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Natural Frequency of Free Transverse Vibrations For 

a Shaft Subjected to a Number of Point Loads 

انتردد انطبيعي نلاهتسازاث انعرضيت انحرة نعمود معرض انى عدة احمال 

 اننقطت

INTRUODACTION : 

Consider a shaft AB of negligible mass loaded with point loads W1 , W2, 

W3 and W4 etc. in newtons, as shown in Fig.1. Let m1, m2, m3 and m4 etc. 

be the corresponding masses in kg.  

 

 

 

 

 

 

 

The natural frequency of such a shaft may be found out by the following 

two methods:                             طرق ايجاد انتردد انطبيعي نلاهتساز انعرضي لاحمال اننقطت

 

1. Energy (or Rayleigh’s) method                                ) طريقت انطاقت )طريقت راني       

Let y1, y2, y3, y4 etc. be total deflection under loads W1, W2, W3 and W4 

etc. as shown in Fig.1. We know that maximum potential energy  اكبر طاقه

                                                                 كامنه                                                  
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حركيتاكبر طاقت                                                                                               

 

 

 

 

 

 

 

 

 

 

 

 

 

2. Dunkerley’s method                                                                 طريقت دنكرني 

 لايجاد انتردد انطبيعي نلاهتساز انعرضي انحر نهحمم اننقطي انموزع بانتظاو .

The natural frequency of transverse vibration for a shaft carrying a 

number of point loads and uniformly distributed load is obtained from 

Dunkerley’s empirical formula. According to this  
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Let δ1,δ2,δ3, etc. = Static deflection due to the load W1, W2, W3 etc. 

when considered separately 

δS = Static deflection due to the uniformly distributed load or due to the 

mass of the shaft . 

We know that natural frequency of transverse vibration due to load 

W1, 
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Therefore, according to Dunkerley’s empirical formula, the natural 

frequency of the whole system, 
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Example.1. 

 A shaft 50 mm diameter and 3 meters long is simply supported at the 

ends and carries three loads of 1000 N, 1500 N and 750 N at 1 m, 2 m 

and 2.5 m from the left support. The Young's modulus for shaft 

material is 200 GN/m2. Find the frequency of transverse vibration. 
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Critical or Whirling Speed of a Shaft 

 انسرعاث انحرجت او دوران انمحاور     

In actual practice, a rotating shaft carries different mountings and 

accessories in the form of gears, pulleys, etc. When the gears or pulleys 

are put on the shaft, the Centre of gravity of the pulley or gear does not 

coincide with the Centre line of the bearings or with the axis of the 

shaft, when the shaft is stationary. This means that the Centre of 

gravity of the pulley or gear is at a certain distance from the axis of 

rotation and due to this, the shaft is subjected to centrifugal force. This 

force will bent the shaft which will further increase the distance of 

Centre of gravity of the pulley or gear from the axis of rotation. This 

correspondingly increases the value of centrifugal force, which further 

increases the distance of Centre of gravity from the axis of rotation. 

This effect is cumulative and ultimately the shaft fails. The bending of 

shaft not only depends upon the value of eccentricity (distance between 

Centre of gravity of the pulley and the axis of rotation) but also depends 

upon the speed at which the shaft rotates. 

The speed at which the shaft runs so that the additional deflection of the 

shaft from the axis of rotation becomes infinite, is known as critical or 

whirling speed. 
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Consider a shaft of negligible mass carrying a rotor, as shown in Fig.1 

(a). The point O is on the shaft axis and G is the centre of gravity of the 

rotor. When the shaft is stationary, the centre line of the bearing and 

the axis of the shaft coincides. Fig.1(b) shows the shaft when rotating 

about the axis of rotation at a uniform speed of ω rad/s 

Let :  

m = Mass of the rotor 

e = Initial distance of centre of gravity of the rotor from the centre line of 

the bearing or shaft axis, when the shaft is stationary, 

y = Additional deflection of centre of gravity of the rotor when the shaft 

starts rotating at ω rad/s, and 

s = Stiffness of the shaft i.e. the load required per unit deflection of the 

shaft. Since the shaft is rotating at ω rad/s, therefore centrifugal force 

acting radially outwards through G causing the shaft to deflect is given by 
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Notes :  

1. When the centre of gravity of the rotor lies between the centre line of 

the shaft and the centre line of the bearing, e is taken negative. On the 

other hand, if the centre of gravity of the rotor does not lie between the 

centre line of the shaft and the centre line of the bearing (as in the above 

article) the value of e is taken positive. 

2. To determine the critical speed of a shaft which may be subjected to 

point loads, uniformly distributed load or combination of both, find the 

frequency of transverse vibration which is equal to critical speed of a 

shaft in r.p.s. The Dunkerley’s method may be used for calculating the 

frequency.  

3. A shaft supported is short bearings (or ball bearings) is assumed to 

be a simply supported shaft while the shaft supported in long bearings 

(or journal bearings) is assumed to have both ends fixed. 
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