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Fourier analysis 

Frequency Domain Representation 

 

1. Frequency response to a complex exponential sequence:  

Let the input to the linear shift invariant system be the complex 

exponential sequence; 𝑥(𝑛) = 𝑒𝑗𝑤𝑛 .   the corresponding output of LSI 

system with impulse response ℎ(𝑛) is given by convolution sum as 

follows: 

𝑦(𝑛) = ∑ ℎ(𝑘)𝑥(𝑛 − 𝑘)∞
𝑘=−∞    &   𝑥(𝑛) = 𝑒𝑗𝜔𝑛       

𝑦(𝑛) = ∑ ℎ(𝑘)𝑒𝑗𝜔(𝑛−𝑘)

∞

𝑘=−∞

= ∑ ℎ(𝑘)𝑒𝑗𝜔𝑛𝑒−𝑗𝜔𝑘

∞

𝑘=−∞

 

𝑦(𝑛) = 𝑒𝑗𝜔𝑛 ∑ ℎ(𝑘)𝑒−𝑗𝜔𝑘

∞

𝑘=−∞

 

𝑦(𝑛) = 𝑥(𝑛) ∗ 𝐻(𝑒𝑗𝜔) 

And the frequency Response is 

𝐻(𝑒𝑗𝜔) = ∑ ℎ(𝑘)𝑒−𝑗𝜔𝑘

∞

𝑘=−∞

 

• 𝐻(𝑒𝑗𝜔) is called frequency response of linear shift invariant system. 

• The output can be written in terms of 𝐻(𝑒𝑗𝜔) as 

𝑦(𝑛) = 𝑒𝑗𝜔𝑛. 𝐻(𝑒𝑗𝜔) 
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• The output 𝑦(𝑛) is a product of input signal 𝑥(𝑛)  and frequency 

response 𝐻(𝑒𝑗𝜔). 

• In general, 𝐻(𝑒𝑗𝜔) is a complex variable for each 𝑤 and can be given 

either rectangular and exponential form. 

𝐻(𝑒𝑗𝜔) = 𝐻𝑅𝑒(𝑒𝑗𝜔) + 𝐽𝐻𝐼𝑚(𝑒𝑗𝜔) 

= |𝐻(𝑒𝑗𝜔)|exp [𝑗 𝑎𝑟𝑔𝐻(𝑒𝑗𝜔)] 

Where the magnitude and phase of 𝐻(𝑒𝑗𝜔) are 

magnitude |𝐻(𝑒𝑗𝜔)| = √𝐻𝑅
2(𝑒𝑗𝜔) + 𝐻𝐼𝑚

2 (𝑒𝑗𝜔) 

phase 𝑎𝑟𝑔𝐻(𝑒𝑗𝜔) = 𝑡𝑎𝑛−1[
𝐻𝐼𝑚(𝑒𝑗𝜔)

𝐻𝑅𝑒(𝑒𝑗𝜔)
] 

 

EX: Determine the frequency response of  ℎ(𝑛) = 𝑢(𝑛) 

𝐻(𝑒𝑗𝜔) = ∑ ℎ(𝑛)𝑒−𝑗𝜔𝑛 = ∑ 𝑢(𝑛)𝑒−𝑗𝜔𝑛

∞

𝑛=−∞

∞

𝑛=−∞
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= ∑ 1. 𝑒−𝑗𝜔𝑛

∞

𝑘=0

 

𝐻(𝑒𝑗𝜔) =
1

1 − 𝑒−𝑗𝜔
 



Al-Mustaqbal University College 

Department of Medical Instrumentation Techniques Engineering 

Class: 3rd 

Subject: Digital Signal Processing 

Lecturer:  Dr. Rami Qays Malik 

Lecture: 6- Fourier analysis 

 

 

 



Al-Mustaqbal University College 

Department of Medical Instrumentation Techniques Engineering 

Class: 3rd 

Subject: Digital Signal Processing 

Lecturer:  Dr. Rami Qays Malik 

Lecture: 6- Fourier analysis 

 

 

EX: Determine the frequency response of the following system   

ℎ(𝑛) = 𝛿(𝑛) + 𝛿(𝑛 − 2) 

       Solution: 

       𝐻(𝑒𝑗𝜔) = ∑ ℎ(𝑛)𝑒−𝑗𝜔𝑛 = ∑ [𝛿(𝑛) + 𝛿(𝑛 − 2)]𝑒−𝑗𝜔𝑛∞
𝑛=−∞

∞
𝑛=−∞  

𝐻(𝑒𝑗𝜔) = 𝑒0 + 1. 𝑒−2𝑗𝜔 = 1 + 𝑒−2𝑗𝜔 

𝐻(𝑒𝑗𝜔) = 1 + 𝑐𝑜𝑠2𝜔 + 𝑗𝑠𝑖𝑛2𝜔 

 

  Some Geometric Series 

∑ 𝑛𝑎𝑛𝑒−𝑗𝜔𝑛 =
𝑎

(1 − 𝑎)2

∞

𝑛=−∞

 

∑ 𝑛2𝑒−𝑗𝜔𝑛 =
1

6
𝑛(𝑛 − 1)(2𝑛 − 1)

∞

𝑛=−∞

 

 


