1-4- Functions : Function is any rule that assigns to each element in one set
some element from another set :
y=f(x)

The inputs make up the domain of the function , and the outputs make up
the function's range.

The variable x is called independent variable of the function , and the
variable y whose value depends on x is called the dependent variable of the
Junction .

We must keep two restrictions in mind when we define functions :

1. We never divide by zero .
2. We will deal with real — valued functions only.
Intervals :
- The open interval is the set of all real numbers that be strictly between
two fixed numbers a and b:

(a,b)=a<x<b
- The closed interval is the set of all real numbers that contain both
endpoints :

[a,b]=a<x<bh
- Half open interval is the set of all real numbers that contain one
endpoint but not both :
[a,b)=a<x<b
(a,b]=a<x<b
Composition of functions : suppose that the outputs of a function f can be

used as inputs of a function g . We can then hook f and g together to
form a new function whose inputs are the inputs of f and whose outputs

are the numbers :
(8of)(x)=8(f(x))

EX-9- Find the domain and range of each function :
a) y=~x+4 , b) y=%
x_
¢c) y=\9-x* , d) y=v2-ix
Sol.- a) x+420= x2-4= D :Vx2-4 , R :Vy=0
b) x-2#0= xz2= D _:Vx#2

1 1
y=——-=> x=—+2= R :Vy#0

x—-2 y
c) 9-x’ 20> ~-3<x<3=> D ,:-3<x<3
y=49-x’= xX=F9-y°
since 9-y’>0=> -3<y<3

since y2>10 = R :0<y<3



d) 2-Jxz0=> 0<x<4= D_:0<x<A4
if x=0> y=\/5
if x=4=> y=0

EX-10- Let f(x)=—"— and g(x)= 1+1
X

x_

Find (g)(x) and  (f,g)(x).

(8,5 )(x)=8(f(x))= g(i)z S _2x-1

x—1 X x
x-1
1 1+i
(fog)(x)=f(g(x))=f(1+;)=%=x+1
I1+—-1
X

EX-11- Let(g,f)(x)=x and f(x)=l . Find g(x).

X

Sol.- (gof)(x)=g(1)=x:> g(x)=1

X X

1-5- Limits and continuity :

Limits : The limit of F(t) as t approaches C is the number L if:

Given any radius &> 0 about L there exists a radius oJ >0 about
C such that for all 7, 0<]t—C[<6 implies |F(t)—L]<a and we

can write it as :
limF(t)=L

t—>C
The limit of a function F(t¢) as t—C never depend on what
happens when 7=C.

Right hand limit : tlim F(t)=L
>ct

The limit of the function F(7) as t —C from the right equals L if:
Given any ¢ > 0 (radius about L) there exists a 6 > 0 ( radius to
the right of C) such that for all 7 :

C<t<C+35= |F(t)-L|<e¢

Left hand limit : limF(t)=L
—>C~

The limit of the function F(7) ast -C from the left equal L if:
Given any ¢ > 0 there exists a > 0 such that for all 7 :
C-5<t<C=> |F(t)-L<e¢



Note that — A function F(¢) has a limit at point C if and only if the right
hand and the left hand limits at C exist and equal . In symbols :
limF(t)=L < limF(t)=L and lilng(t):L

t—>C t—>C”

t—>C

The limit combinations theorems :
1) lim[F,(t)F F,(t)|=limF,(t)F limF,(t)
2) lim|F,(t)* F,(t)|=lim F,(t)* lim F,(t)
F,(t) limF,(t
F,(t) limF,(t)
4) limlk*F,(t)|=k*limF,(t) Yk
5) timSm0

00 @

where limF,(t)+0

provided that 0 is measured in radius
The limits (in / — 4 ) are all to be taken as ¥—C and F;(t) and F,(t) are
to be real functions .
Thm. -1 : The sandwich theorem : Suppose that f(t)< g(t)< h(t) for all
t # C in some interval about C and that f{(7) and h(t) approaches the
same limit L as 7—C , then :
limg(t)=L

t—>C

Infinity as a limit :
1.The limit of the function f{ x) as x approaches infinity is the number L:
limf(x)=L . If,given any &> 0 there exists a number M such that

forall x : M<x = ]f(x)—L|<8 .

2. The limit of f{ x ) as x approaches negative infinity is the number L :
lim f(x)=L .If,given any & >0 there exists a number N such that

forallx : x<N = ‘f(x)—L‘<8.

The following facts are some times abbreviated by saying :
a) As x approaches 0 from the right, I/x tends to «.
b) As x approaches 0 from the left, I/x tends to -o.
c) As x tends to © , I/x approaches 0.
d) As x tends to - , I/x approaches 0.
Continuity :
Continuity at an interior point : A function y =f{ x ) is continuous at an
interior point C of its domain if : ){l_)ncc f(x)=f(C)

Continuity at an endpoint : A function y = f{( x ) is continuous at a left
endpoint a of its domain if: lim f(x)= f(a) .
xX—a

A function y = f{( x ) is continuous at a right endpoint b of its domain

if: lim f(x)=f(b) .



Continuous function : A function is continuous if it is continuous at
each point of its domain .

Discontinuity at a point : If a function f is not continuous at a point C,
we say that f is discontinuous at C, and call C a point of
discontinuity of f .

The continuity test : The function y=f(x) is continuous at x=C if
and only if all three of the following statements are true :

1) f(C) exist (C isinthe domainof ).

2) ){l_)ncc f(x) exists ( f has alimitas x—C).

3) lincz f(x)= f(C) (the limit equals the function value ).
X

Thm.-2 : The limit combination theorem for continuous function :
If the function f and g are continuous at x = C, then all of the
following combinations are continuous at x=C :

1) f+g 2)f.g 3)kg Vk 4)g,f, f,.8 5)[f/8

provided g(C)#0
Thm.-3 : A function is continuous at every point at which it has a
derivative . Thatis , if y =f(x) has a derivative f'(C) at x=C,
then f is continuous at x=C.

EX-12 —Find :

SOL-
1)

2)

3)

5x° +8x7 x’ —-a’
1 lim— , 2 lim
) 3x* —16x’ ) x*-a’
3)  limSm3x . 4) limim2y
x>0 Sin3x y>0 3y
) lim 22X , 6) lim(1+Cosi)
-0 2x° +x X0 X
3 2
7)  lim 3x3+5x 7 .8 lim3);+7
o JOx7 —11x+5 yowo P —2
3
9) limj‘—l . 10)  lim—1
x>0 2x° —=7x+5 x>-1" x+1
11) limCos(z-S’”x) , 12) limSin(zCos(tanx ))
x—0 X x—0 2
. 5xT+8x7 . S5x+8 0+8 1
lim————=lim—; = =——
=>03x" —16x° >03x"—16 0-16 2
3 _ 3 _ 2+ + 2 2+ 2+ 2
limx4 a4=lim (x—a)(x axzﬁti= a azazzi
xsax’ —a® xa(x—a)(x+a)(x +a’) (a+a)(a +a ) 4a
Sin5x . Sin5x
5 lim

lim 5x _i 5x50 S5x _5

0 _Sin3x 3 . Sin3x }
3 lim
3x 3x»0 3x




1) 1™V 2 iy S gy L _2
0 3y 3 20 2y 0Cos2y 3
5) tim-SM2X 5 iy SM2X L

x>0 sz + X 2x>0  2x x>0 2x + 1

6) lim(] + Cosi) =1+CosO=2

X—>0 x
3+£—L
3x’+5x7 -7 ) x x° 3
7) lim 3 = lim =
oo [0x” —1Ix+5 oo n 5 10
X X
3 7
3y+7 3y 0
8) lim>2X" —fim? Y "y
yoo P — y—>°°1 i 1
-
1
1_7
S 3 1
9) lim—> = lim x* _L_,
o 2x? —7x+5 =2 7 5 0
x x? X’
10) 1im 1 I _ %

x—)—l_x+1__1+1_

1) lim Cos[l— Sinx ) - Cos(z— lim ST j = CosO=1

X x>0

12) lim Sin(% Cos(tan x )J — Sin(% Cos(tan0 )J — Sin(% CosOJ — Sin% =1

EX-13- Test continuity for the following function :

(xz—l —-1<x<0
2X 0<x<l1
f(x)=1 1 x=1 ¢

-2x+4 I<x<2
L 0 2<x<3|

Sol.- We test the continuity at midpoints x =0, 1, 2 and endpoints x =-1, 3.
At x=0=> f(0)=2%0=0

lirzz_f(x)z{ci_rzg(xz—l)z—l
lirzgf(x)zl_iggszO;t lil?f_f(x)

Since ligg f(x) doesn't exist
X

Hence the function discontinuous at x =10



At x=1=> f(1)=1
fim 1 (x)=lim 2=
fim f(x)=lim(~2x+4)=2= lim f(x)= lim f(x)
Since {.iﬂf(x)if(l)
Hence the function is discontinuous at x =1
At x=2=> f(2)=-2*2+4=0
xlilgz_f(x):{ci_lg(—Zx+4):0
lim f(x)=lim0=0= lim f(x)= lim [(x)
Since {‘iggf(x)=f(2)=0
Hence the function is continuous at x =2
At x=-1=> f(-1)=(-1)’-1=0
lim f(x)= lim(x’~1)=0=f(~1)

Hence the function is continuous at x =—1

At x=3= f(3)=0
lim f(x)=1lim0=0=f(3)

Hence the function is continuous at x=3

EX-14- What value should be assigned to a to make the function :

2
f(x)={x -1 x<3} continuous at x =3 ?
2ax x2=3

Sol. -

4
lim f(x)= lim f(x):>ling(x2—1)=lim2ax:> 8=6a=> a=§
x>3 x—=3" x>

x—>3



