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  Seventh Lecture



chapter two: Exercises and examples (Part 1) 

Physical Operator 

Dynamical 

Variable 

In Classical 

Mechanics 

In Quantum Mechanics-

3D 

In Quantum Mechanics-

1D 

Position 𝑟, 𝑥, 𝑦, 𝑧 �̂� �̂�, �̂�, �̂� 

Momentum 𝑝 = 𝑚�⃑�,     

𝑝𝑥 = 𝑚�̇� 

�̂� = −𝑖ℏ𝛁 
�̂�𝑥 = −𝑖ℏ

𝜕

𝜕𝑥
 

Kinetic energy 
𝑇 =

𝑝2

2𝑚
 �̂� =

�̂�2

2𝑚
=

−ℏ2

2𝑚
𝛁2 �̂�𝑥 =

�̂�𝑥
2

2𝑚
=

−ℏ2

2𝑚

𝜕2

𝜕𝑥2
 

Total energy 𝐸 = 𝑇 + 𝑉 
�̂� = 𝑖ℏ

𝜕

𝜕𝑡
 

 

Hamilton 𝐻 = 𝑇 + 𝑉 
�̂� =

−ℏ2

2𝑚
𝛁2 + 𝑉(𝒓, 𝑡) �̂�𝑥 =

−ℏ2

2𝑚

𝜕2

𝜕𝑥2
+ 𝑉(𝑥, 𝑡) 

 

 

𝑎𝑛: eigen value of the operator �̂�             Ψ(𝑥): eigen function of the operator �̂�          

Eigen value equation 

Example 1: By using the eigen value equation show that the function Ψ(𝑥) = 𝑒−4𝑥 is an  

eigen function of the operator �̂� =
𝜕

𝜕𝑥
  

Solution:  

�̂�Ψ(𝑥) =
𝜕

𝜕𝑥
(𝑒−4𝑥) 

= −4𝑒−4𝑥 

�̂�Ψ(𝑥) = 𝑎Ψ(𝑥) 

Then,  

𝑎 = −4      is the eigen value to the operator �̂� =
𝜕

𝜕𝑥
 

Ψ(𝑥) = 𝑒−4𝑥      is the eigen function to the operator �̂� 



Example 2: By using the eigen value equation show that the function Ψ(𝑥) = cos(4𝑥) is 

an eigen function of the operator −
𝜕2

𝜕𝑥2
 

 �̂�Ψ(𝑥) = −
𝜕2

𝜕𝑥2
 cos(4𝑥) 

�̂�Ψ(𝑥) = −
𝜕

𝜕𝑥
 (

𝜕

𝜕𝑥
cos(4𝑥)) = 4

𝜕

𝜕𝑥
sin(4𝑥) = 16 cos (4𝑥)  

𝑎 = 16      is the eigen value to the operator �̂� = −
𝜕2

𝜕𝑥2
 

Ψ(𝑥) = cos (4𝑥)       is the eigen function to the operator  
𝜕2

𝜕𝑥2
 

Example 3: Prove that, the function Ψ(𝑥) = 𝐴𝑒−𝛼𝑥 is an eigen function of the operator 

�̂� 

  

Where 𝐴, 𝛼 are constant 

Solution: 

 �̂�𝜓 =
𝑑2

𝑑𝑥2
(𝐴𝑒−𝛼𝑥) +

2

𝑥

𝑑

𝑑𝑥
(𝐴𝑒−𝛼𝑥) +

2𝛼

𝑥
(𝐴𝑒−𝛼𝑥) 

�̂�𝜓 = 𝛼2(𝐴𝑒−𝛼𝑥) −
2𝛼

𝑥
(𝐴𝑒−𝛼𝑥) +

2𝛼

𝑥
(𝐴𝑒−𝛼𝑥) 

�̂�𝜓 = 𝛼2(𝐴𝑒−𝛼𝑥) 

�̂�𝜓 = 𝛼2𝜓             ∴  𝐴𝑒−𝛼𝑥 is an eigen function of the operator �̂� 

Example 4: Verify the following operator equation (
𝑑

𝑑𝑦
− 𝑦) (

𝑑

𝑑𝑦
+ 𝑦) = (

𝑑2

𝑑𝑦2
− 𝑦2 + 1) 

(
𝑑

𝑑𝑦
− 𝑦) (

𝑑

𝑑𝑦
+ 𝑦) 𝜓(𝑦) = (

𝑑

𝑑𝑦
− 𝑦) {(

𝑑

𝑑𝑦
+ 𝑦) 𝜓(𝑦)} 

= (
𝑑

𝑑𝑦
− 𝑦) {

𝑑𝜓(𝑦)

𝑑𝑦
+ 𝑦𝜓(𝑦)} 

=
𝑑

𝑑𝑦
{

𝑑𝜓(𝑦)

𝑑𝑦
+ 𝑦𝜓(𝑦)} − 𝑦 {

𝑑𝜓(𝑦)

𝑑𝑦
+ 𝑦𝜓(𝑦)} 



= {
𝑑2𝜓(𝑦)

𝑑𝑦2
+

𝑑

𝑑𝑦
(𝑦𝜓(𝑦))} − {𝑦

𝑑𝜓(𝑦)

𝑑𝑦
+ 𝑦2𝜓(𝑦)} 

=
𝑑2𝜓(𝑦)

𝑑𝑦2
+ 𝑦

𝑑𝜓(𝑦)

𝑑𝑦
+ 𝜓(𝑦) − 𝑦

𝑑𝜓(𝑦)

𝑑𝑦
− 𝑦2𝜓(𝑦) 

=
𝑑2𝜓(𝑦)

𝑑𝑦2
+ 𝜓(𝑦) − 𝑦2𝜓(𝑦) 

= (
𝑑2

𝑑𝑦2
+ 1 − 𝑦2) 𝜓(𝑦) 

 ∴    (
𝑑

𝑑𝑦
− 𝑦) (

𝑑

𝑑𝑦
+ 𝑦) = (

𝑑2

𝑑𝑦2
− 𝑦2 + 1) 

 

Normalization and expectation value 

Example 5: Suppose that a particle moves in x direction for the interval (0 ≤ 𝑥 ≤ 0.3), 

Calculate the normalization constant for the wave function 𝜓(𝑥) = 𝐴𝑒3𝑖𝑥  

The normalization condition is, 

 

∫ 𝐴∗𝑒−3𝑖𝑥𝐴𝑒3𝑖𝑥
0.3

0

𝑑𝑥 = 1 

|𝐴|2 ∫ 𝑑𝑥
0.3

0

= 1 

|𝐴|2(0.3) = 1 

 

|𝐴| =
1

√0.3
 

𝜓(𝑥) =
1

√0.3
𝑒3𝑖𝑥 

 

Example 5: If 𝜓(𝑥, 𝑡) = 𝐴(𝑎𝑥 − 𝑥2) is a normalized wave function in the period 0 ≤

𝑥 ≤ 𝑎 find: 



1- The normalization constant 

2- The expectation value of the position in x-direction 〈𝑥〉 

Solution  

 

 

 

 

  

 

 

𝜓(𝑥) = √
𝑎5

30
 (𝑎𝑥 − 𝑥2) 

(2) 

〈𝑥〉 = ∫ 𝜓∗
𝑎

0

�̂� 𝜓 𝑑𝑥 = ∫ (√
𝑎5

30
 (𝑎𝑥 − 𝑥2))

∗

𝑎

0

𝑥 (√
𝑎5

30
 (𝑎𝑥 − 𝑥2))  𝑑𝑥 

=
𝑎5

30
∫ (𝑎𝑥 − 𝑥2)2

𝑎

0

𝑑𝑥 



 

〈𝑥〉 =
𝑎

2
 

Example 6:  Normalize the wave function 𝝍(𝒙, 𝒕) = 𝑨𝒆
−

(𝒙−𝒙𝒐)𝟐

𝟐𝒂𝟐 𝒆−𝒊𝒑𝒐𝒙 ℏ⁄  

 

 

 

 

 

𝐴𝐴∗ ∫ 𝑒
−

𝑧2

𝑎2𝑑𝑧 = 2 ∫ 𝑒
−

𝑧2

𝑎2𝑑𝑧 = 𝑎√𝜋
∞

0

 
∞

−∞

 

𝑼𝒔𝒆𝒇𝒖𝒍𝒍 𝒊𝒏𝒕𝒆𝒈𝒓𝒂𝒍                     ∫ 𝒙𝒏

∞

𝟎

𝒆−𝜶𝒙𝟐
𝒅𝒙 =

𝟏

𝟐 𝜶
𝒏+𝟏

𝟐

 𝚪 (
𝒏 + 𝟏

𝟐
)                       Γ(

1
2

) = √𝜋 

 



If A is real then 𝐴 = 𝐴∗ = (
1

𝑎√𝜋
)

1

2
 

Example 7: Suppose that a particle moves in x direction for the period (0 ≤ 𝑥 ≤ 0.5), in the 

wave function Ψ(𝑥) = 𝐴𝑒𝑖𝑥2
  find: 

1- normalization constant. 

2- The expectation value of 〈𝑥〉, 〈𝑝𝑥〉, 〈𝑇𝑥〉 

 

 

 

〈𝑝𝑥〉 = −𝑖2ℏ ∫ 𝑒−𝑖𝑥2
(2𝑖𝑥)𝑒𝑖𝑥2

𝑑𝑥
0.5

0

= 4ℏ ∫ 𝑥 𝑑𝑥
0.5

0

 

〈𝑝𝑥〉 =
ℏ

2
 

H.W.  Find 〈𝑇𝑥〉 

H.W. : Suppose that a particle moves in the interval (0 ≤ 𝑥 ≤ 2), if the probability density is 

given by, |Ψ|2 =
15

16
(𝑥2 −

𝑥4

4
), Find the expectation value of the position 〈𝑥〉. 


