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Chapter three
Derivatives

Let y=f(x) be a function of x . If the limit :
dy _fr(x)= lim f(x+Ax)_f(x)
dx Ax—>0 Ax Ax—o Ax
exists and is finite , we call this limit the derivative of f at x and say
that f is differentiable at x .

1
EX-1 — Find the derivative of the function: f(x)=
- \/ 2x+3
Sol.:
1 - 1
- 2(x+Ax)+ 3 2x+3
Frox) timLETAD=SC) L 2x+A0)+3 2x
Ax—>0 Ax Ax—0 Ax

- V2x+3—2(x+Ax)+3 2x+3+.2(x+Ax¢)+3

=1l o

&0 Ax[2(x+ A% )+ 3V2x+3 V2x+3+42(x+Ax)+3
, (2x+3)—(2(x+Ax)+ 3)

= lim
&0 A [2(Xx+ A% )+ 372X+ 3(V2x+3 +/2(x+ Ax )+ 3)
(2x+3)(\/2x+3+\/2x+3) \/(zx+3)3

Rules of derivatives : Let ¢ and » are constants, # , v and w are
differentiable functions of x :

I %c=0

2. %u"=nu”_1$x—”:>gx(£)=—ulzzz

3. %ca=cix—”

4. Lo(uFv)=GLydL ;L (yTyFw)=dLyiryd¥
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d dw dy du

and E(u.v.w) — u.vE+ uw- + Qi
d R
a | u_
6. dx(v) 2 where v #(

d
EX-2- Find Ey for the following functions :

@) y=(x"+1) b) y=[(5-x)(4-2x)f
3 2 -5 12 4 3
c) y=(2x" —-3x"+6x) d) y= -+
5 . X X x
) p=lE2RNERIZ Py
X X +X—2

a) ;’y =5(x*+1).2x=10x(x*+1)°
X

b) dy
dx
=8(5—x)(2—x)(2x—-7)

=2[(5-x)(4-2x)][-2(5-x)-(4-2x)]

c) %=—5(2x3 —3x°+6x)°(6x’ —6x+6)

=—30(2x’ - 3x*+6x)°(x*-x+1)
d) y=I2x"—-4x7"+3x"=> “g =—12x"" + 12x~* - 12x™°

b __ 12 12 12

dx x F =
2l yz(x+1)())§j—x+1):>
dy X[ —x+ D+ (x+D2x-D]-3x* (x+ 1)(x* ~x+1) __ 3
dx x’ x?
£) d_y=2x(x2+x—2)—(x2—1)(2x+1)_ x*—2x+1

dx (x’+x-2)° _(x2+x—2)2
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The Chain Rule:

1. Suppose that h = g, f is the composite of the differentiable
functions y=g(t) and x=f(t) ,then #h is a differentiable
functions of x whose derivative at each value of x is:

dy dy  dx

dx dt dt

2. If y is a differentiable function of 7 and ¢ is differentiable
function of x , then y is a differentiable function of x:

_ _ dy _dy., dt
y=g(t) and t—f(x):dx—dt I

EX-3 — Use the chain rule to express dy /dx in terms of x and y:

2

a) y—t2t+1 and t=~2x+1
b) y“z21+1 and x =\4t+1
(—IY 1
C) y=(t+1J and x—tz I at t=2
d) y=1—l and = . at x =2
t I1-x
Sol.-
t’ dy 2t(t°+1)-2tt’ 2t
i y=- = 2 2 — e 2
t“+1 dt (t"+1) (t"+1)
1 1
S odt 1 - 1
t=(2x+1)* =>—=—.(2x+1) *.2=
dx 2 V2x+1
dy dy dt 2t 1 2N2x+1 I I

dc dt dc (£ +1) 2x+1 ((2x+D+1) 2x+1 2(x+1)’
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b) y=(t2+1)":dl=—2t(t2+1)‘2— i

dx P ELY
1 1
= 1 = 2
x=(4t+1)2:>dx——(4t+1)2.4—
dat 2 VAt + 1
dy dy dx _ 2t . 2 (N4t + 1
dx dt dt (t°+1)° ' Vet + 1 (t°+1)°
__xZ—I xéi__xyz(xz—l)
"I .yz y
x’ =1
where x=~4t+1=t= y
where y = 21 :>t2+1=i
t” + 1 y

) y_(t—l) dy (t—l)t+1—(t—1)_4(t—1)

t+ 1 t+1) (t+1)° (t+1)°
[ ] 4(2-1) 4
o (2+1)3 27
1 2 |dx 2 1
X = > 1:_ —3 — 3:——

t dt dt| 2 4
dy | _[dy dx| _ 4 ,(_1)_ 16
dc|_, |dt dt|_, 27 \ 4 27

d ) t=1£x=152=—1 at x=2
t dt dt . (-1)
f=(Il—x _]:ﬂ—— I1-x)7(-1)= 1
(1=x)" = Go=—(1-x)7 (1) ==
'dt:l 1
= A = =1
—dx x=2 (1—2)2
dy dy | [ar”

—— = | — g =1%1=1

—dx-x=2 I— dt-x=2 -dx-x’—'z

Higher derivatives : If a function y = f( x ) possesses a derivative at every
point of some interval , we may form the function f '(x) and talk
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about its derivate , if it has one . The procedure is formally identical
with that used before , that is :

2 ( ' . !
d’y _d dy)zif,(x)z i S (X+4x)— f'(X)
dx? dx\dx
if the limit exists .

dx Ax—0 Ax
This derivative is called the second derivative of y with respect to x.
It is written in a number of ways , for example,

d”f(x)
y',f"x), or :
dxz
In the same manner we may define third and higher derivatives ,
using similar notations . The nth derivative may be written :

n n dn
e ¢ ) y :
dx

EX-4- Find all derivatives of the following function :
y=3x -4+ 7x + 10

SOlo-
,
dy—9x2—8x+7 : d’f—ISx—S
dx dx
3 4 5
Cy gy Ay dy
dx dx dx

Ex-5 — Find the third derivative of the following function :

R
X,
Sol.-

dy 1 .3 5
de o 2
d’y 2 3 -1
dx’ —x3+4x
d’y __ 6 3 -5 _dy__6 _ 3
dx’ xt 8 dx’ xt 8Jx3
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Implicit Differentiation: 1f the formula for f is an algebraic combination
of powers of x and y . To calculate the derivatives of these implicitly
defined functions , we simply differentiate both sides of the defining
equation with respect to x .

d
EX-6- Find Ey for the following functions:

a)x’.y’=x"+y° b)ix+y) +(x-y) =x"+y’
x_

c) zy = 2 at PG.,1) d)xy+2x-5y =2 at P(3,2)
x—2y

Sol.

Z—i’)+y2(2x)=2x+zy I I

2 i
GAX () g " de X 3

b) 36+ P (1+ 2 )+ 3(x~ y)*(1
dy_4x3—3(x+y)2—3(x—y)2 dy_2x3—3x2—3y2

~ dx d
3(x+y)2—3(x—y)2—4y3 - 6xy—2y3

dx
d d
(x-2y)(1-—y)—(x—y)(1—2—y) S B
¢) dx dx

dy_y+2 dy

dy_0:> :_] _2+2_2

—

dy
d) x—+v+2-95
) . y

Exponential functions : 1f u is any differentiable function of x , then :

d i gy 8 d u_ udu
7 ) dxa =a .lna.dx and dxe =g o
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d
EX-7 —Find - 2 for the following functions :

dx
a) y=2* b) y=2".3"
c) y=(2x)2 d)y=x,2x2
e) y = e(x+e5x) f) y =e'\/1-i-5.\r‘7

a) p=2"=Y _ 2% 32
dx

b) y=2"3"=>y=6" :Zx—y=6x.ln6

¢) y=2% ) =>y=2% W 22227 n2

dx
d)y=x2%" = % =x.2" In2.2x+ 2% =2 (2x’In2+ 1)

e) y=e*) = . 2N T 4 565 )
dx
2 d sig A - e
— &Y _ p0+5) —(1+5x°)2.10x=¢&"""" X
dx - VI+5x

Logarithm functions : 1If u is any differentiable function of x , then :

d 1 du d 1 du
8) —log, u= . and —Ilnu=—.
B Ty dx u' dx
. dy . .
EX-8 — Find E for the following functions :
a) y=Ilog,e" b) y=log.(x+1)°
c)y=log2(3x2+1)3 d)y=[ln(x2+2)2]3
- C(2x°-4).(2x* +3)?
e) y+ln(xy)_1 f)y_ (7x3+4x_3)2
Sol. -
7
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) dy [ 1
a) y=logye” = y=xlog,e=— ~=log,e= lnnzeo Inlo
dy 2
[ +1)" =2 +.1
b) y=log,(x+1) logs(x+1)=— - dx (x+1)In5
dy 3 6x 18x

C 3log,(3x° +1)=>—
) ¥ =3008,( ) dx 3x’+1 In2 (3x*+1)In2

48x[ln(x +2)]
d —321}1 x°+2 DR L i
) [ ( )] +2 x+2
e¢) y+inx+Iny = I:>d—y+ I.|. I.dy_ dy _ y

dx x y dx dx x(y+1)

f) Iny = %ln(2x3 —4)+%ln(2x2 +3)=2In(7x’ +4x-3)

2 2
:>I dy 2 6x 5 4x _5 21x° + 4

y dx 3 2x° —4 2 2x*+3 7x’ +4x -3
2 2 1
:d_y_zy 2X 5x 2Ix° + 4

- +
dx _2x3—4 2x’+ 3 7x3+4x—3_

Trigonometric functions : If u is any differentiable function of x , then :

9) —smu = COoSU. Zx—”
10) —cosu = — Sin u. zx—”
11 ) tanu = sec”’ u. Zx—”
12) —cotu = —csc’u. Z—;’
13) —secu = secu.tanu. Z—z
14 ) —cscu = —cscu.cotu. Z;‘

d
EX-9- Find Ey for the following functions :
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a) y= tan(3x’ ) b) y=(cscx + cotx)’

c) y=2sin%—xCos% d) y=tan’(cosx)
e) x+tan(xy)=10 f) y=sec’x —tan’ x

Sol.-
d_y_ 2 2 _ 2 2
a) dx—sec (3x° ).6x=6x.sec”(3x°)

b) % = 2(cscx + cot x )(—csc x.cot x —csc’ x ) =—2c¢sc x.(cscx + cot x )°

dy x1 |./r o xy1, x| %X - x
c)dx—Zcosz.Z _x( smz).2+cos2_—2.sm2
d) dy = 2 tan(cosx ).sec (cosx ).(—sinx ) =—2.sinx.tan(cosx ).sec’ (cosx)

dx
2
e) I+sec2(xy).(x%+y)=0:>—‘!X=—1+y’sec (xy) =_cos;(xy)+y

X dx x.sec’ (xy) X

f) % =4sec x.secx.tanx —4.tanw’ x.sec’ x =4tanx.sec x

EX-10- Prove that:

d il g O d _ du
a) dxtanu sec u'dx b) dxsecu secu.tanu.dx
Proof :
p g sinu cosu.cosu.%—sinu. (—sinu )Z;'
L.H.S. — _t — —
o d T dx cosu cos’ u
cos’ u+sin"u du 1 du 2 du
= o = —=sec u.—=R.H.S.
cos’ u dx cos’ u dx dx
d d 1 1 : du
b LH.S.=—— = =— — —
) dx pe— dx cosu CcoS’ U (—sta) dx
__1 g g du _ secu.tanu.@ = R.H.S.
cosu cosu dx dx

The inverse trigonometric functions : If u is any differentiable function
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of x , then:

dx 5xlV25x? -1 ) x|V25x -1

10

15) & sin'y=—-1 _du —I<u<lI
dx JI—u? 9x
16 ) dicos"’uz— 1 z” —I<u<l
e JI-u? @
d 1, 1 du
17 ) g fan Ta. oW dx
d . ,-1.,_ 1 du
18 ) gy €Ot u T+ ut e
19) 4 sec'u= . au u|> 1
dx |u|\/u2—1 dx
20 ) chsc"u=— 1 Z" u|> 1
X ulNu? -1 9%
EX-11- Find d_y in each of the following functions :
X
a) y=cot"i+tan"£ b) y=sin”x_1
X 2 x+ 1
C) y=x.cos"2x—§\/1—4x2 d) y=sec'5x
e) y=x.ldn(sec’'x) f) yp=3m2
Sol. —
d 1 (1 1 1 4
a) —y=— 22. —'_2)"‘ = 3
dx (2\ \ X (x) 2 4+x
dFil — i l—
X ) 2
b) dy 1 (X+1)l—={x—1)1 1
de [ rx_l)f (x+1) (x+1)Jx
V' \x+1
dy — 2 1 I -8x _1
S L 2 : 2
C) . x\/1_4x2 +cos " 2x y \/1—4x2 cos  2Xx
0o Y 5 I
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dy X d ~1 1 ]
e) = - + In(sec  x )= + In(sec " x)
dx sec™' x |x|\/x2—1 \/xz—l.sec_’x
dy sin™! 2x 2
f) = n 3.
dx VI-4x7
EX-12- Prove that:
d . -1 1 du d w 1 du
— = b) —1t =
a)dxsm 7 \/I—uz & )dx an u Yoo dk
Proof : a)
1
U
\y
\/I-uz
L o du _ dy o ody
Let y = sin u:>u—smy:>dx cosy.dx VI1-u &
dy I du_._d .. -1 1 du
= = = =
dx  \]—yu* dx ax " VI-u® dx
b)
7}
B du _ ooty (17 f Y
Let y = tan u:>u—tany:>dx sec’y .. JI1+u r»
dy 1 du_._d, - 1 du
= — = ; —>——— = 5
dc  1+u dx de T [4u? dx

11
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Hyperbolic functions : If u is any differentiable function of x , then :

21) fx—smhu coshu. Z;‘

22 ) %coshu sinhu. Z;‘

23) %tanhu = sechzu.Z—;’

24) %cothuz—cschzu.%

25) %sechu——sechu tanhu. ‘fdxu
26 ) % cschu=—cschu.cothu. z;’

d
EX-13-Find <X for the following functions :

dx
a) y = coth(tanx)

b) y=sin" (tanhx)

c) y=lntanh§ d ) y=x.sinh2x-%
e) y=sech’x f) y=csch’x
Sol. -
a) dy =—csch’(tanx ).sec’ x
dx
h’x sech’x
b) L5 = = sech x
‘b‘ JI-tank’x  [sech’x
1
cosh’ =~
c) %= 1 sechz“; ; 2
tanh >~ sinh =
2 2 2
cosh%
= 1 i =csch x
2sinh§.cosh% sinhx

12

.cosh2x
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d) dy =xcosh2x.2+ sinh2x — isinh 2x.2=2xcosh2x

dx 2

e) Zx)i =3sech’x(—sech x.tanhx)=—3sech’ x.tanh x

) % =2c¢sch x(—csch x.cothx ) =—2csch’ x.cothx

EX-14- Show that the functions :

2 B t 1 o t t
xX=—""—sinh—— and = ——sinh——— + cosh———
\ 3 \ 3 4 \ 3 \ 3 3

Taken together , satisty the differential equations :
)—+2dy +x=0 and u)——@i+y=0

dt dt dt
Proof -
2 dx 2 t
X = smh— — = —= cosh——
J3 /3 373
1 dy _ 1., .t 1 .., t
=—4_sinh—— + cosh—= = =~ =L cosh—= + —— sinh——
RN RN 3 dt 3N T Mg
d »
) -—y-+x——-gcosh—+ZcoshL+LsmhL—-l-smh—t =()

dt el "l Laae? M —

.. dx dy 2 1 ¢t 1. .
i) — ———++ =——cosh cosh
I R e s B G A e R

EX-15 - Prove that :

)itanhu—sech u. o and )isechu——sechu tanhud—u
dx dx dx dx
Proof-
du . . du
. coshu.coshu. sinhu.sinhu.=—
a) Ltanhu— d(smhu)_ dx : dx
dx dx \ coshu cosh” u
- du
_ (cosh” u— sinh’ u )" b _ 1 du__, .. du
cosh’ u cosh’ u dx dx
d 1 1 du du
b) g p— Sinhu.—— = sechu.tanhu.— =

kS
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The inverse hyperbolic functions : If u is any differentiable function of x ,

then :
27 ) dd—xsinh"’u=\/1_|1_u2 ill.icl
28) %cosh"u=\/u21_1 ‘(Z:
29) 4 tanh™ u= I_qu o <1
30) %coth"u= I—qu Zz u/>1
31) %sech"u=—u\/11_u2 Z)’é
32) -dd—x-csch"’u=—‘u’\/11+ - Z;‘
EX-16 - Find % for the following functions :
a) y=cosh” (secx) b) y=tanh” (cos x)
c) y=coth” (secx) d) y=sech(sin2x)

Sol.-

d
a) ay  secx.tanx _ sec x.tan x = gone  slore Tanesl

dx Jsec? x — 1 Jtan® x

d — SIn X — SIn X
b) 4 = "SX — _cesex

s 2 ¢ 2
dx J—-cos’x sin’ x

c) Qz sec x.lanx _ sec x.lanXx
dx ]-sec’x  —tan’x

d) ay = 2.€052X —2¢csc2x  where cos2x >0

dx Sin Zx.\/l —sin’ 2x

- —CSC X

EX-17 — Verity the following formulas :

d F 1 du
a) ——cosh u—\/uz—I.
d -1 _ 1 du
b ) —dxtanh u a7 d |u|<1

14
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Proof

a) Let y=cosh’'u= u=-coshy

él=sinhy.—(£’}i:>d—= I__ du

dx dx dx sinhy dx
coshzy—sinh2y=1:>u2—sinh2y=1:>sinhy=\/u2—I
dy 1  du_. d 4 1 du
—— = ——=>——cosh  u= ;
ey N N

b) Let y=tanh™ u= u=tanhy
du d_y:dy_ 1 du
dx dx ~ dx sech’y dx
sech’y +tanh’ y=1= sech’y+u’ =1= sech’y=1-u’
d_y= 1 du d 1 du

L2 = L tanh u = .
dx 1—a? ' dc de T BT T g

=sech’y.

The derivatives of functions like u” : Where u and v are differentiable

functions of x , are found by logarithmic differentiation :
Let y=u" =Iny=v.lnu

1 dy v du dv
L —u.dx+lnu.dx
dy [v du ﬂ:l
dx_y u’dx+lnu'dx
33) 4 = ".[v.d” +lnu.ﬂ]
3) we® =V {ude dx
EX-18- Find ay for :
e dx >
a)y - xc()sx b)y i (lnx + x)tan.\‘
Sol. -
_ .COSX . 1 dy COS X 8
a) y=x"" =Ilnhy=cosx.lnx=>—.—= +Inx.(—sinx)
y dx X
:>d—y= s sinx.lnx]
dx -
or by formula ,where u= x and v = cosx
d_y= . —sinx.lnx]
dx -

IS
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y=(nx+x)""=>Iny=tanx.ln(lnx + x)

1 dy tan x 1 2
== (—+ 1)+ + XL

— yde Inx+x (x )+In(lnx + x).sec” x

dy (x+1).tan x

dx_y_ xX(lnx + x)

or by formula ,where u=Inx + x and v = tanx

=> +In(lnx + x ).sec’ x

dy [ tanx , 1 '
dx_y' lnx+x(x+1)+ln(lnx+x).sec X

_(x+1).tanx 2
= 1 + ;
yH = p——" In(lnx + x).sec x!

16
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Problems -3

1. Find L for the following functions :

dx
1) y=(x—-3)(1-x) (ans.: 4 —-2x)
2 _ax+b . b
) y=2 (ans.:=—"r)
3x+4 1
3 = ans.:
) 2x+3 ( (2x+3)2)
4 =3 3—2\/7+i +0 21 _ 10
) y=3x X 2 (ans.:9x s x3)
Y 6
3 3 — 1
) y=( x’ —\/17 (ans.: ( y ))
X~ ) X
. 2 3 1 2 2
6) y=(2x-1)'(3x+2) + > (ans.:(2x-1)(3x+2)"(30x-1)- 5
(x—2) (x—2)
1

74 = In(l [

) y=In(lnx) (ans x.lnx)
8) y=In(Cosx) (ans.:—tanx)
9) y = Sinx’ (ans.:3x’.Cosx’ )

_ 30x.Sin(5x° +4)
10 =Cos(5x° +2 ans. :

) Y ( ) ( Cos’(5x° +4) )
11) y=tanx.sinx (ans. : Sinx + tan x.Secx )
12) y=tan(Secx) (ans.: Sec’ (Secx ).Secx.tan x )

— s X+ 1 o 6 2f x+ 1 2f x+ 1
13) y=~Cot (x—l) (ans. . x_1) Cot (x_l).Csc (x—l))
14) y-= Czcsx (ans. :_x.Sinx-zi-Cosx)
X
2
15) y=\/tan\/2x+7 (ans.: Sec’N2x +7 )
2\/2x+7\/tan\/2x+7
16) y=x’.Sinx (ans.: x°.Cosx + 2x.Sinx )
- 5  Cot5x
17) ypy=Csc’+5x (ans.: : y )
3\/5)( 3
Csc’\5x
18) y-= x[Sin(ln x )+ Cos(Iln x)] (ans.: 2.Cos(ln x))

17
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19)

20)

21)

22)

23)

24)

25)
26 )

27 )
28 )

29)

30)

31)
32)
33)
34)
35)

y=S8in""(5x")

B 1 1+ x
y = Cot (I—x)

y=tan"’ Vdx® =2

y=8Sec'(3x°+1)’

2
X

2—X

y=3S8in"

y=S8in""2x.Cos™ 2x

5 Sop* 2

x(x+1)(x—2)

Y +)(2x+3)

y= tan™" (Inx )

% Jsin x.cos x
¥ 1+ 2Inx

\/_ x’.tan" x
(3-2x)3/x
y=sec”' e’*
= (cos x ) i
y - (Sinx)tanx

y=\/2x2 +cosh2(5x)

y = sinh(cos 2x )

1
— h_
y =csc¢

y=x".tanh’ Jx

(ans.:

10x

(ans. . Zy(

(ans.:

(ans.:

2\ x
(ans.:

(ans.: )
\/1—25x4
1
(ans.:—1+x2)
2
(ans.: ; 6x - )
(4x° —IV4x* =2
(ans.: 18x )
|3x2 +1‘\/(3xz +1)° -1
4x—x2 -1 X
(ans. : + 2x.8Se¢c —)
(Z—x)\/(Z—x)z—x" Ux? -4 ’
— ~2( Cos'2x—Sin"'2x) )
- VI-4x’
Y| 1 1 2x 2
(ans..3|:x+x+1+x_2 2 2x+3_)
, 1
IR x(1+(lnx)2))
3y (cotx _tanx 2 )
4 2 2 x(1+2Ilnx)
1 2
+
3x (1+x2).tan"’x 3—2x))
2
(ans.: )
Je'* —1

y
(Incosx — 2x.tanx))
Jx

y(1+ sec’ x.Insinx))
2x+ S5cosh(5x).sinh(5x)

)

(ans.:
1

(ans.: —2

\/sz +cosh’(5x)
—2sin2x.cosh(cos Zx ))

csch 1 coth )

(ans.: xtanhr(fsech2f+2tanhf))
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o 3 2 . 2 2 2
nx. + fan cos X —Sin x+ 3tan” x.sec” x 1
36) y=lnSl X.cosx + ta X S

(ans.: 2 )
\/; sinx.cosx + tan” x 2x
37 =log, sinx ans. : €OLX
38) y=e™~"/ (ans.:(2x—5e’* )e~ /)
39) yp=e*m (ans.: (x’ sec’ x + 2xtanx )e* "~ )
csc 2x+3
40) =7 (ans. : =y ln7csc\/2x+3.cot\/2x+3)
\/2x+3
41) y= [ln(xz + 2)2]cosx (ans.: 4x;c-(:s2x —2In(x’ + 2)sinx)
X
42) y=sinh™ (tanx) (ans.: ‘sec x\)
43) y=\/1+(lnx)2 (ans.: Inx )
x\/1+ (Inx)’
X e’ (xlnx—1)
44 =€ ans. :
) Yy In x ( x(inx)’ )
— B _ c 22 B 2x’
45) y=xlog,(3—2x) (ans.:3x" log,(3 —2x) (3—2x)ln2)
2
=2cosh™ % + 2~/ x’ — =
46) y=2cosh 5 Zx/x 4 (ans \/x2_4)
2. Verity the following derivatives :
d l 3 1
| 5x + +—=)" |=6—-—
a) dx[sx (Vx wvid 3
d 2 1 2
b) —\/;(ax + bx +c¢c)|= (5ax” + 3bx + ¢)
dx [ ] 2\x
3. Find the derivative of y with respect to x in the following functions :
a) y= u’ and u=3x" -2 (ans. : 18x"y" )
T T (3x°=-2)
b) y=\/;+2u and u=x’-3 (ans.: > +4x)
. (e

19
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4. Find the second derivative for the following functions :

a) y:(x+i)3 (ans.:6x+i3+%
X X X
b) f(x)=\/2x+2\5 at x =2 (ans.:i)
Vx 4
3

c) x’=-2xy+y’-16x=0 (ans.:¥x ?)
5. Find the third derivative of the function :

g .

y=VX (ans. . 8y)

v(vu'"—uv'" )= 2v'(vi'—uv' )
3

6. Show for y=% that y''=

| 4 | %

7. Show for y =u.v that y'""=wv'""+3u’"v''+3u"v'+u""v.

8. Show that y=35x’ —30x° + 3 satisfies (I1—x’)y"-2xy'+20y=0.

9. Find % for the following implicit functions :

20
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“ 3x°+5y°x° + 4
2 =3 (ans.: Mk} A \/7

X 10x~'y - 2X
N
Y
b) xy + 1= (ans.:
VXY y zﬁ—x)
g F P iow? D
C) 3xy=(x3+y3)2 (ans.: = \/x £ y)
2x -3y \x’ + y’
2 2 -1
d) x’+xtan'y=y (ans.:(1+y iload y))

I1+y° —x
y\/l—(x—y)z +\/1—(xy)2
VI=(xy) =x/I-(x~-y)’

sec’ x — y’.cos(xy)
2y.sin( xy )+ xy’.cos( xy)

)

e) sin"'(xy)=cos'(x—-y) (ans.:

f) y .sin(xy)=tanx (ans.: )

g) sinhy=tan’ x (ans.: Z-talclo);.hsicz X )
10. Prove the following formulas :

a) %cotu=—csc2u%

b ) %cscu——cscucotu%

¢ ) %cos’uz \/Ifu L

d ) %see”u |u|\/u — z

e ) %smh u = cosh u. ili;l

I %cschu——cschucothuzz

- %Smh s \/I-iu r

h) %sec h™'u = - |u\\/1—u d”

11. Show that the tangent to the hyperbola x*- yz = ] at the point
P(coshu, sinhu) , cuts the x-axis at the point ( sechu , 0 ) and
except when vertical , cuts the y-axis at the point ( 0, -cschu ) .

21
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