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CHAPTER THREE

Special Functions

Exponential and Logarithm functions:

Exponential functions: If a is a positive number and x is any number, we
define the exponential function as:
y = ax with domain: -҄���[�<҄�

Range: y > 0
The properties of the exponential functions are:

1. If a > 0฻ ax > 0 .
2. ax. ay = ax+y
3. ax / ay = ax-y
4. ( ax )y = axy
5. ( a . b )x = ax . bx .

6. �࢟࢒࢞ࢇ = ξ࢞ࢇ
࢟ = ࢇ)

૚
࢟)࢞

7. ࢞ିࢇ = ૚
࢞ࢇ
& ࢞ࢇ = ૚/࢞ିࢇ.

8. ax = ay฻ x = y .
9. a0 = 1 ,
ஶࢇ ൌ λ , ஶିࢇ = ૙, ࢇ��ࢋ࢘ࢋࢎ࢝ > 1

ஶࢇ = ૙, ஶିࢇ ൌ λǡ ࢇ�ࢋ࢘ࢋࢎ࢝ < 1 y =ax

The graph of the exponential function y = ax is :

Logarithm function : If a is any positive number other than 1 , then
the logarithm of x to the base a denoted by :
y = logax where x > 0
At a = e = 2.7182828… , we get the natural logarithm and denoted by :
y = ln x
Let x , y > 0 then the properties of logarithm functions are :
1. y = ax฻ x = ࢇ܏ܗܔ ࢟ and y = ex฻ ࢞ = ܖܔ ࢟.
2. ࢋ܏ܗܔ ࢞ = ln x .
3. ࢇ܏ܗܔ ࢞ = ln x / ln a .

4. ln (x.y) = ln x + ln y .
5. ln ( x / y ) = ln x – ln y .
6. ln xn = n. ln x .
7. ln e = ࢇ܏ܗܔ ࢇ = 1 and ln 1 = ࢇ܏ܗܔ ૚ = 0 .
8. ࢞ࢇ = ࢇ��࢔࢒࢞ࢋ
9. ࢞�࢔࢒ࢋ = ࢞.
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The graph of the function y = ln x is : y=ln x

࢟ = �฻࢞�࢔࢒ ࢞ = ,࢟ࢋ ࢋ = ૛.ૠ

:࢔࢏ࢇ࢓࢕ࡰ (૙ǡ λሻ 1

ࡾ:ࢋࢍ࢔ࢇࡾ e

Hyperbolic Functions:
The Hyperbolic Functions are certain combinations of the exponential functions

݁௫ܽ݊݀�݁ି௫݁ݎܽ�ݕ݄݁ݐ�: y=sinh x

(i)Hyperbolic Sine (Sinh):ݕ��� = sinhݔ = ௘ೣି௘షೣ

ଶ

ܴ:ܴ݁݃݊ܽ����������������������������������������,ܴ:݊݅ܽ݉݋ܦ

(ii)Hyperbolic Cosin (cosh):ݕ���� = cosh ݔ = ݔെ݁+ݔ݁

2 (0,1) y=cosh

ǣܴ݁݃݊ܽ����������������������������������������,ܴ:݊݅ܽ݉݋ܦ ሺͳǡλሻ

(iii)Hyperbolic tangent (tanh):ݕ��� = tanh ݔ = ݔെ݁െݔ݁

ݔെ݁+ݔ݁

��������ܴ:݊݅ܽ݉݋ܦ 1

�ܴܽ݊݃݁ǣ ሺെͳǡͳሻ y=tanh x

-1

(iv)Hyperbolic cotangent (coth):ݕ��� = coth ݔ = ݔെ݁+ݔ݁

ݔെ݁െݔ݁

ܴ:݊݅ܽ݉݋ܦ െ ሼͲሽ

ܴܽ݊݃݁: ݕ:ݕ} ൏ െͳݕ��ݎ݋��� > 1 (0,1)

(0,-1)

Mobile User
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(v)Hyperbolic Secant (Sech):ݕ��� = sechݔ = ଶ
௘ೣା௘షೣ

ܴ:݊݅ܽ݉݋ܦ

ܴܽ݊݃݁: (0,1)

(vi)Hyperbolic cosecant (Csch):ݕ��� = cschݔ = ଶ
௘ೣି௘ೣ

ܴ:݊݅ܽ݉݋ܦ െ ሼͲሽ

ܴܽ݊݃݁:ܴ െ ሼͲሽ

Relationships among
Hyperbolic Function
1 - coshଶ ݔ െ ����ଶ ݔ = 1
2 - sechଶ ݔ + tanhଶ ݔ = 1
3 - cothଶ ݔ െ ����ଶ ݔ = 1
Functions of negative arguments
1 - Sinh(෥˴�)  �෥�Sinh˴�
2 - Cosh (෥˴�) = Cosh˴�
3 - tanh (෥˴�)  �෥�tanh˴�
4 - Coth (෥˴�)  �෥�Coth˴�
5 - Sech(෥˴�) = Sech˴�
6 - Csch(෥˴�)  �෥Csh˴

Addition Formula:
1 - Sinh (˴�s�y) = Sinh˴�Coshy ˩�Coshy Sinhy
2 - Cosh (˴�s�y) = Cosh˴�Coshy ± Sinh˴�Sinhy

Double angle formula:
1 – sinh2ݔ = 2 sinh ݔ cosh ݔ
2 - cosh2ݔ = coshଶ ݔ + sinhଶ ݔ

= 1 + 2 sinhଶ ݔ
= 2coshଶ ݔ െ ͳ
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:ݔܧ ݐ݁ܮ tanhݑ ൌ െ ଻
ଶହ
, �݁ݒ݂݅�݃݊݅݊݅ܽ݉݁ݎ�݄݁ݐ�݂݋�ݏ݁ݑ݈ܽݒ�݄݁ݐ�݁݊݅݉ݎ݁ݐ݁݀

.ݏ݊݋݅ݐܿ݊ݑ݂�݈ܿ݅݋ܾݎ݁݌ݕ݄
:݈݋ܵ
cothݑ = ଵ

୲ୟ୬୦௨
ൌ െ ଶହ

଻
,

tanhଶ ݑ + sechଶ ݑ = 1 ֜ ସଽ
଺ଶହ

+ sechଶ ݑ ൌ ͳ ֜ ���ݑ� = ଶସ
ଶହ

coshݑ = ଵ
ୱୣୡ୦௨

= ଶହ
ଶସ
,

݁ܿ݊݅ݏ tanhݑ = ୱ୧୬୦௨
ୡ୭ୱ୦௨

֜ െ ଻
ଶହ
= ୱ୧୬୦௨

మఱ
మర

֜ ݑ���� ൌ െ ଻
ଶସ

cschݑ = ଵ
ୱ୧୬୦௨

ൌ െ ଶସ
଻
.

ݏ݈ܽ݅ݐ݊݁݊݋݌ݔ݁�݂݋�ݏ݉ݎ݁ݐ�݊݅�ݏ݉ݎ݁ݐ�݊݅�ݏ݊݋݅ݏݏ݁ݎ݌ݔ݁�݃݊݅ݓ݋݈݈݋݂�݄݁ݐ�݁ݐ݅ݎݓܴ݁:ݔܧ
:݊ܽܿ�ݑ݋ݕ�ݏܽ�ݕ݈݌݉݅ݏ�ݏܽ�ݐ݈ݑݏ݁ݎ�݈݂ܽ݊݅�݄݁ݐ�݁ݐ݅ݎܹ
ܽ)2 cosh(ln (ݔ ,������������������ܾ) tanh (ln (ݔ
ܿ) cosh ݔ5 + sinh5ݔ ,�������݀) (sinhݔ + coshݔ)ସ.
:݈݋ܵ
ܽ) 2 cosh(ln (ݔ = 2. ௘

ౢ౤ೣା௘ష ౢ౤ೣ

ଶ
= ݔ + ଵ

௫

ܾ) tanh(ln (ݔ = ௘ౢ౤ೣି௘ష ౢ౤ೣ

௘ౢ౤ೣା௘ష ౢ౤ೣ
= ௫ିభೣ

௫ାభೣ
= ௫మିଵ

௫మାଵ

ܿ) cosh ݔ5 + sinh5ݔ = ௘ఱೣା௘షఱೣ

ଶ
+ ௘ఱೣି௘షఱೣ

ଶ
= ݁ହ௫

݀) (sinhݔ + coshݔ)ସ = ቀ௘
ೣି௘షೣ

ଶ
+ ௘ೣା௘షೣ

ଶ
ቁ
ସ
= ݁ସ௫.

Inverse Trigonometric Function -1 1
1 – Inverse Sine (Sin -1)
ݕ = sinିଵ ݔ = ฻݊݅ݏ�ܿݎܽ ݔ = sinݕ

45° = sinିଵ ଵ
ξଶ
, గ

ଶ
= sinିଵ 1 ௫ܦ : െ ͳ ൑ ݔ ൑ ͳ

���������������������������������������������������������������������ܴ௬ : െ ͻͲ ൑ ݕ ൑ ͻͲ

ʹ െ cosିଵ)���݁݊݅ݏ݋ܿ�݁ݏݎ݁ݒ݊ܫ (ݔ
ݕ = cosିଵ ݔ = ฻ݏ݋ܿ�ܿݎܽ ݔ = cosݕ
30° = cosିଵ ξଷ

ଶ
, ξଷ

ଶ
= cos 30°

௫ǣܦ െͳ ൑ ݔ ൑ ͳǡ�����������ܴ௬ǣ Ͳ ൑ ݕ ൑ ߨ -1 1
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͵ െ tanିଵ)�ݐ݊݁݃݊ܽݐ�݁ݏݎ݁ݒ݊ܫ (ݔ
ݕ = tanିଵ ݔ = ฻݊ܽݐ�ܿݎܽ ݔ = tanݕ
45° = tanିଵ 1 , 1 = tan45°
௫:ܴ,�����������ܴ௬ǣܦ െ గ

ଶ
< ݕ < గ

ଶ

4 – Inverse of cotangent cotିଵ ݔ
�ݕ = �ݔଵିݐ݋ܥ� = ֞�߯�ݐ݋ܥ�ܿݎܽ� ߯� = ݕ�ݐ݋ܥ�

Domain: R
Range: (0 , ˭�)

5 – Inverse secant (Sec -1)
�ݕ = �ܵ݁ܿିଵ߯� = �߯ܿ݁ܵ�ܿݎܽ� ՜ ߯� = ݕ�ܿ݁ܵ�

Domain: (í�෱��í�] U [1,��෱)

ܴܽ݊݃݁: ቂ0, గ
ଶ
ቁ ׫ ቀగ

ଶ
�ቃߨ,

͸ െ Inverse Csc (Cscିଵ (ݔ
�ݕ = �ଵ߯ିܿݏܥ� = �߯ܿݏܥ�ܿݎܽ� ՜ �߯� = ݕ�ܿݏܥ

Domain: (í�෱��í�] ׫ [1,��෱)
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ܴܽ݊݃݁: ቀെ గ
ଶ
, 0ቃ ׫ ሾͲǡ గ

ଶ
)

:ݏ݊݋݅ݐܿ݊ݑ݂�ܿ݅ݎݐ݁݉݋݊݋݃݅ݎݐ�݁ݏݎ݁ݒ݊݅�݄݁ݐ�݂݋�ݏ݁݅ݐݎ݁݌݋ݎ݌�݁݉݋ݏ�݁ݎܽ�݃݊݅ݓ݋݈݈݋݂�݄݁ܶ
1) sinିଵሺെݔሻ ൌ െ ���ିଵ ݔ
2) cosିଵሺെݔ) = ߨ െ ���ିଵ ݔ
3) sinିଵ ݔ + cosିଵ ݔ = గ

ଶ
4) tanିଵሺെݔሻ ൌ െ ���ିଵ ݔ
5) cotିଵ ݔ = గ

ଶ
െ ���ିଵ ݔ , 6) secିଵ ݔ = cosିଵ ଵ

௫

7) cscିଵ ݔ = sinିଵ ଵ
௫
, 8) secିଵሺെݔ) = ߨ െ ���ିଵ ݔ

sin)�ݐ݄ܽݐ�݀݁ݐ݋݊�݀݊ܽ ଵି(ݔ = ଵ
ୱ୧୬௫

= csc ݔ ് ���ିଵ ݔ

ߙ�ݐ݄ܽݐ�݊݁ݒ݅ܩ:ݔܧ = sinିଵ ξଷ
ଶ
, ݂݅݊݀: 2 ξ3

cscߙ , cosߙ , secߙ , tanߙ , ܽ݊݀ cotߙ 1
:݈݋ܵ
ߙ = sinିଵ ξଷ

ଶ
֜ sinߙ = ξଷ

ଶ
= ௫

௬
֜ ݎ = ξͶ െ ͵ = 1

cscߙ = ଶ
ξଷ
, cosߙ = ଵ

ଶ
, secߙ = 2, tanߙ = ξ3,ܽ݊݀ cotߙ = ଵ

ξଷ
:ݏ݊݋݅ݏݏ݁ݎ݌ݔ݁�݃݊݅ݓ݋݈݈݋݂�݄݁ݐ�݁ݐܽݑ݈ܽݒܧ:ݔܧ
ܽ) sec(cosିଵ ଵ

ଶ
) , ܾ) sinିଵ ͳ െ ���ିଵሺെͳሻ ǡ ܿ) cosିଵሺെ ��� గ

଺
)

:݈݋ܵ
ܽ) sec(cosିଵ ଵ

ଶ
) = sec గ

ଷ
= 2

ܾ) sinିଵ ͳ െ ���ିଵሺെͳሻ ൌ గ
ଶ
െ ቀെ గ

ଶ
ቁ = ߨ

ܿ) cosିଵሺെ ��� గ
଺
) = cosିଵ ቀെ ଵ

ଶ
ቁ = ଶ

ଷ
ߨ

:ݐ݄ܽݐ�݁ݒ݋ݎܲ:ݔܧ
ܽ) secିଵ ݔ = cosିଵ ଵ

௫
,���������������������������������ܾ) sinିଵሺെݔሻ ൌ െ���ିଵ �ݔ

:݈݋ܵ
ݕ���ݐ݁ܮ�����(ܽ = secିଵ ݔ ֜ ݔ = secݕ �֜ ݔ = ଵ

ୡ୭ୱ௬
֜ ݕ = cosିଵ ଵ

௫

֜ ���ିଵ ݔ = cosିଵ ଵ
௫

ݕ���ݐ݈݁�(ܾ ൌ െ���ିଵ ݔ ֜ ݔ = sin(െݕ) ֜ ݔ ൌ െݕ���

֜ ݕ = sinିଵሺെݔሻ ֜ ���ିଵሺെݔሻ ൌ െ���ିଵ ݔ


