Chapter six

Methods of integration

6-1- Integration by parts:
The formula for integration by parts comes from the product
rule:-
d(u-v)=u-dv+v-du = u-dv=d(u-v)—v-du

and integrated to give: .[ udv= Id(u V) - Iv du
then the integration by parts formula is:-

I udv=u-v—_[vdu

Rule for choosing u and dv is:

For wu: choose something that becomes simpler when
differentiated.

For dv: choose something whose integral is simple.

It is not always possible to follow this rule, but when we can.

EX-1— Evaluate the following integrals:

1) Ixex dx 6) .ln(x+\/1+x2)dx
2) Ix-cosxdx 7) [ sinax dx
3) [—2— ax 8) [e* - sinbx dx
o x_I o
4) [ X7 - Inx dx 9) .[x3-ex dx
5) [ x - sec’x dx 10) Ix3-ex2 dx
Sol. -

u=x = du=dx
1) let — Judv=u-v—jvdu
dv=e“dx => v=e"

J-x-exdx=x-ex—jexdx=x-ex—ex+c



u=x = du=dx
2) et ) = J'udv=u-v—_[vdu
dv =cosxdx = v=sinx

Ix-cosxdxzx~sinx—jsinxdx=x-sinx+cosx+c

u=x = du=dx
3) let 1

dv =
vx—1

X —ox-(e—1V2 - 2[(x= 1)
jx_ldx_z (x—1)2 =2 (x—1)"ax

i = v:2(x—1)% = Iudv=u-v—jvdu

=2x-x/x—l—%+c=2x-\/x—1—§\/(x—1)3 +c
2

u=Ilnx = du=idx
4) let xf = Iudv=u-v—_[vdu
dv =x’dx => v="—
3
3 3
sz-lnxdx=x—-lnx—ljx2dx=x—-lnx—lx3+c
3 3 3 9

u=x = du=dx
5) let = Iudvzu-v—‘..vdu

dv =sec’xdx = v=tan x

jx-seczxdxzx-tanx—jtanxdxzx-tanx+ln‘cosx‘+c

2
1+ d

2
6) let u=ln(x+\/1+x2):> du=—21+X" 40

x++I1+x’

dv=dx = v=x

Iln(x+\/1+x2)dx=x-ln(x+\/1+x2 )—Ix(1+x2)_%dx

2 12
=x-ln(x+\/1+x2)—§-%+c=x-ln(x+\/1+x2)—«/1+x2 +c
2




7) let u=sin""ax = duzﬁ & dv=dx > v=x

NI-a’x?
sin"ax dx = x-sin”" ax — de
J o
= x-sin'lax+ij‘—2a2x(1—a2x2)_%dx
2a

1
. 7 1 (I—azxz)é . 7 1-a’x’
=x-sin"ax+—- +c=x-sin"ax+ ——+c
a

2a %

8) let u=e™ = du=a-e“dx & dv=sinbxdx = v=—§cosbx

j.e”x-sinbxdx=—%e”x-cosbx+%je”-cosbxdx ........... (1)
let u=e™ = du=a-e“dx & dv=cosbxdx = vzisinbx

Ie”-cosbx dx=%e”x-sinbx—%je“x-sinbxdx ........... (2)
sub. (2)in (1) =

1 2
je"x -sinbx dx =——e™ -cosbx+ize"x -sinbxdx—a—zje""C - sin bx dx
b b

2
1
Ie”x -sinbxdx+Z—2Ie‘”‘ -sinbxdx=—;e”x -cosbx+%e”"-sinbxdx+c

ax

2
(1+Z—21[e‘“ - sinbx dx =‘;—2(a sinbx—bcosbx)+ c

eax
a’+b’?

Ie‘”‘ - sinbx dx = (a sinbx—bcosbx)+c

9) derivative of u integration of dv

3

=

. 3 3 2
. jx e“dx=x’e*—-3x°e”"

3§2§ eex +6xe* —6e” +c

6x + e”

6 \_A e~ =ex(x3—3x2+6x—6)+c
0 \ ex



x2

2 1
10) let u=x’ = du=2xdx & dv=x-exdx:>v=3e

2 1 2

2 1 2 1 2 1
Ix3-ex dx=—x’-e* ——IZx-exdx=—x2-ex ——e" +c¢
2 2 2 2

6-2- Odd and even powers of sine and cosine:

To integrate an odd positive power of sinx (say sin ) we
split off a factor of sinx and rewrite the remaining even power in
terms of the cosine. We write:-

2n+1
X

Isinz””x-dx:_[(]—cosz x)” .sinx dx
and Icos””x-dxz“l—sinz x)” -cos x dx

EX-2- Evaluate:
1) [ sin’ x dx 2) [ cos’ x dx

Sol.-

1) [ sin®x dx = sin’x - sinx dx =[ (1 - cos’x)- sinx dx

. . 1
=Isznxdx+jcos2x-(— smx)dx=—cosx+§cos3x+c

2) Icos5xdx=jcos4x-cosx dx=j(1—sin2x)2 - cos x dx
=J‘cosxdx—2j.sin2x-cosxdx+jsin4x-cosxdx
2

. « 3 . 5
= Slnx—ESln x+§s1n xX+c

To integrate an even positive power of sine (say sin’"x ) we use
the relations:-

1+ cos26 ., 1—cos20
= or sin“0=————

cos’6
2 2

then we can write:-



Isinz” x-dx = I(#jn dx

and J.cosz”x-dx:J‘ M dx
2

EX-3- Evaluate:
1) jcos20d¢9 2) jsin40d9

Sol.-

1+ cos 20

1) Icos20d0 I =§[Id0+§j2cos26’d0}

=— 0+lsin26’ +c
2 2

2) [ sin'6 a6 = I(M) do = §“d0—j.cos20(2d0)+ [ cos? 20 a6

= 3[0— sin 20 + J‘Mde} I

=—{6’—sin20+l(0+isin40)}+c
4 2 4

=it9—isin20+isin40+c
8 4 32

To integrate the following identities:-

Isinmx-sinnx dx , Isinmx-cosnx dx ,and Icosmx-cosnx dx

we use the following formulas:-

cos(m—n)x—cos(m+n)x
2

sin(m—n)x+ sin(m+n)x
2

cos(m—n)x+cos(m+n)x
2

Sin mx - Sin nx =

sin mx - cos nx =

cos mx - Cos nx =



EX-4- Evaluate:

1) Isin3x-cos5xdx 2) Icosx-cos7xdx 3)Isinx-sin2xdx

Sol.-

1) Isin3x-cos5xdx=%I(sin(3x—5x)+ sin(3x+5x))dx

1 1 1 1 1
=—|——|sin2x(2dx)+—|sin8x(8dx)|=—cos2x——cos8x+c
ZI: 2-[ ( ) 8~[ ( )i| 4 16

1 1 . 1
2) Icosx-cos7xdx=EI(cos(6x)+cos(8x))dx=Esm6x+ﬁsm8x+c

1 1 1
3) Isinx-siandx=—I(cosx—cos.?x)dx:—sinx——sin3x+c
2 2 6

6-3- Trigonometric substitutions:
Trigonometric substitutions enable us to replace the binomials

2 2 2 2 2 2 .
a’—u° , a"+u° , and u°—a” be single square terms. We can
use:-

u=asin@ for a’-u’=a’-a’sin"O=a’(1-sin’0)=a’cos’ 6
u=atan@ for a’+u’=a’+a’tan’@=a’(1+tan’0)=a’ sec’ 6

u=asecd for u’'—a’=a’sec’0-a’=a’(sec’0-1)=a’tan’0
EX-5 Evaluate the following integrals:

s 2
7 dz 4)J~x I

N9—x?
5 J‘ dt
V25t -9
dy
) e

1 |

NI1+77
e dx
2) | ——
“Ne+x?
dx

3) .'

N



Sol.-

1) let z=tan® = dz=sec’0-do tan@:z

7’ dg tan’ 0 - sec’ 0 do
j o =I s =Itan59-sec0 do

= Itan@ - sec O (secZH - 1)2 do

= I sec’ G(tan 0 -secO d0)— ZI sec’ G(tan 0 -secO d9)+ j tan 0 -secO do

zésec50—§sec30+sect9+c [1+ 72
z
1 2 e
=§(\/I+z2)5—E(\/I+z2)3+\/1+z2+c 7
2) let x=2tan@ = dx=2sec’0-db tan@z%
dx 2sec’ 0 do
= = | sec@ dt9=ln’sect9+tan9’+c
J-\/4+x2 '[\/4+4tan20 '[
2 4+x°
V4 + x X x
=In——+ —+c
2 6
2
=ln\/4+x2+x‘+c' where ¢'=c—1In2

3) let x=2sin@ = dx=2cos0-db
J- dx _J-Zcosé? dﬁ_l do
4-x? 4—4sin’@ 27 cos@

1
= —ln’sec(9+tan0‘+c 2/‘
2 /<0 X

=§jsect9d9

1l 2 x| V4 - x?
=—In c
\/4—x2 \/4—x2‘
1 24x | 1,][2+x 1, [2+x
=—1In +c=—In +c=—1In +c
27 \J2-x)(2+x) 2 V2-x 4 |2-x




4) let x=3sin@ = dx=3cos0-db
9 sin’ 6

'[\/9 x’ I\/9—9sin20

- 3
—g[ 122520 4y P[0 Lsin20 ]+
2 2\ 2 2 x
N9 - x?

= %(0—sin0-cosl9)+c

_ 2
%[sm-z%_ﬁ.&}c:Esm-z%_g.\r_xz+c

3cos0 do = 9] sin’ 0 dO

5) let 5t=3sec0 = 5dt=3secO-tan6 db
/sec@ tan6 do

I d I ljsec@ do
N25¢ -9 \9sec’ 6 - 5
= éln’sec0+tan 0’+c 5¢
1 |5¢ 2509 6 2569
=§ln?+# +c 3

1 1
= Eln 5t++25¢° —9‘+c’ where ¢’ = c—;ln3

6) let 3y=5tan® = 3dy =5sec’6dO

/sec 6do ljsec@d@

'[1/25+9y '[\/25+25tan 29

= éln’sec@+ tan 0]+ ¢ /25/9))2\
3y
[ 2 [
=1ln 23 +9y +3y‘+c 5
3 5 5|

:éln\/25+9y2 +3y’+c' where c'=c—§ln5




EX-6 Prove the following formulas:

1 = ’—+ 2 ——t 2y
)I\/i sin c )Ia e an” . c
Proof.-

1) let u=asin@ = du=acos6-do

acos6-do =Id0=0+c=sin'1£+c

'[\/ —u’ .“\/ ? sin’ 6 a

2) let u=atan@ = du=asec’6-do

‘0. 1 1 1
I —I c;secze df =—jd0=—0+c=—tan_1£+c
a’ +u’ a‘+a’tan“ 0 a a a a

6-4- Integral involving ax’+bx+c:
By using the algebraic process called completing the square, we
can convert any quadratic: ax’+bx+c¢ , a#0 to the form:
a(u’FA’) we can then use one of the trigonometric
substitutions to write the expression as a times a single square
term.

EX-7 — Evaluate:

1) __dx 4) J‘L
"V2x-x’ VI+x-x’
. dx dx
2 5
)'2x2+2x+1 )J.sz_gx_g
3) ¥ dx

Ax?+2x+2

Sol.
dx

I)I dx =J' dx =J'
V2x—x? TI-(x?=2x+1) °\I-(x-1)

let x—-1=sin@ = dx=cos6do
cos0 db

R
2x—x’ 1-sin’ 6

=Id0=0+c=sin'1(x—1)+c



dx 1 dx 1 dx
Pyl b o Iy vy

let x+l=itan0 = dx=£sec20d0
2 2 2

/sec 0do
Idé’ O+c=tan"'(2x+1)+c

I2x +2x+1 zj/mnzm/

3)-.‘ dx =J‘ dx
VXl +2x+2 T (x+1)+1

Vx? +2x+2
let x+I1=tan = dx=sec’0do /(/‘xﬂ
o
dx sec’ 0.do

= = | sec6 do 1
'[\/x2+2x+2 '[\/tan20+1 I
= ln‘sec0+tan0‘+c= ln‘x/xz +2x+2 +x+1’+c

4)J‘ dx =I dx
NI+ x—x? \/%_
let x—§=75sin0 — dx=gcos0d0
\/—/ cos0 do

—J.d0=9+c=sin‘1(2x_1j+c

Vs G

5)j dx =J' dx
vx?-2x-8 J(x—=1)"-9
let x—1=3sec0 = dx=3secO-tan0db Jx-1
=J-3sec0-tan0d0zj-sec0d0 //\m
\N9sec’H-9 3
x—1 x’-2x-8

=ln‘sec0+tan9‘+c=ln} 3 + +c

3

=ln‘x—1+\/x2—2x—8’+c' where ¢'=c—1In3



