of x , then:

d -1 - 1 du _
15) ddx sin u_mdxd l<ux<l1
d ane-1gy— 1 u _
16 ) g COS U= g7 dx l<ux<l
d 4ap-1,,__ 1 du
17 ) d()j( tan ™" u = 1+u12 dxd
d o anp-ly = u
18) %X cot™"u 1+1u2 dxd
19) Y sectus= u ul>1
20) Yesctu=-— 1 du ul>1
EX-11- Find j—y in each of the following functions :
X
a) y=cot‘1%+tan‘1§ b) y=sin" i;i
c) y=x.cos‘12x—%x/1—4x2 d) y=sec'5x
e) y=xIn(sec™x) f) y=3in2x
Sol. -
dy__ 1 _1 1 1__4
a) dx ne 22{ x2j+ x\2 2 4+x°
44 (3
b) d_y= 1 .(x+1).1—(x—1).1= 1
dx . % — 1) (x+1) (X +1)/x
_(x+1j
c) Yy 22 costax—t 28X _ostox
dx  1-4x? 4 J1-4x?
gy Yo 5 1

dX  5xV25x —1 |xp/25x? -1
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dy X -1 1 -1
e) —— +In(sec X)= + In(sec™ x)
dx  sec” X]x]x/x - Vx%—1.sec™t x
d_y_ sin™!2x 2
f) dx_3 .In3.—1_4x2
EX-12- Prove that :
dgpiye_ 1 du d gty 1 du
a)dxsm u= o7 o b) OIXtan u 12 7 dx
Proof : a)
1
u
\y
1-u®
Lety=sin‘1u:>u—smy:>g—)u( cosyoI =+/1-u? dy
dy 1 du_ d 1 du
adrvis —:>—sm 'u= ==
J1-u? dx J1-u? dx
b)
1+ u?
u
\y
1
d_u du 2 Zﬂ
Let y=tan™ u:>du—tany:>dx sec’y. X (\/1+u ) X
g __1 du_d 1  du
:>dX_1+u dX dx atanTus= 1+ u? dx

11



Hyperbolic functions : If u is any differentiable function of x , then :

21) Y sinhu=coshu.du

dx dx
22) dl coshu = sinhu. g)‘:
23) di tanhu = sech?u g)‘i
24) dicothu— —csch?u gg
25) dlsechu——sechu tanhu. g)‘g
26) dicschu——csch u.cothu. g;‘

d
EX-13 - Find & for the following functions :

dx
a) y=coth(tanx) b) y=sin"(tanhx)
c) y=|n’tanh%’ d) y=x.sinh2x—%.cosh2x
e) y=sech’x f) y=csch®x

Sal. -

a) d—i =—csch®(tan x ).sec® x

b) sech®x  __sech®x
dX J1-tanh?x  +sech?x

=sech x

1

cosh? X
1 . sechzg : i
tanhi smh§

1_
¢) dx 2

2.

X
cosh >

1 =1 =csch X

T X X sinhx
2sinh > .cosh >

12



d) g—i= xcosh2x.2 + sinh2x — L sinh2x.2 = 2xcosh 2x

2
e) ﬂ=3sech2x(—sech X.tanh x ) = —3sech®x.tanh x
dx
gy
d

f) dx = 2csch x(—csch x.coth x ) =—2csc h® x.coth x

EX-14- Show that the functions :
x=—LsinhL and sinh t +cosh—

oy A y=psinh e

Taken together , satisfy the dlfferentlal equatlons :

) +2d—y+x 0 and

dt ") dt dt + y=0
Proof -
dx 2 t
x=——smh—:>— —=cosh—=
V3T 3 3 V3

1 dy 1 t 1 t
=—smh—+cosh—:> =-—=cosh sinh
TR T

3 V3 \/3 V3
dy t 2 t 2 t
I —+2—+x ——cosh—+ cosh inh smh

2
I)—-—2=—-——= —cosh— cosI“ smr‘ smI“ +cosh— 0
)dt dt J3 f \f ( f f J3

EX-15 - Prove that :

a)itanhu = sec hzu.d—u and b)isech u=-sechu.tanh u.d—u
dx dx dx

dx
Proof-
du du
) coshu.coshu.—= — sinhu.sinhu.
a) itanhu=i(smhuj= dx_ dx
dx dx \ coshu ] cosh”u
200 cinh2 ) U
B (cosh® u - sinh u)OI 1 du  cechly. du
B 2 2y dx “dx
cosh“u ~ cosh?u "dx
d 1 _ 1 du _ du
b) dx coshU —  coshZs .sinhu. I —sechu.tanhu. i

13



The inverse hyperbolic functions : If u is any differentiable function of x ,
then :

sinhly=—_1__du

'\/1EI|-—U dx
NE dx

27)

d
dx
28) dicosh‘1 u=

d 1, _ 1 d_u
29) getanh™u=——-5 7 dx u<1
d coth-ty=_1 du
30) coth U=T—""7"dx u>1
31) Y sechlu= 1 __du
dd TN dx
32) ——cschlu=- 1
dx U1+ u? dX
., dy . .
EX-16 - Find d_x for the following functions :
a) y=cosh™(secx) b) y=tanh*(cosx)
c) y=coth™(secx) d) y=sech™(sin2x)
Sol.-
a) dy _ secx.tanx _ secx.tanx =secx where tanx>0

X Jsec?x—-1  +tan®x
b dy _ —sinx _—smx
) = =
dx 1-cos’x sin®x
¢) ﬂ=secx.tanx_secxtanx
dx 1-sec’x  —tan®x
d) ay _ 2.00S 2X

dx  sin 2XA1—sin?2x

EX-17 — Verify the following formulas :

=—CSCX

—CSC X

=-2csc2X where cos2x>0

d 1 du
a) cosh u= Joi o1 dx
d __ 1 du
b) S tanh™ U= iy u<1

14



Proof
a) Let y=cosh’u=>u=coshy
du dy  dy__ 1 du
dx SInhyd dx — sinhy "dx
cosh® y—sinh* y=1=u® —sinh’ y=1=sinhy=+u® -1
dy 1 du_,  d 1 du
X~ Jg o1 dx:> cosh™u= =
b) Let y=tanh"u=>u=tanhy
du 2y dy _dy_ 1 du
dx MY = dx T sechiy dx
sech’y +tanh’ y=1=>sech’y+ u*=1=>sech’y =1-u?
dy 1 du__d 1 du

== -1 et ==
ax ~1_ 07 dx :>dxtanh u -0 dx

The derivatives of functions like u’ : Where u and v are differentiable
functions of x , are found by logarithmic differentiation :
Let y=u"=Iny=v.Inu

1 dy v du dv
y dx  udx Ir]udx

dy v du dv}
dx_y[u dx+|nu dx

d ,v_,v|V du dv
33) oy =u '[U'W + Inu. dx}

EX-18- Find d_y for :
— dx

a)y=x b) y = (Inx + x)*™
Sol. -

1 dy _ cosx
y dx

a) y=x"*=lIny=cosx.Inx= = + Inx.(=sinx)

_dy _ feosx
dx =Yy ~ sinx.In x

or by formula , Where u=xandvs= cosx

dy _ T'cosx

= —sinx.In x
dx y_

15



tan x

b) y=(nx+x)""=Iny=tanx.In(Inx + x)
1 dy _ tanx (L
y dx Inx+x "X
dy [(x+1).tanx

+1)+In(Inx + x).sec” x

= +In(Inx + x).sec? x}

dx 7| x(Inx+ x)
or by formula ,where u=Inx + x and v = tanx
dy _ tanx 1 2 }
dX_y.[InXJrX(X+1)+In(lnx+x).sec X
_ | (x+1)tanx )
_y.[ X(In %+ X) + In(In X + x).sec” x

16



Problems -3

1. Find dy for the following functions :

dx
1) y=(x-3)(1-x) (ans.:4-2x)
2) y=a)(7):rb (ans.:—%
_3x+4 : 1
3) y_2x+3 (ans..(2X+3)2)
4) y=3x3—2«/;+% (ans.:9x2—%—%)
2
3(x° -1
5) y=(x/x3 —\/)1(*3} (ans.:%)
6) y=(2x—1)2(3x+2)3+;2 (ans.:(2x—1)(3x+2)2(30x—1)— 2 3)
(x-2) (x-2)
7)  y=In(Inx) (ans.:— Ilnx)
8) y =In(Cosx) (ans.:—ianx)
9)  y=Sinx’ (ans.:3x*.Cosx®)
: 2
10)  y=Cos?(5x*+2) (ans.: 30x.84|n(5§< +4))
Cos’(5x“+4)
11) y=tanx.sinx (ans.: Sinx + tan x.Secx)
12) y=tan(Secx) (ans.: Sec’( Secx ).Secx.tan x )
_ 3 X+1 . 6 2f X+1 2 X+1
13) y=Cot (x—l) (ans..(x_l)2 Cot (X_l).Csc (x—l))
14) y= Cc))(sx (ans_:_x.slnijCosx)
2
15) y=+tany2x+7 (ans.: Sec’v2Xx+7 )
2A/2X + T tan~/2X +7
16) y= x*.Sinx (ans.: x*.Cosx + 2x.Sinx)
2 f
17) y=Csc *+/5x (ans.: J5_ C0t2 OX )
3VOX ooeafBx
18) y = x[Sin(Inx)+ Cos(In x)] (ans.: 2.Cos(Inx))

17



P . 10x
19) y=Sin"(5x%) (ans.: ——=2—)
\V1-25x*
_ -t 1+ X 1
20) y=_Cot (1_)() (ans.: 1+x2)
- 6 X
21)  y=tan"V4x® -2 (ans.: )
—1W4x® -2
22)  y=Sec(3x2+1) (ans 18X )
]3x +1’\/(3x +1)° -1
23 Sin™t X 2 gagt X ax - x° 1 x
) y=Sin 2—x+X .Sec > (ans.: \/ +\/X2_4+2x.Sec ;)
(2-x) (2—x) —x!

2(Cos™2x —Sin™2x)

24) y=Sin"2x.Cos™2x (ans.: )
V1-4x?
25) y= X(X+1)(X 2) (ans.:l|:i+ L 22X — i|)
(X +1)(2x+3) 3l x x+1 x-2 x“4+1 2x+3
_ 1
26 =tan " (Inx ans.:
) y=tanTlinx) ans.  arinx)y)’
3 _ /sinX.cos x 3y cotx _tanx 2
3 — - - -
21) y° = 1+ 2.Inx (ans.: 4( 2 x(1+2lnx)))
5 -1
28 —_xlan_X ans.: 2y(14 + L .
) (3-2x)3/x ( y(3X (1+ x?).tan™' x 3—2x))
29) y=sec e (ans.:#)
et -1
30 = (cos x ) ans.: y Incos x — 2x.tan x
) y=(cosx) ( 2&( )
31) y=(sinx)®" (ans.: y(1+ sec? x.Insinx))
32) y=\/2x2+cosh2(5x) (ans.: 2X +5cosh(5x).sinh(5x)
J2x% + cosh?(5x)
33) y=sinh(cos2x) (ans.:-2sin2x. cosh(cost))
34) y=csch% (ans.: 1 csch1 cothL )

35) y=x2.tanh?+/x (ans.: xtanh«/_(«/—sechzx/_+2tanh«/—))
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36) y=In sinX.CosX + tan® x (ans. cos” x —sin’ x + 3tan” x.sec’ x _ 1 )
Jx Sinx.cosx + tan® x 2X
37) y=log, sinx (ans.:%
38) y=eX" (ans.: (2x—5e% e =")
39) y=gXtn (ans.: (x%sec? x + 2xtanx )e* ™)
CSCv/ 2X+3
40) y=75F3 (ans.: =L Np N7 csev2x + 3 .coty/2x + 3)
X +
41)  y=[In(x>+2)]cos x (ans.:A'))((Z'C—OSZ)(—ZIn(x2 +2)sinx)
+
42) y=sinh™(tanx) (ans.:|secx|)
. In x
43) y=41+(nx) (ans.: )
XA/1+ (Inx)?
e eX(xInx-1)
44) y= Inx (ans.: x(Inx )’ )
3
45) y=x%log,(3-2x) (ans.:3x’log,(3-2x)- (3_22);)”]2)
_ aX X o7 . X
46) y=2cosh 2+ > X° =4 (ans..m)

2. Verify the following derivatives :
da [Xx 4+ -+ Y |=g__L
a) dx[5X+( x+&)} 6 v
d 2 1 2
b) —[vVx(ax®+bx+c)|l=——(5ax" +3bx+cC
) =2 )

3. Find the derivative of y with respect to x in the following functions :

u? 3 . 18X2y2
a) y= and u=3x"-2 ans. . —————
)Y u®+1 ( (3x3—2)3)
b) y=J/u+2u and u=x?-3 (ans.: 2X 3+4x)
X —
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4. Find the second derivative for the following functions :

a) y=(><+i)3 (ans.:6x+%+l—§
X 7 X X
2+/2 .1
b) f(x)=+2X+ at x=2 ans.:--
) f(x) = (ans.: )
3
c) X*—=2xy+y?*—16x=0 (ans.:¥x 2)
5. Find the third derivative of the function :
—Jx? .3
y=+/X (ans.: 3y )
6. Show for y=% that y"=V(Vu el );32\/ (w-w')
7. Showfory=u.v that y"' =uv'" +3u'v'+3u"v' +u"v.
8. Show that y=35x" —30x* + 3 satisfies (1—x*)y"'-2xy'+20y=0.
9. Find 3—3’( for the following implicit functions :
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5y2_3 3x° +5y2x‘2+4\/7
< .

a) X 44x4y - (ans.:

1OX_1y_27X
Y
b) Jxy+1l=y (ans.:—y )
2/Xy — X

3
2

c) 3xy=(x*+y*)
(1+y®)(3x*+tan™ y))
1+ y? —x
YW= (x=y) +41-0y)°
V1= () = xy1-(x-y)’

sec’ x—y°® .cos( Xy )

d) x*+xtanty=y (ans.:

e) sin'(xy)=cos(x-y) (ans.:

f) y®.sin( xy)=tanx (ans.: 2y sin(xy) + Xy .C05( xy)
g) sinhy=tan?®x (ans.: 2 tago);hsi/c X
10. Prove the following formulas :

a) dd cot u = —csczu.g—)li

b) dd—cscu=—cscucotug—)li

c) dd—os‘1u=— —1 g)‘j

d) d0>|< sec ~tu = |u|«/7 g)‘i

e) dd—smh u=cosh u. g)‘i

f) dd7cschu=—cschucothug)lj

9) ddTSinh‘lu=\/ﬁ.g)‘i

h) %sec h‘lu=—|u| ﬁ—u g)‘j

11. Show that the tangent to the hyperbola x*- y* = 1 at the point
P(coshu, sinhu) , cuts the x-axis at the point ( sechu, 0 ) and
except when vertical , cuts the y-axis at the point (0, -cschu ) .
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