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chapter two: Exercises and examples (Part 1)

Physical Operator

Dynamical In Classical In Quantum Mechanics- | In Quantum Mechanics-
Variable Mechanics 3D 1D
Position T, X,V,2 T X, ¥, 2
Momentum p = mv, p = —ihV A —lhi
Dy = mX Px = ox
Kinetic ener 2 . p? —h? _ 52 —h? 92
gy T p_ T = p_ = V2 ' X _
2m 2m Zam 2m __ 2m 0x?
Total ener E=T+V ~
9y + E=iho
Hamilton H=T+V H—_2V2+V . . —h* 9? Vet
~ 2m (r,6) X 2m dx2 (%)

Make Measurement l

Ay, (x)=a,y,(x)
|—> Result of Measurement

on a system in State n

a,: eigen value of the operator A

Eigen value equation

W(x): eigen function of the operator A

Example 1: By using the eigen value equation show that the function ¥(x) = e~** is an

eigen function of the operator 4 = aa_x

Solution:

A g —4x
A¥(x) = (™)

= —4e™ %

A¥(x) = a¥(x)

Then,

a=-—4

Y(x) =e

is the eigen value to the operator A = ;—x

is the eigen function to the operator A




Example 2: By using the eigen value equation show that the function W(x) = cos(4x) is
2
an eigen function of the operator — %

A¥(x) = _a_ cos(4x)

. d (0 d
A¥(x) = % (a cos(4x)> = 4asin(4x) = 16 cos (4x)

2

a =16 is the eigen value to the operator A = _aa?

: : . 92
W(x) = cos (4x) isthe eigen function to the operator pyes

Example 3: Prove that, the function W(x) = Ae~%* is an eigen function of the operator
F

d> 2 d 2«

F=—st+=—+
dx xdx x

Where 4, a are constant

Solution:

Fp =5 (Ae) + 2L (Ae) + 22 (4o
“ 2a 2a

Fy = a?(Ae %) — 7(Ae‘“x) + T(Ae‘“x)

Fy = a?(Ae™*)

Fy = a?y -~ Ae~% is an eigen function of the operator £

Example 4: Verify the following operator equation (% — y) (% + y) = (dd—; —y%+ 1)
(&) (G +2)v0 = (5 -2) (G +2)vo)
= (;—y - y) {dl/:l;y) +yy (y)}

dl/)(}/) Y()
dy{ & +yp(y )} {dy +y¢(y)}




d? d d
_ { Vo), (ytp(y))} - {y% + yzw(y)}

dy> ' dy
d*yY(y)  dp(y) di(y)
=52 Vg + 9 () —)’W—yzlﬁ()’)
_ 4y

a7 +yY ) - y*P )

d2
= (d—yz+1—y2>¢(J’)
()= ()

Normalization and expectation value

Example 5: Suppose that a particle moves in x direction for the interval (0 < x < 0.3),
Calculate the normalization constant for the wave function y(x) = Ae3*

The normalization condition is,
J () p(x)dx =1

0.3 _ _
f A*e 33X fge3X dx =1
0

0.3
IAIZJ dx =1
0
1A2(03) = 1

1Al =

—_

e3lx

P(x) =

2

Example 5: If (x, t) = A(ax — x?) is a normalized wave function in the period 0 <
x < a find:



1- The normalization constant
2- The expectation value of the position in x-direction (x)

Solution

f (o l2dx = 1

flAI2 (ax —x¥)%dx =1

0
a

|A]? J.(azx2 —2ax3 4+ xHdx =1
0

x3 x*  x51¢
2.2% 5 4 A
|A| [a 3 2a 1 + o| = 1

0

2(15 a® a’
4] [?_7+?]‘1

AZaS ) 4 |30
A1 35 = =

as
W) = |35 (ax —x?)

(2)

*

a afl |5 a5
(x)=j lp*a?z,bdxzj %(ax—xz) x %(ax—xz)

a5 a
= %fo (ax — x?)? dx

dx



30

x (ax —x?)%dx = f(a — 2ax* + x3)dx

0
30 ,x* 2x5+x6a 30 30 a® a
= 5| e 6| ~a T 2560
(x) ==

(x=x0)?%

Example 6: Normalize the wave function Y(x,t) = Ae” 2z e Po*/h

Gex)” )’
2 i p.x /T * .2 —ipx/h
l//(JC):A e 2a e.-pnﬁb 1 W (x):A e 2a e ip.x/h

(x-x,)?
2 # a’
w(x) =44 e

_ﬂy/(x)‘z dx =1

(x—x,)

AA" [e  dx=1 let (x—x)=z=>dx=dz

2

co A co A
AA*f e a’dz = Zf e a?dz = am
—0o0 0

. n o —ax? 1 n+1 T
Usefullintegral x"e dx = — I‘( 2 )
0 2a 2
AA a7 =1
x 1
AA =

avr



1

IfAisreal then A = A* = (ai\/ﬁ)E

Example 7: Suppose that a particle moves in x direction for the period (0 < x < 0.5), in the
wave function W(x) = Ae™*” find:

1- normalization constant.
2- The expectation value of (x), (p,), (T})

j'w*(xm(x)dx =1

5
A" e~ fgei*?dx = 1

Ok_.__ﬁ_o

0.5

|A|2f dx =1
0
A=\2

0.
<x >= fwxwdx—ffe_‘x "xdx—Zojxdx:
< Py >:f1,b i,bdx—f V2 emix’ (—Lhaax)\ffeixzdx

05 i 0.5
(py) = —iZhj e ¥ (2ix)e™ dx = 4hj x dx
0 0

_h
(px> - E
H.W. Find (T,)

H.W. : Suppose that a particle moves in the interval (0 < x < 2), if the probability density is
given by, |¥|? = 1—2 (x? — %), Find the expectation value of the position (x).



