Chapter seven

Application of integrals

7-1- Definite integrals:

If f(x) is continuous in the interval a < x<b and it is
integrable in the interval then the area under the curve:-

"=F(b)-F(a)

| f(x)ax=F(x)

where F(x) is any function such that F'(x)= f(x) in
the interval.

Some of the more useful properties of the definite integral are:-

b b
1) Ic f(x)dx =c j f(x)dx , where c is constant.

b

2) I(f(x) F g(x) Jdx = jf(x)dx ?lf g(x)dx
3) f f(x)dx = —I f(x) dx

4) Let a<c<b then ff(x)dx = jf(x)dx - jf(x)dx
5) j f(x)dx =0

6) If f(x)=20 for a< x<b then jf(x)deO

7) If f(x)< g(x) for a< x< b then J.f(x)deJ'g(x)dx
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EX-1 — Evaluate the following definite integrals:

£ s

I)I 2) Icosxdx
s Xl 2
V3 V3

dx dx

3) 4)
_-\[51+x2 'E\/I—xz
4 - T

5) je_jdx 6) j(ﬂ—x)-cosxdx
D 0

Sol. —

6
1) J‘x‘i)-cZ =ln(x+2)‘; =In(6+2)—-In(2+2)=In8—Ilnd=3In2—2Iin2=In2
2

g
2) Icosxdx= SIn X
Z

3In

vz

3 T
‘=sin(—nr)-sin(—)=-1-1=-2
(2 ) (2)

43
=
3) j e =tan"‘ 33=tan"\/g—tan"’(—\/})=§—(—§)=2

—7r
2 =
vt Rl V3 3
4) I — — sin x| =sin”’£—sin" L
AN 0 2 3 3
4 X \'4

5) Ie tdx==2e | ==2(e’—-e)=2(e—e’)

-2

6) Let u=n—-x = du=—-dx & dv=cosxdx = v=sinx
- /4
I(ﬂ—x)-cosxdx - ”‘xﬁinxlj +Isinxdx - (ﬂ—x)sinx—cosx}:
. 0

=(ﬂ—ﬂ)sinn'—cosrt—((rr—0)sin0—cos0)=0—(—1)—(0—1):2
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7-2- Area between two curves:
Suppose that y, = f,(x) and y, = f,(x) define two functions
of x that are continuous for @ £ x < b then the area bounded above

by the ), curve, below by y, curve and on the sides by the vertical
lines x =a and x = b is:-

A= [[f,(x)= fo(x)]dx

EX-2- Find the area bounded by the x-axis and the curve:

y=2x-x’ y
7 A
Sol.-
| S — 1
’ X (Y = X(x—2)=0=> x=0,2
P=IX=X" e (2)
> X
1 2

The points of the intersection of the curve and the x-axis are (0,0)
and (2,0) then the area bounded by x-axis and the curve is:-

2 32
8 4
Yool jlp= g = oo ol | =
'([( ) 3 3 ( : 3

0

EX-3- Find the area bounded by the y-axis and the curve:

x=y2_y3
Y
\ 1
X=0 .cvveereerene (1) (1= y)=0 0 1
=y (L=-y)=0=y=0,
x:yz—y3 ..... (Z)J
= intersection points (0,0),(0,1) .
The area =
I 3 4|
1 1 1
] = F s g d =y——y— =—=—=(0-0)=—
_g(y y~ )dy 3 4 0 3 4 ( ) 12
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EX-4- Find the area bounded by the curve y= x’ and the line:

y=x
Sol.- "y
y=x2 |
= %7 voone(l) o
A — = x(x—-1)=0 = x=0,1
P=X s (2) |
—> intersection points (0,0),(1,1) P
The area = :
I 2 3|1
1 1 1
A=I(x—x2)dx=x——x— =———=0=—
. 2 3, 2 3 6

EX-5- Find the area bounded by the curves y=x’"-2x° and
Y = 2X 2 Y

y=x4-2x2

8
y=2x2
: > X
g 2
— — 2 s

2 5
=2£(4x2—x")dx=zéx3—x? =2 %-8—35—2—0]

<0 -

= x=0,2,-2
= intersection points are (0,0),(2,8),(—2,8)

R AR R AR
s/ -

The area =
],

A= [(2x? - (x* - 2x7 ) Jix +f(2x2 —(x' = 2x7 )Hx

128
15
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I 1 o
Sin X
EX-7- Calculate: jj N dx dy
0 y

Sol- We cannot solve the integration

& ¢ sinx
j I dx dy , hence we reverse the

0 y X

order of integration as follow:-

x=1 and y=1
A_Jl-]ﬁsinxdydx_j-sinxy‘x dx_j-sinx(x_o)dx
0 0 X 0 X i 0 X
1

= Isinxdx = —cosx|; = —(cosl—cos0)=1-cos1
0

EX-8- Write an equivalent double integral with order of
integration reversed for each integrals check your answer
by evaluation both double integrals, and sketch the region.

1 3x+2 0 I-x 2 I-x
1) | [dydx 2) | [dydc+| [dydx
-2 x’+4x -1 -2x 0 x
Sol.-
1) y=3.:c+2 ..... (1)1:>
y=x"+4x ...(2)

(x+2)(x—1)=0 2
either x=-2=y=—4

» X

or x=I1=>y=5 -2

x=1

2
=X+
y=x"+4 o

X—

y=3x+2
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