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Differential Equations 
 

1. Definition of Differential Equations 
 

Differential Equation: is any equation which contains one derivative or more. The 

derivative may be either ordinary derivative or partial derivative. 

 او أكثش، وذكىٌ انًشرقح ايا يشرقح الأقمانًعادنح انرفاضهٍح: هً انًعادنح انرً ذحرىي عهى يشرقح واحذج عهى 

 .اعرٍادٌح او يشرقح جزئٍح

2

2
4 3 2 4 3 2

d y dy
y y y x or y x

dxdx
        

 
Solution of the Differential Equation is finding an equation without any 

derivatives, and when substituted in the differential equation achieved. 

 .حم انًعادنح انرفاضهٍح هى إٌجاد يعادنح خانٍح يٍ انًشرقاخ وإرا عىضد فً انًعادنح انرفاضهٍح ذحققها

 

1.1 Classification of Differential equation: 

Differential equation divided into: 

 

 (variable independent Equation: Differential Ordinary 1 = 1 الاعرٍادٌح انرفاضهٍح انًعادنح

 

Ordinary Differential Equation (ODE): is an equation containing one independent 

variable. 

 
 

For Example: 

𝑦 = 𝑥2 

𝑑𝑦 

 قمريس رغٍشي ىهع يىحرذ ًران ادنحعًنا هًو :الاعرٍادٌح حٍنرفاضها انًعادنح

 .احذو

 
 

𝑑𝑥 
= 2𝑥 𝑜𝑟 𝑦  = 2𝑥 → 
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𝑦 = 𝑓(𝑥) 

𝑤ℎ𝑒𝑟𝑒: 

𝑦: 𝑖𝑠 dependent variable يرغٍش يعرًذ 

𝑥: is independent variable يرغٍش يسرقم 
 

 
 
 

 (variable independent Equation: Differential Partial  2 < 1 جزئٍحنا حٍضهافنرا نحانًعاد

 

Partial Differential Equation (PDE): is an equation containing more than one 

independent variable. 

 .ميسرق يرغٍش يٍ شكثأ هىع حرىيذ ًران دنحاعًنا هًو :ٍحنجزئا ٍحانرفاضه انًعادنح
 

For Example: 

2 2z x y   

 2 2 ,
dz

x or z x z f x y
dx

    

 

 2 2 ,
dz

y or z y z f x y
dx

    

 

𝑤ℎ𝑒𝑟𝑒: 

𝑧: 𝑖𝑠 dependent variable 

𝑥 & 𝑦: is independent variable 

 
 equation: differential of Order 1.2 حٍضهافرنا نًعادنحا حسذث

The number of highest derivative in a differential equation. A differential equation 

of order 1 is called First order, order 2 is called Second order ……. etc. 

 .ٍحضهافنرا ادنحعنًا ًف جدىجىي يشرقح ىعها هً
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For Example: 

𝑦  + 𝑦 = 𝑥 𝐹𝑖𝑟𝑠𝑡 𝑜𝑟𝑑𝑒𝑟 

𝑦   + 2𝑦  − 𝑦 = sin 𝑥 𝑆𝑒𝑐𝑜𝑛𝑑 𝑜𝑟𝑑𝑒𝑟 
 

 equation: differential the of Degree 1.3 التفاضلية المعادلة درجة

 

The highest power which is raised to the highest-order derivative existed in 

differential equation. 

 .ٍحضهافنرا ادنحعنًا ًف يشرقح عهىا هىع دىجىي سا عهىا هى

For Example: 

2

2

22

2

1 2 0 deg 1

2 3 ln 5 deg 1

3 tan 0 deg 3

4 2 0 deg 1

y y y the reeis

y y x the reeis

d y dy
x the reeis

dxdx

d y dy dy
x the reeis

dx dxdx

 
 
 
 

 
 
 

    

    

   

   

 

 

 

Note: if highest-order derivative found inside the root or any form of fraction, the 

degree of this differential equation cannot be determined (undefined degree). 

y فلا  y او ضشب    sin y او أي دانح يثهثٍح   y جىدج داخم أي دانح يثم انجزسارا كاَد اعهى يشرقح يى   

.َسرطٍع ذحذٌذ دسجح انًعادنح انرفاضهٍح  

For example: 

2

2

d y dy
x

dx dx
            (undefined degree) 

2 3

2 3
cos 5

d y d y
x

dx dx

 
  

 
          (undefined degree) 
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1.4 Types of Differential Equation 

There are two types of differential equation according to degree it: 

 

a) Linear Differential Equation: is a differential equation without nonlinear term 

and all of its terms are of first degree. 

b) Non-Linear Differential Equation: is a differential equation that contain 

nonlinear terms such as: sin 𝑦 , 𝑒𝑦, √𝑦, 𝑦2, 𝑦𝑦  𝑜𝑟 ln 𝑦. 

 ذعرًًنا ًرغٍشنا هىع ىيرٌح يزنا دنحنًعاا دوذح يٍ ذح مك ىٌكٌ اٌ ةٌج (linear) ٍحخط ًعادنحنا ذصثح كً

 

(y) يثال شكم عهى انًعادنح حذود أحذ ٌظهش ال اٌ ٌجة أي ،الأونى انذسجح يٍ ويشرقاذه  

2sin , , , , lnyy e y y yy or y  

 

For example 

 1 ( )y yy x Non Linear because yy       

 
3 3

2 2

2 2
2 sin ( )

d y dy d y
x x Non Linear because

dx dx dx

   
      
   

 

 3 4 2 cos ( )y xy y x Linear because          x  عهى لا ذعرًذ  

 
2

2
4 ln 0 ( ln )

d y dy
y Non Linear because y

dx dx
      

 
2

2

22

5 tan 4 ( )tan
d y dy

x y Non Linear because and
dx d

y
dxx

dy 
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 equation: differential the of Solution 1.5 التفاضلية المعادلة حل

There is multi-solution for the differential equation: 

1. General Solution: it is a solution that contain one or more essential constant. 

 

 .الأقم هىع ذحاو سياخرٍا دتاث هىع حرىيٌ يزنا حمنا نكر ىه :اوعنا محنا

For Example: 

𝑑𝑦 
 

 

𝑑𝑥 
= 𝑓(𝑥) → ∫ 𝑑𝑦 = ∫ 𝑓(𝑥) ∙ 𝑑𝑥 + 𝑐 

where 𝑐: is essential constant 

 .ٍحضهافنرا عادنحًنا سذثح يٍ مقا وا يساوذ الاخرٍاسٌح ىاتدثنا دذع دائًا

2. Particular Solution: it is a solution obtained from general solution by finding 

the values of essential constants. it depended on: 

 ىيرٌح جدعاو .الاخرٍاسٌح دنثىاتا ىٍق جادٌإت اوعنا محنا يٍ عهٍه حصمَ يزنا نحما كنر ىه :خاصنا محنا

 :الاخرٍاسٌح انثىاتد إٌجاد ششوط ىهع

a- Boundary conditions for static problems 

b- Initial conditions for dynamic problems 

For Example: Initial conditions at (t=0) 
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3. Singular Solution: solution cannot be found from general solution. 
 

 .واعنا محنا يٍ ٍههع نحصىلا ًٍكٌ ال يزنا حمنا نكر ىه :ارشنا محنا
 

4. Complete Solution: it is a solution that by which can get all the solutions of the 

differential equation. 

 .ٍحضهافنرا عادنحًنا لىحه ًٍعج هىع صىلحان ًٍكٌ يزنا محنا نكر ىه :اورنا محنا
 

Example (1): Prove that 𝒚 = 𝒂 𝒆−𝒙 + 𝒃 𝒆𝟐𝒙 is a general solution for the 

differential equation 𝒚  − 𝒚  − 𝟐𝒚 = 𝟎? 
 

Solve: 
 

𝑦   − 𝑦  − 2𝑦 = 0 
 
𝑦 = 𝑎 𝑒−𝑥 + 𝑏 𝑒2𝑥 

 
𝑦  = −𝑎 𝑒−𝑥 + 2𝑏 𝑒2𝑥 

 

𝑦  = 𝑎 𝑒−𝑥 + 4𝑏 𝑒2𝑥 
 

sub 𝑦, 𝑦 , and 𝑦   in above D. E: 
 
∴ 𝑎 𝑒−𝑥 + 4𝑏 𝑒2𝑥 + 𝑎 𝑒−𝑥 − 2𝑏 𝑒2𝑥 − 2𝑎 𝑒−𝑥 − 2𝑏 𝑒2𝑥 = 0 

0 = 0 ∴ 𝑜𝑘 

Problems: 
 

H.W: Prove that each of the following differential equation has the given general 

solution for all values of the constant a and b: 

1) 𝑦   − 6𝑦  + 9𝑦 = 0, 𝑦 = 𝑎 𝑒3𝑥 + 𝑏 𝑥𝑒3𝑥 

2) 𝑦   + (𝑦 )2 + 1 = 0, 𝑦 = ln |cos (𝑥 + 𝑎)| + 𝑏 


