Mathematic | CHAPTER THREE

DIFFERENTIATION

If y=f(x)isa functionof x

defined as a curve on the x — y plane. y+Ay
Let P(x,y) is a point on the curve y = f(x)

,and Q(x + Ax,y + Ay) another point

on this curve as see in the figer. y
y=f)

y+ Ay = f(x + Ax)

y+Ay—y=f(x+Ax)—f(x), eliminating y
Ay = f(x+ Ax) — f(x), divided both sides by Ax

Ay _ fx+A0)-f(x)
Ax Ax

fatan)-F(0) _

If the limit of %;_f(x) as Ax — 0 exists and finite, limy,_, v

: A ) d
limpy g ﬁ =f (x) = é
We call this limit the derivative of f at x
and say that f is dif ferentiable at x.
d

_ o _ Ay Y _ g
m = slope of the llne—tanQ—Ax—dx—f (%)

DEFINITION: Derivative Function

The derivative of the function f(x) with respect to the variable x is the function f’ whose
fx+Ax)—f(x)
Ax ’

value at xis f'(x) = limy,_,
provided the limit exists.
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Ex1: Find the derivative of the function:y = \/ziﬁ

Sol:

1 1
f(x+Ax) fx) im\/Z(x+Ax)+3_\/2x+3

f (x) - Ax—>0 Ax T Ax—0 Ax

’ V2x +3—2(x+Ax) +3 V2x+3++2(x +Ax) +3
= lim .
Ax=0 Ay - [2(x + Ax) +3vV2x + 3 V2x +3 +2(x + Ax) + 3

_ lim (2x+3)— (2(x+ Ax) + 3)
820 Ay \[2(x + Ax) + 3V2x + 3 (\/Zx F3+20c + Ax) + 3)

) 1
=(2x+3)(\/2x+3+\/2x+3) =_m

Rules of derivatives: Let ¢ and n are constants, u, v and w are differentiable
functions of x:

1. %c=0

2wt =nwt s 20 = -aa

3.d—cu= =

4. i(u$v)=@$d— ,—(u+v+w)—d—u 3—$d—w
5. —(u v)=u- —+v % and

dw dv
a(u vw)=u va+u Wa*‘” wdu/dx
d vdu udv
u du_, dv
—(—) = dx__dx wherev = 0

" odx \v v2

Ex2:find2—z for the following functions:

a)y = (x*+1)° b)y =[(56-(4—-2x0)]

)y = (2x*—3x* + 6x)7> d)y_E___l__
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(x2+4x)(x%2—x+1) x%-1

e)y = Y=o

Sol:

a)z—z =5x%+ 1% 2x = 10x(x? + 1)*

b) 5% = 2[(5 —x)(4 — 20)][~2(5 — x) — (4 — 2x)]
=80G-x)2—-x)2x—-7)

C)Z—i: = —5(2x3 — 3x2 + 6x)7°(6x?% — 6x + 6)
=—30(2x3 = 3x% + 6x) (x> —x + 1)

d)y =120 —4x7% 4327 > 2 = —12x72 + 12x7F — 12¢7°

dy 12 12 12

> —=—-——4+———=
dx x2  x* x5

dy x*[(x*—x+1)+ (x+D2x— 1] -3x%(x + Dx*>—x+ 1)
ax x©

_ 3

x4

f)d_y _2x(x?4x-2)—(x2-1)(2x+1) _ x%?-2x+1
dx (x24+x-2)2 T (x2+4x-2)2

The Chain Rule:
1.If yis adifferentiable functionoft and x is a
dif ferentiable function of t, then% will be:

dy dy dx
dx dt dt

2.1f yis adifferentiable functionoft andtisa

dy . ]
y will be:

dif ferentiable function of x, then—x
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Ex3:Use the chain rule to express y

.2
a)y = t2+1
b)y = t21+1
0y =)
d)y=1--
Sol:

2

a)y:t—=>

t2+1

L odr 1 1
t=(2x+1)2:>a=5(2x+1) 2-2 =

dy _dy dt _
dx dt dx

dy dy dt
= *
dx dt dx
dy

o intermsof xandy

and t =V2x +1
and x = V4t + 1

andx=tlz—1 at t = 2

1
and t = — atx = 2
1—-x
dy _ 2t(t?+1)-2tt? 2t
dt (t241)2 T (t241)2

1

V2x+1

2t 1 2v2x+1 1 1
(t2+1)2 V2x+1  ((x+1)+1)° V2XH1  2(x+1)?

2t

— (+2 -1, _ 2 -2 _ _

byy=(t“+1)""'= ” 2t(t*+ 1) CINE
—t+ )i E ot 1) 4=
X = at 2 T VAt+1
dy _dy .dx _ 2t 2 _  tJat+1
dx dt dt  (t2+1)2 ~ at+1i  (t2+41)2
. x*-1 1 x(x*-1
o 4 y2 o 4y2
x% -1
where x =V4t+ 1>t = 2
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1
Wherey=t2+1:>t2+1=;
Hi rderi
d’y d (dy [T AY) — ()
- === ( ) f(x)_
dx dx \dx 0 Ax

if the limit exists.
This derivative is called the second derivative of y with respect to x.

d?f (x)
dx?

It is written in a number of ways, for example, y", f"(x) or

In the same manner we may define third and higher derivatives,

using similar notations. The nth derivative may be written:
d™y
(n) (n) — 7
yw R,
Ex4: Find all derivatives of the following function:

y =3x% —4x*+ 7x + 10

Sol:
y " 2y d’y
7 9x 8x + 7, dxZ 8x — 8, 7x3 8
dly _ 4y _
dx*  —~  dx5
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dy 6 3 3 d’y 6 3
dx3 x* 8 dx3  x* 8Vx3

Implicit Dif ferentiation.:

If the formula for f is an algebraic combination of powers of x and y.

To calculate the derivatives of these implicity defined functions, we
simply dif ferentiate both sides of the defining equation with respect

to x.

Ex6: FindZ—i: for the following functions:

a) x?-y? =x% +y? b) (x +y)3+ (x —y)3 =x* + y*
¢) % =2 at P(3,1) d) xy + 2x — 5y = 2 at P(3,2)
Sol:
dy dy dy x—xy?
2 7 2 — i R —
a)x (Zydx) + y=(2x) 2x+2ydx = =y
dy dy dy
2 _n2 (1Y 3 322
b)3(x +y) <1+d >+3(x y) (1 dx) 4x° + 4y I
dy 2x°—3x?—3y?
dx  6xy—2y3
dy _2dy
c) =0=— ==
(x —2y)? dx X(g n 3
dy dy dy [y+2 2+ 72
DX Y25 =0>%~ 5—x](3,2)_5—3

Exponential functions: If uis any differentiable function of x, then:

; W qu. du dd udu
)dxa B nar dx an dxe - ¢ dx
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