Chapter two
Functions

2-1- Exponential and Logarithm functions :
Exponential functions : If a is a positive number and x is any number ,
we define the exponential function as :
y=a‘  with domain: -o<x<o
Range: y>0

The properties of the exponential functions are :

If a>0«< a*>0.

a.a¥=a".

alal=a*" .

(a*) = a".

(a.b)=a*.b".

a’ =¥a* =(¥a)* .

a*=1/a"and a*=1/a™ .

a‘=al o x=vy.

a’=1,

a’=w ,a”=0 , where a>1.
a’=0,a"=w , where a<l1.

The graph of the exponential function y=a" is:
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Logarithm function : If a is any positive number other than 1, then
the logarithm of x to the base a denoted by :
y = logax where x>0
At a=e=2.7182828... , we get the natural logarithm and denoted by :
y=Inx
Let x, y > 0 then the properties of logarithm functions are :
1. y=a" < x=logyy and y=¢" & x=Iny.
2. logex=Inx.
3. logxx=Inx/Ina .
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In(x.y)=Inx+1Iny .
In(x/y)=Inx-1Iny .
Inx"=n.Inx .

Ine=log,a=1and Inl1=1log,1=0 .
X — ;X Ina

al—e :

n x

e =X .

The graph of the function y=Inx is:
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Application of exponential and logarithm functions :

We take Newton's law of cooling :

T-Ts=(To-Ts)e'"
where T is the temperature of the object at time t .
Ts is the surrounding temperature .
Ty is the initial temperature of the object .
k isaconstant .

EX-1- The temperature of an ingot of metal is 80 °C and the room

temperature is 20 °C . After twenty minutes, it was 70 °C .

a) What is the temperature will the metal be after 30 minutes?
b) What is the temperature will the metal be after two hours?
¢) When will the metal be 30 °C?

Sol. :

_In5-1In6

T-T,=(T,—T,)e™ = 50 =60e®* = k 2

= —0.0091
a) T —20=60e*(2%) -60*0.761=45.6 °C =T =65.6 °C
b) T-T,=60e™""" =60*0.335=20.1°C=T=40.1°C

c) 10=60e""" = -0.0091t=-In6=t=3.3hrs.



2-2- Trigonometric functions : When an angle of measure @ is placed in
standard position at the center of a circle of radius r , the trigonometric
functions of @ are defined by the equations :

1 1 y 1 _ Sind

Sin6’=l=— , C030=1=— , tan@ === =
r cscé r secé x Cot@ Coséd
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The following are some properties of these functions :

1) Sin’0+Cos’6=1

2) 1+tan®@=sec’d and 1+ Cot’d=csc’8
3) Sin(@F pB)=Sin@.Cosp +Cosh.Sing

4) Cos(@F pB)=CosO.Cosp +Sind.Sing

_ tan@ Ftan g
5) tan(0+p)=
) (6F5) l1+tan@.tan g

6) Sin28=2Sin@.Cosd and Cos28 =Cos*8 — Sin’8
1+ Cos26 1-Cos26
2

8) Sin(@i%)=$€os¢9 and Cos(@i%)=i8in0
9) Sin(-8)=-Sind and Cos(—8)=Cosf and tan(—6@)=-tané
10) Sine.Sinﬂ=%[Cos(9—ﬁ)—Cos(0+ﬂ)]

7) Cos’0= and Sin’g =

Cosé Cosp = % [Cos(6@ - B)+ Cos(6+ B)]

Sin# Cosp =%[Sin(0—ﬁ)+ Sin(8 + B)]



11) sing+sing=2sin?*

Sing — Sing = 2Cos 2"

B
B

12) Cos@ + Cosp = 2C030;ﬂ cos? =P
B

Cosd — Cospp = —2sin 2+

0 |olm/6lm/4\ /3| /2|
Sin0 |01/ |1N2[N32| 110
1
0

CosO| 1|32 | 1N2 |12 0 |-1
tan® N2 1 [V3 © |0

Graphs of the trigonometric functions are :
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y=Cotx D, :VX#nz
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2n+1

y=Secx D, :Vx#
R,:Vy=2lor y<-1
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y=cscx D, :Vx#nz
R,:Vy=2lor y<-1

Where n=0,+17+2 F3,......

EX-2 - Solve the following equations , for values of # from 0° to 360°
inclusive .
a) tan 0=2Sin 6 b) 1 + Cos 0 =2 Sin’ 0

Sol.-
a) tand=2Sing= S'”Z — 2Sing

0S

= Sind(1-2Cosf)=0
either Sin@=0=6=0°,180°,360°
or Cos¢9=%:>6’=60°,3000

Therefore the required values of @ are 0°,60°,180°300°360° .

b) 1+ Cosf=2Sin’d=1+Cosf=2(1-Cos’0)
= (2Cosf - 1)(Cosf+1)=0

either Cos¢9=%:> 6 =60°,300°

or Cosf@=-1=60=180°

There the roots of the equation between 0° and 360° are 60°,180°
and 300°.



EX-3- If tan @ = 7/24, find without using tables the values of Sec# and Siné.

Sol.-
tan0=%=27—4:>r=x/72+242=25
\%
Sec¢9=L=§ and Sin0=l=l
X 24 r 25

Y¢
EX-4- Prove the following identities :

a) Cscé +tané.Secd =Csch.Sec’d
b) Cos*d - Sin*d=Cos’d — Sin’0
¢) Secf —Cscd tanéd + Cotd
tan® — Cotd  Sec + Cscd

a) LH.S.=CscO+tandSech=—r+md 1
Sin@ Cos@ Cosé@

2 .
=COS. 0+SI?0= _1 . 12 =CscH.Sec’0=R.H S.
Singd.Cos“6 Singd Cos“6
b) L.H.S.=Cos*d - Sin*0=(Cos’8 - Sin’4).(Cos*8 + Sin’H)
=Cos’8d — Sin’6=R.H .S.

1 1
") LHS.— Secd — Cscé _ Cosf " Sing _ 1
tand — Cot@ SIiné _ Cosé Sin@ + Cosé
C0501 Sing@
_ Sin’@ + Cos’0 Sing Cosd _ tan@ + Cotd _ RH.S
Sind + Cosé 1 Secd +Cscd
Sin@ Cos@

EX-5- Simplify _ when x=a.Cscé
x* —a’

! ! ! =1tan0 .

Jx2 —a? _«/aZCscze—az _ax/CotZO a

EX-6- Eliminate # from the equations :
1) x=aSind and y=Dbtand
i) x=2Sech# and y=Cos20
Sol.-

Sol.-




