐ݊݋ܿݏ݅݀�(ݔ)݂ = 1.
(ݔ)݂�(2 = ቄ3 + ݔ ݔ ≤ 1

3 − ݔ ݔ > 1ቅ
1 − ݂(1) = 3 + 1 = 4
2 − lim

௫→ଵష
3 + ݔ = 3 + 1 = 4

3 − lim
௫→ଵశ

3 − ݔ = 3 − 1 = 2 ∴ lim
௫→ଵష

3 + ݔ ≠ lim
௫→ଵశ

3 − ����������������ݔ
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∴ ݔ��ݐܽ�ݏݑ݋ݑ݊݅ݐ݊݋ܿݏ݅݀�(ݔ)݂ = 1.

(ݔ)݂�(3 = ቊ
ଵ

௫ିଶ
ݔ ≠ 2

3 ݔ = 2
ቋ

݂(2) = 3 & lim௫→ଶ
ଵ

௫ିଶ
= ଵ

଴
= ∞ ∴ ,��ݐ݈݅݉݅�݋݊�� .ݏݑ݋ݑ݊݅ݐ݊݋ܿݏ݅݀�(ݔ)݂

(ݔ)݂�(4 = ቊ
௫మିଵ଺
௫ିସ

ݔ ≠ 4
9 ݔ = 4

ቋ

݂(4) = 9 , lim௫→ସ
௫మିଵ଺
௫ିସ

= lim௫→ସ
(௫ିସ)(௫ାସ)

(௫ିସ) = 8, ݂(4) ≠ lim௫→ସ (ݔ)݂
∴ ݔ�ݐܽ�ݏݑ݋ݑ݊݅ݐ݊݋ܿݏ݅݀�(ݔ)݂ = 4.

(ݔ)݂�(5 = ቄ|ݔ − 3| ݔ ≠ 3
2 ݔ = 3ቅ

݂(3) = 2 , lim
௫→ଷశ

ݔ) − 3) = 3 − 3 = 0, lim
௫→ଷష

ݔ)− − 3) = 0

lim
௫→ଷశ

ݔ) − 3) = lim
௫→ଷష

ݔ)− − 3) = 0

(3)݂��ݐݑܾ ≠ lim
௫→ଷ

(ݔ)݂

∴ ݔ�ݐܽ�ݏݑ݋ݑ݊݅ݐ݊݋ܿݏ݅݀(ݔ)݂ = 3.




