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Special Functions

Exponential and Logarithm functions:

Exponential functions: If a is a positive number and x is any number, we
define the exponential function as:

y=a° | withdomain:-o < x < oo

Range: y>0
The properties of the exponential functions are:

Afa>0< a*>0.

ad=a"”

ax/ay=a”’
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4. (a" ) =a”
5.(a.b)"=a".b".
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L@ =@ = (@)
1
Lat = e & a*=1/a™*

A =de x=y.
. 1,

a® =0, a =0, where a>1

a® =0, a® =o, wherea<1 _/ —L>y=a"

The graph of the exponential function y = a” is :
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Logarithm function : If a is any positive number other than 7 , then
the logarithm of x to the base a denoted by :
y =logux where x > 0

Ata=e=27182828... ,we get the natural logarithm and denoted by :
y=lnx

Let x, y > 0 then the properties of logarithm functions are :
lLy=ae x =log,y andy=¢'< x=Iny.

2. log.x =lInx.

3. log,x =Ilnx/Ina.

4.In(xy)=Inx+iIny.
S5.In(x/y)=Ilnx-Iny.
6.Inx"=n.lnx.

7.Ine=log,a =1andiIn1=1og,1 =0.
8 a* =exna

9. eln* = x.
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The graph of the function y =/n x is :

y=Ilnx ox=¢, e=2.7

Domain: (0, o) 1

A

Range: R

i( xee=F00=Y=nX /

F(f) = lV,C = l =2 [67‘)

Hyperbolic Functions:
The Hyperbolic Functions are certain combinations of the exponential functions

e*and e™™ they are: y=sinh x

(i)Hyperbolic Sine (Sinh): y = sinhx = ex_ze_x

Domain: R, Range: R

(ii)Hyperbolic Cosin (cosh): y = coshx = ex_l_;—x vaxosh
Domain:R, Range: (1, ) < >
(iii)Hyperbolic tangent (tanh): y = tanhx = :::: '

Domain: R 1A
Range: (—1,1) w
/
_]_v
(iv)Hyperbolic cotangent (coth): y = cothx = :?_r:: R
Domain: R — {0} K
Range:{y:y<-1 or y>1 (0,1)

A
v

; (0,-1)
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(v)Hyperbolic Secant (Sech): y = sechx = e"+eV "

Domain: R < l >

Range: (0,1)

(vi)Hyperbolic cosecant (Csch): y = cschx =

2
Domain: R — {0} { k
Range:R — {0} < l

Relationships among
Hyperbolic Function

1- cosh?x —sinh?x =1
2- sech?x +tanh?x =1
3- coth?x—csch®x=1

Functions of negative arguments
1 - Sinh(=X ) = — SinhX

2 - Cosh (=X ) = Cosh¥

3 - tanh (=X ) = — tanhy

4 - Coth (=X ) = — Cothy

5 -Sech(=X ) = Sechy

6 - Csch(=x ) = —Cshx

Addition Formula:
1 - Sinh (X % y) = Sinhx Coshy % Cosh)Sinhy
2 - Cosh (X £ y) = Coshx Coshy + Sinh¥ Sinhy

Double angle formula:

1 —sinh 2x = 2 sinh x cosh x

2 - cosh 2x = cosh? x + sinh? x
=1+ 2sinh?x
= 2cosh?x —1
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Ex:Lettanhu = —

hyperbolic functions.

Sol:
cothu =

tanhu 7 9 5
4 4
tanh? u + sech?u =1 :a+sech2u =1=sechu==

1 25
coshu = = —
sechu 24
. sinhu 7 sinhu .
sincetanhu = = ——=—5— = sinhu=—-——
coshu 25 =2
1 24 2
cschu = — =—=.
sinhu 7

1 25

)

7
24

—, determine the values of the remaining five

25

Ex: Rewrite the following expressions in terms in terms of exponentials
Write the final result as simply as you can:

a)2 cosh(Inx), b) tanh (In x)
¢) cosh5x + sinh5x, d) (sinhx + coshx)?.
Sol:
nx, ,—Inx
a) 2cosh(lnx) = 2.2 +2e =X +§
nx —lnx -1 2_
b) tanh(lnx) = ——— = Y

c) cosh 5x + sinh 5x = 2

d) (sinh x

elnx+e—lnx x+l X241

X
5X 4 o—5x edX_g—5%

e¥—e %  eXte~x\*
+ coshx)* = ( —+ ) = e*,

Inverse Trigonometric Function
1 — Inverse Sine (Sin @)

y=sin‘ | = arc sin & x = siny

— Sy =X

45° = sin

1_

V3 . -
, —=sin"11
2

JyTcTae

2 — Inverse cosine (cos™!x)

y =cos™!x = arccos < x = cosy
30° = cos_lg, ?z cos 30°
Dy-1<x<1, R,0<y<m

3 (w{» s wi)

Dy

o

3

:—90

-1

—1<x<1
Ry

<y<90

1

-

2o = Coi'E > [30=C l
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3 — Inverse tangent (tan™! x)

y=tan"lx = arctan & x = tany

45° =tan"11, 1 = tan 45°
T A

Dx:R, Ry:—;<y<;

4 — Inverse of cotangent cot™! x
y = Cot™'x = arcCoty & )y = Coty

MY
PR —— . - &
\ y
’%\‘Wﬂ
Domain: R + + e ——
Range: (0, 17)
5 — Inverse secant (Sec -1)
y = Sec™ly = arcSecy » y = Secy
Domain: (— e, —1] U [1, +=)
4
T
i
= —\— - S ,“
\ 4
: /[ ey
+\ o \ 7

Range: [Og) U (gn]

6 — Inverse Csc (Csc™! x)
y = Csc Yy = arcCscy » y =Cscy

Domain: (=, —1] U [1, +«)
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Range: (— % 0] U [0, g)

The following are some properties of the inverse trigonometric functions:
1) sin"1(—x) = —sin"lx
2) cos }(—x)=m—cos1x
3) sin"lx+coslx = %
4) tan"1(—x) = —tan"lx

1
5) cot™lx = % —tan~lx, 6) sec’lx =cos 1=
g1 _ _
7)csc™l x = sin 1;, 8)sec™}(—x) =m —sec lx
- 1 .
and noted that (sinx)™! = <7 = cscx # sin Ly
. . _1V3 .
Ex: Given that a = sin 1%, find: 2 V3
csca,cosa,seca,tana,and cota 1
Sol:
a=sin_1§ = sina=g=§ >r=+v4-3=1
2 1 1
csca =, cosa =,seca = 2,tana = V3, and cota = =
Ex: Evaluate the following expressions:
1 - - - .
a) sec(cos™?! ~), b)sin 11 —sin™1(-1), ¢)cos™1(— smg)
Sol:
a) sec(cos™ 1%) = sec— =2
b)sin~11 —sin71(-1) —g—(—g) =7
¢) cos~1(—sin ) = cos 1( %) =—7T
Ex: Prove that.
_ 11 . o
a) sec lx = cos 1;, b)sin"1(—x) = —sin"1x
Sol:
_ 11
a) Let y=sec lx=x=secy =X ===y =cos 1=
-1 11
= sec lx =cos 1=
b) let y=—sin"lx = x = sin(—y) = x = —siny
= y =sin"!(—x) = sin!(—x) = —sin"1 x
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