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Chapter five

Integration

5-1- Indefinite integrals :

The set of all anti derivatives of a function 1s called indefinite
integral of the function.

Assume u and v denote differentiable functions of x, and a,
n, and c are constants, then the integration formulas are:-

1) J-du=u(x)+c
2) Ia-u(x)dx=aju(x)dx
3) J-(u(x)-'Fv(x))dx=Iu(x)dx-'FIv(x)dx

n+1

1
4) Iu”du= ® _+¢ when n#-1 & Iu—ldu=j—du=lnu+c
n+1 7
all
5 a“du = +c — e'du=e" +c
)I Ina -[

EX-1 — Evaluate the following integrals:

1) [3x* dx 6) ijxiix

2) I(é+x)dx 7) J‘xxtzdx

3) [xx? +1dx 8) jl_f;exdx

4) [(e+e) a 9 [3x' e dx

5) [N&* =27 ) +4 dz 10) [ 27 dx
Sol. —

)
1) I3x2 dx=3jx2dx=3x?-+c=x3+c
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2) (x'2+x)tlx=jx"2 dx+dex= i_ll +x72+c=—£+x72+c

I(x2+1)%

7

3) J'x\/x2+1dx=§_|‘2x(x2+l)%dx— +c=§\/(x2+1)3+c

_ _ = e 4 1
4) I(2t+t ’)2 dt=j(4t2+4+t 2)dt=4?+4t+_—1+c=}-t3+4t——t—+c
5) [N -2 ) +daz=[o' -2+ +4dz=[Vz' +2+27 &
=I\/(z2+z'2)2 dz=_[(z2+z'2)dz— z; +%+c=§z3—§+c

X+ 3

dx=§j(2x+6)-(x2+6x)_%dx

6)_[\/

_ I.(x2+6x)%

27

x’+6x

se=sx? +lix+e

( ) -1
7) jx+22dx=j i2+i2 dx=_[(x"+2x‘2)dx=lnx+2x +c=lnx—£+c
X X X — 1 X
8)_[ " dx—lj3ex(1+3ex)"’dx—iln(1+3ex)+c
1+ 3e” 3 3
9) _“3x3-e_2x4dx=—3j 8§x’ -e"2x4ﬁ=—i-e"2x4+c
8 8
1 1 1
10) | 2%dx=—-— 2% (~4dx)=——-2" . —+¢
)J 4"- ( ) 4 In2

5-2- Integrals of trigonometric functions :

The integration formulas for the trigonometric functions are:

6) |sinu-du=—cosu+c 7) |cosu-du=sinu+c

8) |tanu-du=—Injcosul+c 9) | cotu-du=In|sinul+c

10) | secu-du=Insecu+tanu|+c 11) |escu-du=—Inlescu+cotul+c
12) [sec’ u-du=tanu+c 13) [esc” u-du=—cotu+c

14 ) Isecu-tanu-du=secu+c 15 ) Icscu-cotu-du=—cscu+c
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EX-2- Evaluate the following integrals:

do
1) Icos(39—1)d9 6) Icosze
2 ) Ix-sin(sz)dx 7) I(I—sinz.?t)-cos.?t dt
3) jcosz(Zy)-sin(Zy)dy 8) Itan3(5x)-sec2(5x) dx
4) Isec3x-tanx dx 9) Isin4x-cos3x dx
5) IJ2+sin3t-cos3t dt 10) th f
Sol.-
1) §I3cos(39—l)d6’=§sin(39—1)+c
1 . 2 1 2
2) —I4x-sm(2x )dx = ——cos(2x” )+c
4 4
3
-%I(cosZy)z-(—ZsinZy dy)z_;.(cosjy) +c=—é(cos2y)3+c
3
4) Iseczx-(secx-tanx-dx)= LY

3
1 (2+sin3t)”
+C

3 %

6)_[ dH —jseczﬁ -dO@ =tan 0 + c

COS

5) éj(2+sin3t)%(3cos3t dt) = =%\/(2+sin3t)3 +c

7 ) I(I— sin’ 3t)-cos 3t dt = §j3cos 3t dt — éj(sinﬁ)z - 3cos3t dt

e 3
=£sin3t—1-sm 3t+c=£-sin3t—£sin33t+c
3 3 3 3
1 1 ? 1
3) —Itan35x-(5se625x dx)= k.. . +c=—1tan’ S5x+c
5 5 4 20

9) Isin4x-cos3x dx =Isin4x-(1—sin2x)-cosx dx

. & i o
. 4 . sin> x Ssin’ x
=|sin"x-cosx dx—|sin"x-cosx dx = r — - +c
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cot \/—

10)]

= 2(— cot\/;)—

¥/

+c
/;

ese? x —
="

1dx=2j

CS C

\F jx 2 dx

——Zcot&—2&+c

5-3- Integrals of inverse trigonometric functions:

The
functions are:

_u

integration formulas for the

_,u

inverse trigonometric

16) j =sin —+c=-—cos —+c¢ 3 Vu’ <a’
\/a —u’ a a
1
17 ) I —tan_'£+c=——cot"’£+c
a’ +u’ a a a
d 1 1
18) I u sec”’ — +c=——csc”’ = +c 3 Vu’>a’
u\/uz —q’° a a a a
EX-3 Evaluate the following integrals:
x’ 2dx
1) = dx 6)
I\/l—x6 IJ}(Hx)
dx dx
2 7
g I\/g_ ’ -[1+3x2
X 2cosx
3 dx h) dx
)'[1+x4 )I1+sin2x
SeC2 % esin"x
4) dx 9)
I\/l—tanzx J‘\/I—x‘z
tan™" x
2) 10 dx
)'[x\/4x —1 )Il"'xz
Sol.-
1 1
1) —I (3x2 dx)=—sin" x’ +c
3V J1-(x°)? 3
dx i
2) I\/9_ = Sin -§+c
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1 2 1
3) —I xz —dx =—tan"" x° +c¢
2014 (x7) 2
2
sec’ x
4) dx = sin”' (tan x ) + ¢
j\/l—tanzx
5)_[ =sec '(2x)+c
Zx\/(Zx) »

dx=4j1/+*fr‘ix = dtan" x 4o

2
6) J‘\F(I+x)

3 dx 1 i
tan (\Ex)+c
\/_‘[1+(\/_x) \/§
8) 2_[ cosaf dxz = 2tan""(sinx )+ c
1+ (sinx)
9) J.esin_lx ) dx =esin_1x+c
\/I—xz
o | 2
10) Itan"’x- dxz =(tan i +c
1+ x K.

5-4- Integrals of hyperbolic functions:
The integration formulas for the hyperbolic functions are:

19 ) jsinhu-du=coshu+c

20 ) Icoshu-du=sinhu+c

21) Itanh u-du = ln(cosh u)+ ¢

22 ) Icoth u-du = ln(sinh u)+ c

23) jsechzu-du=tanhu+c

24 ) Icschzu-du=cothu+c

25) Isechu-tanhu-du=—sechu+c

26 ) Icschu-cothu-du =—csc hu +c
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EX-4 — Evaluate the following integrals:

1) jcosh(lnx) dx 6) Isechz(Zx—j’) dx

X
. ex_e-x
2) | sinh(2x+1)dx ) | dx
e +e
sinhx
3 8) |\e“ —e™
: J‘cosh" ' I( )rbc
h x
4) | x-cosh(3x’ ) dx 9 i
)I (3%") g I1+coshx
5) Isinh"x-coshx dx 10) Icsch X - cothx dx
Sol.-
dx ,
1) jcosh(lnx) ( )—smh(lnx)+c
X
1 ¢ . 1
Z)EIsmh(Zx+1)-(2dx)=5cosh(2x+1)+c
nh
3)_[ - p——— dx=jsech3x-tanhx dx
cosh” x coshx
h3
=—Isech2x-(—sechx-tanhx dx)=—sec3 ~ te
1 2 1 . 2
4)gjcosh(3x )-(6xdx)=;smh(3x )+c
... Sinth
5) Ismh x-(coshx dx)= s +c
1 5 1
6) —Isech (2x—3)-(2 dx)=3tanh(2x—3)+c
et —e "
7)J' xdx=jtanhx dx = In(cosh x ) + ¢
e’ +e
e —e 29 . 2
3) 2_[ dx=—jsmhax (a dx) = —coshax + ¢
a a
smhx dx
9 1+ cosh x
)I1+coshx ( )
hZ
10) —Icschx-(—cschx-cothx dx)=—csc ay;

2
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5-5- Integrals of inverse hyperbolic functions:
The integration formulas for the inverse hyperbolic functions

arc.

27 ) j\/ld" : =sinh™ u+c

28) =cosh™" u+c
I\/u — 1

{tanh"u+c if u<1}

coth™ u+c if ‘u‘>1

s [

du
0 ‘[ u\/l —~

du

31) j =—csch"|u|+c=—sinh

uJI+u2

EX-4 — Evaluate the following integrals:

dx dx
1) 2)
I\/I+4 y J‘\/4+x2
sec’ 0 doO
4) 5)
'[x\/4+x IJtanZH—I
Sol.-
1 2dx 1 ., _;
1) EI\/1+4x2 —Esmh 2x+c
dx
2)_[ / —smh"£+c

\/1+ -’/)z

3) Il—x =tanh™' x+c¢ if |x|<1

=coth™ x+c¢ if ‘x|>1

=—sech"}u‘+c=—cosh_ (1 )+c

1l |I+u

=—In +c

2 |l1—-u

u

( ]
I c

dx
3)I1—x2

6) I tanh (ln f )

dx

(1 Inzxr)
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4)‘[ I / dx =—lcsch"”/+c
x\/4+x V\/l /)2 2 4

1
5) sec’ @ dO)=cosh™ (tan8 ) + ¢
I\/tanzﬁ 1( )
6) et —ln\F —lnx du=idx
2X
dx 2 du
tanh™ (ln\/; )- = | tanh™" u -
'[ x(1-In’+x) '[ 1-u’

— (tanh"l u)2 +c= [tanh “(In x/;)]z +c

Scanned with CamScanner


https://v3.camscanner.com/user/download

Problems — 5

Evaluate the following integrals:

1) I(xz—l)-(4—x2)dx (ans.:§x3—§x5—4x+c)
2 ) Iex-sinexdx (ans.: —cose” +c¢)
3) Itan(3x + 5) dx (ans. : —§In|cos(3x+5)‘+c)
4 ) J'cot(lnx) dx (ans. : ln|sin(lnx)|+c )
X
inx +
5) J-smx — dx (ans. : —lnlcosx‘+ xX+c)
COSX
6)_[ _ (ans.: — cotx +cscx + ¢ )
1 + cosx
1
7 ) Icot(2x+1)-csc2(2x+1)dx (ans. : —zcot2(2x+1)+c)
1
3) I X (ans.: —sin ' (3x)+c)
\/1—9x2 3
dx X
9) (ans.: sin”' —+¢)
I\/Z_xz ﬁ
1
10) jezx .coshe™ dx (ans. : Esinh e’ +c¢)
11) I e"™ . cosx dx (ans.: ™ +c¢)
dx I
12 ans.: ——e " +c¢
)j'e.?x ( 3 )
g¥* — ] I
13)_[ dx (ans.: 2e —2&+c)

Ix

14) Ix(a + b~/ 3x )dx where a,b constants (ans.:

dx
15) I—I—xz (ans. :
cos 0 do
16 ans. :
)Il+sin29 (

%(Saxz +4\/§bx5/2)+c)
—tan"'x+c¢)

tan~" (sin0 )+ c)
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1 1 1
17) I—chc;cot;dx

18)_“\/3 3x+1 .

x’+2x+1
19) J'sm(tanﬁ)-sec 0do

20) j\/xz—x" dx

sec’ 2x dx
\/tan 2%

22) j(sin 0 —cos@)z do

21)]

y
23 d
)Iy i 7Y

24
) I\/;(x+1)

25) jﬁ(ﬁuﬁ dt

26 )
J‘x \/I+x

(cos"' 4x)z
7 '[\/1 16 x°
dx

xJ4x2—I

29)j(

xZ
o)

30) js’“z o

X
cot x dx

In(sin x )

28)]

31)[

32) | (’”;‘) dx

® Sec X
Sin X - €
33) [ ———dx
cCos X

1
(ans.: csc—+¢)

X

(ans. : %{/(3x2+2x+1)2 +c)

(ans.: —cos(tan@ )+ c)

(ans. : —é\/(l—xzf +c)

(ans. : Jtan 2x + C)

(ans.: @+ cos’0 +c)

I
(ans. : Etan"yz +c)

(ans.: 2tan”’ \/;+ C)

(ans. : i(t*‘ +1)3 +c)

25
5 4
(anms. : E\/I+x-" +c)
1
(ans. : —I—Z(COS" 4x)] +c)

(ans.: sec '(2x)+c)

1
(ans. : -Ztanhx+c)
(ans. : : gl +c)
"~ 2In3

(ans.: Inln(sin x )+ c)
1 3
(ans. : }(lnx) + )

(ans.: e +c¢)
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34)[

x-lnx

35)“‘ do
cosh@ + sinh @
.\‘_82x

36)j T dx
etan-IZt

>7) 1+4¢t° -

38) Icotxdx
CSC X

39) Isec4x-tan3x dx

40 ) J-csc" 3x dx

cos t

41) |

sm t
sec x

122) |

tan x

43) jtanzm do

“4) [-=

I1+e”

45) Itan3 2x dx

16) j sec’ x
2+tanx

47 ) Isec" 3x dx

48) [—

I

Ccos \/7

49)j

50)j

SIN X * COS X

(ans. :

(ans. :

(ans. :

(ans. :

(ans. :

(ans. :

(ans. :

(ans. :

(ans. :

(ans. :

(ans. :

(ans. :

(ans. :

(ans. :

(ans. :

(ans. :

(ans. :

) )

Inlnx+c)

—e"9+c)

1
X — 2" +c¢)
5In2

1 »
_etan 2t+c)

2

sinx + ¢ )

1
—tan’ x+£tan" xX+c)
6 4

1 1
——cot’ 3x ——cot 3x+c¢)

9 3

—c¢sct — sint + ¢ )

1
— —cot’x — cotx + ¢ )

3

ltan49—9+c)

4
In(1+e* )+c)

1 1
Ztanz 2x+ Elnlcos Zx‘ +c)

In(2+tanx)+c)

1 1
—tan’ 3x+—tan3x+c)

9 3

tan "e' +c¢)

2sin~/x + C)

— ln‘cchx + cot2x| +c)
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51) I\/1+siny dy

52)_[ dx
(x’+1)(2+tan"" x)

sinh x dx

53) I sin~' (cosh x )-

cos@ db
1 — sinZH

54)j

-y I 1+(lnx) )

56) | (e7x — 26" 2

e dx
+2e" + 1

ef) dx

57) | —=

-sinh 2x dx

58) je"

3 Sin x
sec’ x+e
59) j dx
sec X

3.\'+2
60 ) j2+9m dx

cos X dx
o1) ‘[ \/sin

62 ) Itansx dx

x-\/l—sinx

dx
\/I—xz
64 ) jx-exz'l dx

63 ) jelnsin'lx.

65 ) j cosh(ln cosx) dx

COS X

66)_[

sin’ x
cosx dx

x/]—cosh2 X

67 ) | cosh™ (sinx)
I \/sinzx — 1

VY

(ans. : —2\/1—siny+c)

(ans. :

(ans. :

(ans. :

(ans. :

(ans. :

(ans. :

(ans. :

(ans. :

(ans. :

(ans. :

(ans. :

(ans. :

(ans. :

(ans. :

(ans. :

In(2+tan" x)+c)

%(sinh" (cosh x))z +c)

(ans. : ln‘sec@ + tan 0‘ +c)

tan "(Inx)+c)

4 2 x 8 3y X
—e?!" ——e* +4e’+c)
9 5
1
- +c
e’ + 1 )
1|1 ]
e’*+e* |+e¢)
2| .3 )
tanx +e"™* +c¢)
3 3x+1
tan’ +c)

J2in3 J2

2sin " /sin x +c)

L 2
—S€C X —38€C X —

4

1
5(sin"x)2 +c)

1 x? =1
— €
2

ln|cos x‘ +c)

+c)

3 [sinx + In|secx + tanx|]+ c)

—csex +¢)

1

3 cosh™ (smx)]z +c)
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