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Limits: 

When the values of a function f(x) approach the value L as X Approaches C, we 

say that F(x)has limit L as X Approaches C. 

OR: lim
𝑋→𝐶

𝑓(𝑥) = 𝐿 

 

*Notes: 

1. For identify function (f(x)=x) 

 

lim
𝑋→𝐶

𝑥 = 𝑐 

2. For constant function (f(x)=k) 

 

3. lim
𝑋→𝐶

𝑘 = 𝑘 

 

 
 

 

 

 

 

 



Properties of limits: 

For   

lim
𝑋→𝐶

𝐹1(𝑥) = 𝐿1    &       lim
𝑋→𝐶

𝐹2(𝑥) = 𝐿2 

 

1. lim
𝑋→𝐶

[ 𝐹1(𝑥) ± 𝐹2(𝑥) ] = 𝐿1  ±    𝐿2 

2. lim
𝑋→𝐶

[ 𝐹1(𝑥) × 𝐹2(𝑥) ] = 𝐿1  ×    𝐿2 

3. lim
𝑋→𝐶

[ 𝐹1(𝑥) ÷ 𝐹2(𝑥) ] = 𝐿1  ÷    𝐿2                 𝐿2 ≠ 0 

4. lim
𝑋→𝐶

[ 𝐹1(𝑥) × 𝑘 ] = 𝑘 ×   𝐿1                           𝑘: 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

 

 If 𝐹1(𝑥) = 𝑎𝑛𝑥𝑛 + 𝑎𝑛−1𝑥𝑛−1 +

⋯ … … 𝑎0   𝑖𝑠 𝑎𝑛𝑦 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛: 

 lim
𝑋→𝐶

 𝑓(𝑥) = 𝑓(𝑐) = 𝑎𝑛𝐶𝑛 + 𝑎𝑛−1𝐶𝑛−1 + ⋯ … … 𝑎0 

 

Ex (1): find the limit of the function f(x)=x+1 as x approaches 3? 

Sol/ 

f(x)=x+1 

lim
𝑋→𝐶

 𝑓(𝑥) = lim
𝑋→3

 𝑥 + 1 

lim
𝑋→3

 𝑥 + lim
𝑋→3

 1 

 3 + 1 = 4 

Ex (2): 

lim
𝑋→3

𝑥3 − 27

𝑥 − 3
 

 

(0)3 − 27

0 − 3
=

0

0
 

lim
𝑋→3

(𝑥 − 3)(𝑥2 + 3𝑥 + 9)

(𝑥 − 3)
 

lim
𝑋→3

(𝑥2 + 3𝑥 + 9) 

(32 + 3(3) + 9) = 27 

 



Ex (3): Evaluate 

 

lim
𝑋→1

𝑥2 + 𝑥 − 2

𝑥2 − 𝑥
 

12 + 1 − 2

12 − 1
=

0

0
 

lim
𝑋→1

(𝑥 + 2)(𝑥 − 1)

𝑥(𝑥 − 1)
 

lim
𝑋→1

(𝑥 + 2)

𝑥
 

1 + 2

1
= 3 

Ex (4) find the limits: 

lim
𝑋→5

4

𝑥 − 7
 

4

5 − 7
=

4

−2
= −2 

Ex (5) find the limits: 

lim
𝑋→2

𝑥2 − 7𝑥 − 10

𝑥 − 2
 

 

lim
𝑋→2

(𝑥 − 2)(𝑥 − 5)

(𝑥 − 2)
 

 

lim
𝑋→2

(𝑥 − 5) = 2 − 5 = −3 

 

 

 

 

 

 

 



EX (6): 

𝑓(𝑥) = {
3 − 𝑥   . 𝑥 < 2
𝑥

2
+ 1    . 𝑥 > 2 

𝑎 − 𝑓𝑖𝑛𝑑lim
𝑋→2

 𝑓(𝑥)𝑎𝑛𝑑 lim
𝑋→−2

𝑓(𝑥)  

𝑏 − 𝑑𝑜𝑠𝑒 lim
𝑋→−2

 𝑓(𝑥) 𝑒𝑥𝑖𝑠𝑡? 𝑤ℎ𝑦   

Sol/ 

𝑎 − lim
𝑋→2

 𝑓(𝑥) = lim
𝑋→2

𝑥

2
+ 1   =

2

2
+ 1 = 2  

 

𝑏 − lim
𝑋→−2

 𝑓(𝑥) = lim
𝑋→−2

(3 − 𝑥) = 3 − 2 = 1 

lim
𝑋→2

 𝑓(𝑥) ≠ lim
𝑋→−2

𝑓(𝑥) 

Limit does not exist 

Ex (7): 

lim
𝑋→1

 
𝑥3 − 1

(𝑥 − 1)2
 

lim
𝑋→1

 
(𝑥 − 1)(𝑥2 + 𝑥 + 1)

(𝑥 − 1) (𝑥 − 1)
 

lim
𝑋→1

(𝑥2 + 𝑥 + 1)

(𝑥 − 1)
 

H.W/ Let: 

𝑓(𝑥) = {

3 − 𝑥          . 𝑥 < 2
 

𝑥

2
            . 𝑥 > 2

 

a- Find lim
𝑋→2

𝑓(𝑥)𝑎𝑛𝑑 lim
𝑋→−2

𝑓(𝑥) 

𝑏 − 𝑑𝑜𝑠𝑒 lim
𝑋→−2

 𝑓(𝑥) 𝑒𝑥𝑖𝑠𝑡? 𝑤ℎ𝑦 

 

 

 



Ex : find lim
𝑋→−2

1

𝑥
+

1

2

𝑥3+8
 

lim
𝑋→−2

(𝑥 + 2)
2𝑥

(𝑥 + 2)(𝑥2 − 2𝑥 + 4)
 

 

lim
𝑋→−2

1

2𝑥(𝑥2 − 2𝑥 + 4)
 

=
1

2(−2)((−2)2 − 2(−2) + 4)
 

=
−1

48
 

Ex: 

lim
𝑋→4

 
3 − √𝑥 + 5

𝑥 − 4
 

 

lim
𝑋→4

 
3 − √𝑥 + 5

𝑥 − 4
∗

3 + √𝑥 + 5

3 + √𝑥 + 5
 

 

lim
𝑋→4

9 − (𝑥 + 5)

𝑥 − 4(3 + √𝑥 + 5
 

lim
𝑋→4

4−𝑥

𝑥−4(3+√𝑥+5
   

lim
𝑋→4

−(𝑥 − 4)

(𝑥 − 4)(3 + √𝑥 + 5
 

 

lim
𝑋→4

−1

(3 + √𝑥 + 5
=

−1

(3 + √4 + 5
=

−1

6
 

 

 

 



The sandwiches theorem 

𝑓(𝑥). ℎ(𝑥). 𝑔(𝑥) 𝑎𝑟𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 

𝑖𝑓 𝑓(𝑥) ≤ ℎ(𝑥) ≤ 𝑔(𝑥) 

The sandwiches theorem is: 

For all x ≠ c and lim
𝑋→𝑐

𝑔(𝑥) = lim
𝑋→𝑐

ℎ(𝑥) = 𝐿 

Then lim
𝑋→𝑐

𝑓(𝑥) = 𝐿 

Ex (1): find lim
𝑋→0

𝑥4𝑐𝑜𝑠
1

𝑥
 

−1 ≤ 𝑐𝑜𝑠
1

𝑥
≤ 1 

 [−1 ≤ 𝑐𝑜𝑠
1

𝑥
≤ 1] ∗ 𝑥4 

 −𝑥4 ≤ 𝑥4𝑐𝑜𝑠
1

𝑥
≤ 𝑥4 

lim
𝑋→0

− 𝑥4 ≤ lim
𝑋→0

 𝑥4𝑐𝑜𝑠
1

𝑥
≤ lim

𝑋→0
 𝑥4 

lim
𝑋→0

− 𝑥4 = (0)4 = 0 𝑔(𝑥) 

lim
𝑋→0

𝑥4 = (0)4 = 0 ℎ(𝑥) 

0 ≤ 𝑐𝑜𝑠
1

𝑥
≤ 0 

h(x)= g(x) 

Cross ponding to sandwiches theory  

lim
𝑋→0

 𝑥4𝑐𝑜𝑠
1

𝑥
= 0 𝑓(𝑥) 

 

 

 

 



Ex (2): find lim
𝑋→0

 (𝑥2𝑠𝑖𝑛
1

√𝑥
) 

Sol/ 

−1 ≤ 𝑠𝑖𝑛
1

√𝑥
≤ 1 

[−1 ≤ 𝑠𝑖𝑛
1

√𝑥
≤ 1] ∗  𝑥2 

− 𝑥2 ≤  𝑥2𝑠𝑖𝑛
1

√𝑥
≤  𝑥2 

lim
𝑋→0

−  𝑥2 ≤ lim
𝑋→0

 𝑥2𝑠𝑖𝑛
1

√𝑥
≤ lim

𝑋→0
 𝑥2 

lim
𝑋→0

−  𝑥2 = −(0)2 = 0  𝑔(𝑥) 

lim
𝑋→0

 𝑥2 = (0)2 = 0  ℎ(𝑥) 

Sandwiches theory is: 

lim
𝑋→0

 𝑥2𝑠𝑖𝑛
1

√𝑥
= 0  𝑓(𝑥)  

 

Ex (3): find lim
𝑋→∞

cos 𝑥

 𝑥2+1
 

Sol/ 

−1 ≤ 𝑐𝑜𝑠𝑥 ≤ 1 

[−1 ≤ 𝑐𝑜𝑠𝑥 ≤ 1] ÷ ( 𝑥2 + 1) 

−1

 𝑥2 + 1
≤

𝑐𝑜𝑠𝑥

 𝑥2 + 1
≤

1

 𝑥2 + 1
 

lim
𝑋→∞

−1

 𝑥2 + 1
≤ lim

𝑋→∞

𝑐𝑜𝑠𝑥

 𝑥2 + 1
≤ lim

𝑋→∞

1

 𝑥2 + 1
 

lim
𝑋→∞

−1

 𝑥2 + 1
=

−1

 ∞2 + 1
=

−1

 ∞2
= 0 …  𝑔(𝑥) 

lim
𝑋→∞

1

 𝑥2 + 1
=

1

 ∞2 + 1
=

1

 ∞2
= 0 …  ℎ(𝑥) 

By sandwiches theory  



lim
𝑋→∞

𝑐𝑜𝑠𝑥

 𝑥2 + 1
= 0 …  𝑓(𝑥) 

Ex (4): 

Find lim
𝑋→∞

2−cosx

 x2+3
 𝑏𝑦 𝑢𝑠𝑖𝑛𝑔 𝑠𝑎𝑛𝑑𝑤𝑖𝑐ℎ𝑒𝑠 𝑡ℎ𝑒𝑜𝑟𝑚? 

Sol/ 

−1 ≤ 𝑐𝑜𝑠𝑥 ≤ 1 

[−1 ≤ 𝑐𝑜𝑠𝑥 ≤ 1] ∗ −1 

1 ≥ −𝑐𝑜𝑠𝑥 ≥ −1 

[1 ≥ −𝑐𝑜𝑠𝑥 ≥ −1] + 2 

1 + 2 ≥ 2 − 𝑐𝑜𝑠𝑥 ≥ −1 + 2 

[3 ≥ 2 − 𝑐𝑜𝑠𝑥 ≥ +1] ÷ ( 𝑥2 + 1) 

3

 𝑥2 + 1
≥

2 − 𝑐𝑜𝑠𝑥

 𝑥2 + 1
≥

+1

 𝑥2 + 1
 

lim
𝑋→∞

3

 𝑥2 + 1
≥ lim

𝑋→∞

2 − 𝑐𝑜𝑠𝑥

 𝑥2 + 1
≥ lim

𝑋→∞

+1

 𝑥2 + 1
 

lim
𝑋→∞

3

 𝑥2 + 1
=

3

 ∞2 + 1
=

3

 ∞2
= 0 … … 𝑔(𝑥) 

lim
𝑋→∞

+1

 𝑥2 + 1
=

1

 ∞2 + 1
=

1

 ∞2
= 0 … … ℎ(𝑥) 

By using sandwiches: 

lim
𝑋→∞

2 − 𝑐𝑜𝑠𝑥

 𝑥2 + 1
= 0 … … … 𝑓(𝑥) 

 

 

 

 

 

 

 

 



Ex (5): find lim
𝑋→4

𝑔(𝑥)𝑓𝑜𝑟 𝑡ℎ𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛  

lim
𝑋→4

|𝑔(𝑥) − 5| ≤ 3(𝑥 − 4)2  

Sol/ 

−3(𝑥 − 4)2 ≤ 𝑔(𝑥) − 5 ≤ 3(𝑥 − 4)2 

[−3(𝑥 − 4)2 ≤ 𝑔(𝑥) − 5 ≤ 3(𝑥 − 4)2](+5) 

5 − 3(𝑥 − 4)2 ≤ 𝑔(𝑥) ≤ 5 + 3(𝑥 − 4)2 

lim
𝑋→4

5 − 3(𝑥 − 4)2 = 5 − 3(4 − 4)2 = 5 … … … 𝑔(𝑥) 

lim
𝑋→4

5 + 3(𝑥 − 4)2 = 5 + 3(4 − 4)2 = 5 … … … ℎ(𝑥) 

 

∴ lim
𝑋→4

 𝑔(𝑥) = 5 … … … 𝑓(𝑥) 

 

 

H.W 

1. lim
𝑋→∞

5 𝑥2+𝐶𝑂𝑆(7𝑋−2)

 𝑥2+1
 

2. lim
𝑋→∞

𝐶𝑂𝑆𝑋+2

𝑋+3
 

3. lim
𝑋→0

 𝑥2 sin
1

 𝑥2 

4. lim
𝑋→0

 3 − 𝑥2 cos
1

𝑥
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