Notice:- We can use the double integration to calculate the area
between two curves which bounded above by the curve y = f,(x)

below by y = f,(x) on the left by the line x =a and on the right by

x =b, then:-
b f2(x)

A=I Idydx

a fi(x)
To evaluate above integrals we follow:-

(a)integrating jdy with respect to y and evaluating the resulting

integral the limits y= f,(x) and y = f,(x), then:
(b)integrating the result of (a) with respect to x between the
limits x=a and x=05,.
If the area is bounded on the left by the curve x=g,(y), on the
right by x=g,(y), below by the line y =c, and above by the line

y =d , then it is better to integrate first with respect to x and then
with respect to y. That is:-

d g2(y)

=| [axay

c 81(y)

EX-6- Find the area of the triangular region in the first quadrant
bounded by the y-axis and the curve y = sinx, y = cos x.

SOlo- A y
y —_ Sin x ooooo (1) 2 72'
—> SINX = COS X X=— 1| |
y — cosx ooooo (2) 4 7 Nﬂ yzsinx
The area = "\ y=cos
| »x
= & & g L
4 cosx 4 4 7 4
oS X
A=J- dydx=Iy - dx = I(cosx smx)dx
sin x
0 sinx 0 0

—(0+1)=~2-1=0.414

=SINX+CosX | =—+—
0 \/5 \/3
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3x+2 3x+2

(a)j Idydx Iy dx=j'(2—x—x2)dx

-2 x?4+4x x?+4x

2 3|
::‘2]:_r££_._:§L_ -—‘2._;!._“11__(_q4 ;24___)-—;2_
2 3 2 3 2

-2

(b) The reversed integral is : -
y—2

y=3x+2 = x=

y=x"+4x => (x+2)=y+4 > x=—2_\/y+4

Since —2<x<1 = x=-2+.y+4

5 —7+m 5 -2+, y+4 5/ _2\
[ jdxdy [ x = [| -2+ y+4 Y~ < \ay
-4 y— 7’ y—2 _4\ 3 )
—?— 3
2 e 221
2y+—(y+4)~ (y—2)
3 6 »
2 9 36 9
=—]0 27 S+ 0 = —
3( ) p ( 6) >
=The same result as in (a).
0 I-x 2 1-x I-x 2 I=x
2) (a)j jdydx+j J-dydx jy dx+_[y dx
-2x 0 =

g

2

], 2
X X
=\|\(l+x)dx+ | (]I——)dx=x+— +x-——
.I,( ) !( 5 5 y

1 g
=0 I4+—)+2-1-0=—
( 2) 2

(b) Ist region

}:>x=—1:y=2 x from —1 to 0
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2nd region
y=1-x ...(1)

I-y

j{
], y -1 =2y
2

2 0
=[(1=D)dy+ [(1+y)dy=y =" +y+-
0 -1

1 3
=2-1-0+0—(-1+=)==
(=1+75)=73

=The same result as in (a).

7-3- Triple integrals (Volume):

0 I-y 2
Idxdy+j Idxdy=jx dy+jx
- 0

r=> x=2 = y=-1

y from 0 to 2

y=-2x
(x=-)/2)

(2-D\

y=I-x
(x=1-y)

Consider a region /N in xyz-space bounded below by a surface
z= f,(x,y), above by the surface z= f,(x,y) and laterally by a

cylinder ¢ with elements parallel to the z-axis. Let 4 denote the
region of the xy-plane enclosed by cylinder ¢ (thatis, 4 is the region
covered by the orthogonal projection of the solid into xy-plane). Then
the volume V' of the region V' can be found by evaluating the triply

iterated integral:-

fr(x,y)

V=H Idzdydx

A f.](xyy)

Let z-limits of integration indicate
that for every (x,y) in the region 4,7
may extend from the lower surface

2= f,(x,y) to the surface

2= f,(x,y). The y- and x-limits of
integration have not been given
explicitly in equation above, but are

indicated as extending over the
region A.
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We can find the equation of the boundary of the region 4 by

eliminating 2

z= f,(x,y), thus obtaining an equation f,(x,y)=

between the two equations

z=f,(x,y)

contains no z, and interpret it as an equation in the xy-plane.

and

f,(x,y) which

EX-9 The volume in the first octant bounded by the cylinder

x=4—-y’ , and the planes

Sol.-
x=4—y2 = y=¥\/4—x
4 Ja-x y 4 Ja-x
V=I J‘ Idzdydx=j I
0 0 0 /, 0

EX-10 The volume enclosed by

2=y, x=0, z=0.

in first octant : -

y 4 J4-x '4.y2

2| il = ¥ i = [ 2
dy !{yyx!z
1 T 16
1 ol -2 Bl
2| 21 2

the cylinders z=5-x",z=4x"

the planes y=0, x+y=1.

Sol.-

* wall)

7=

1 I-x 5-x* 1 1-

v=| ] aayac=] j

e 5[(1

dx?

—5](1 x?)

0

=5j(1—x—x2+x3)dx=5

|

]

5-p®

1 1 1
(1+1)=—(1-1)=2(1+ )+ (1-1)

r => X =+1

l I-x

dy dx = I I(5 5x°)dydx

x’ ) 1- x)dx
| x° x’ x4—1
X————+—
| 2 3 4J_1
1 20
|3

4-x

dx

and
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EX-11 The volume enclosed by the cylinders y°+4z° =16 and the
planes x=0, x+y=4.

Sol.-
2 . _— 2
y' +4z° =16 = y—+2\/4—z
2 2\/4—72 4—y
L [ dx dy az
-2 _2+\4 -2
22\/4‘_z2 2 Y
_I (4 sl = j4y dz =16 [(4-2*) 2ds
=2 _2:\4-7° 2 —2\4-2 —2
at =2=>9=7;
let 7=2sin@ = d7z=2cos0do , 0=sin"§ ===
atz=2=>9=-§
”* 727 z
V=16i(4 4 sin’ 6’)/22cos6’d0 64Icos 0do = 64i1+620829d9
3 4 3

T

1 2
=37 9+5sm20J

2

r nw 1
—32|:(5+5)+5(0—0):|—327T

_

EX-12 The volume bounded by the ellipse paraboloids z=x’+ 9y’
and z=18-x"-9)°.

Sol.-
;=18—-x"-9° .(1
V' () = 9-x’-9y°=0 > y=_1\/9—x2
=X+ 9’ .. (2) 3
3 ; 9-x° 18—x2—9yz 3 ; 9-x"
V=I I Idzdydx=! I[IS—x2—9y2—(x2+9y2)]dydx
=3 Lo o7 x40y -3 Ly =2
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