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Triple integral  

If f(x, y, z) is a function defined on a closed bounded region D in space, such as the 

regionoccupied by a solid ball or a lump of clay, then the integral of f over D may be defined 

inthe following way.   

  

a- Surface area   

Let f (x, y) be a differentiable function. As we have seen, z=f(x, y) defines a surfacein x y 

z-space. In some applications, it necessary to know the surface area of the surface above some 

region R in the xy-plane. See the figure 1.  

  

z  

  

  

  

  

Examples  

 

1. Double integral 

a- Cartesian form 

1- Find the limits of the following integral   

  

y   x   

R   

Z = (x, y)   

https://math.oregonstate.edu/home/programs/undergrad/CalculusQuestStudyGuides/vcalc/multvar/multvar.html#surface
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  (a)                                                                  (b)  

 

  (c)                                                                 (d)  

 

 
  

(e)  

  

  

  

d e 
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2- Evaluate the following  

 

( a )     ( b)    

  

  

b 

c 
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                     Figure 1                                           Figure 2  
  

g - bounded by the area in fig. 3   

h -                      bounded by the area in fig. 4   

i -                         bounded by the area in fig. 5   

  

 xy     dy   dx 8 + 1  ⬚ ∫    

2 

1 

3 

0 
a b 

c d 

e 

f 

bounded by the area in fig.1 

bounded by the area in fig.2 
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                                                          Figure 3                           figure4   

  

  

 
  

Figure 5  

  

R   

R   
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Solution 

  

a 

b 
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c 

d 

e 

f 
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b- Poalr form  

1- Find the limits of the following integral   

  

  

   
  

  (a)                                                                     (b)  

a-                                                     

  
  

2- Evaluate the following  

b 

a 
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𝒅𝑨-bounded by area shown in fig.8 

  𝑨 

 
  

                    Figure 6                                         figure7 

  

  

Figure 8  

  

n   

f   

v   

  

a b 

c d 

e 

f 

bounded by area shown in fig.6 

bounded by area shown in fig.7 

g 
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Solution   

  

  

 

  

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 
  

    

  

  

  

a 

b 

c 

d 

e 
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c- Change of variables   

Evaluate the following integrals in polar form  

  

 

  

  

  

  

  

  

  

  

  

f 

g 

a 

b 

c 

e 

d 
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                                   where s is the area bounded in fig.10  

  

  

                    where T is the area bounded in fig.9  

  

  

 

 
  

Figure 10  Figure 9  
 

 

 

 

 

 

 

 

 

   

f 

h 
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Solution   

  

 

  

 

  

a -     

𝑥 2 =   4 − 𝑦 2                 ,         𝑥 1 = 0   

𝑦 2 = 2                                           ,         𝑦 1 = 0   

𝑓   𝑥 , 𝑦   = 𝑥 2 + 𝑦 2 = 𝑟 2           ,         𝑑𝑥𝑑𝑦 = 𝑟𝑑𝑟𝑑𝜃 

  

=     𝑟 2 
𝑟 2 = 2 

𝑟 1 = 0 

𝜃 2 = 𝜋 
2 

𝜃 1 = 0 
  𝑟𝑑𝑟𝑑𝜃   

=     𝑟 3 
𝑟 2 = 2 

𝑟 1 = 0 

𝜃 2 = 𝜋 
2 

𝜃 1 = 0 
𝑑𝑟𝑑𝜃 =   

𝑟 4 

4 

𝜋 2   

0 
  

2 

0 

  𝑑𝑟𝑑𝜃   

𝑥 =   4 − 𝑦 2   

𝑑𝑟 
  

𝑟𝑑𝜃 
  

  

b -     

  

𝑦 2 = 𝑥                 ,         𝑦 1 = 0     

𝑥 2 = 2                   ,         𝑥 1 = 0     

  

𝑓   𝑥 , 𝑦   = 𝑦 = 𝑟 sin 𝜃           ,         𝑑𝑥𝑑𝑦 = 𝑟𝑑𝑟𝑑𝜃   

  

  

  

  

𝑦 = 𝑥   

𝑑𝑟 
  

𝑟𝑑𝜃 
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c-   
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e-   

  

  

 

  

f-   

  

  

  

  

  

  

  

𝑦 =   2 − 𝑥 2   
𝑦 = 𝑥 
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h-  

  

  

  

  

  

 

  

d- Triple integral   

Evaluate the following integrals:  

                                                                          

  

  

 

  

Solution  

  

a 

-  -     

b 

c 
d 

e 
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a-   

  

  

  

b-   

  

  

  

  

c-   

  

  

 

 

  

d-   

  

  

  

e-   

  

  

  

  

e- Surface area   

Find the area of the following surfaces:  

a- 𝑍=𝑓(𝑥,𝑦)=6−3𝑥−2𝑦lies in the region shown in fig. 11  
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b- 𝑍=𝑥2+𝑦2          lies in the region shown in fig. 12  

  2 

   Figure 11  Figure 12  

Solution   

a- 𝑍=6−3𝑥−2𝑦  

  
  

  

  

  

  

  

  

  

  

  

  

𝑦 = − 
3 
2 
𝑥 + 3   

𝑥 2 + 𝑦 = 9   
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b- 

  


