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Transfer Functions for Systems with Gears

® Gears provide mechanical advantage to rotational system, e.g. a bicycle with gears.

® Gears are nonlinear. They exhibit backlash, which occurs from the loose fit between
two meshed gears.

® In this course, we consider only the linearized version of gears.

A gear system .
® a3 small gear has radius 1 and N;

teeth is rotated through angle 01 (t)
Ny due to a torque, 71(t).

7i(t) 01(8) N1 62(8) m2(0) ® a3 big gear have radius 2 and Na

teeth responds by rotating through

angle 02(t) and delivering a torque,

TQ(t).

INC 341 Feedback Control Systems:, Lecture 3 Transfer Function of Dynamic Systems Il <2/19 »



Transfer Functions for Systems with Gears

® The gears turn, the distance traveled along each gear’s circumference is the same. Thus
r161 = r202
or

02 ™ N
01 r2 N

® |f the gears are lossless, that is they do not absorb or store energy, the energy into Gear
1 equals the energy out of Gear 2. Since the translational energy of force times
displacement becomes the rotational energy of torque time angular displacement.

T101 = T202
or
T2 6 Na
. 0y N
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Transfer Functions for Systems with Gears

Transfer functions for lossless gears

Ny No

0 ————» —»0 T— — | ——»T2
Na Ny
(a) (b)

® (a) is a transfer functions for angular displacement in lossless gears
® (b) is a transfer functions for torque in lossless gears.
The first gear (lossless) generates torque (71 ) to

drive the second gear by 72, then
T1(t) 01(t)

N,
! (J82 +bs + k) O2(s) = 72(s)
_MN_ 0
. N1 62
N N
(752 +bs + k) i@l(s) = ﬁﬁ(s)

N2

(1Ge) o (3) sk () Jorim =0
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Transfer Functions for Systems with Gears

Transfer functions for lossless gears

T1 (t) 01 (t)

Find the transfer function, ©2(s)/71(s). Assuming that 7.(t) is the torque generates at the
first gear by the torque 71 (¢), the we have

(152 + b15) ©1(8) + Fe(s) = 71(s)

(7152 + bus) 120a(s) + 7e(s) = 75
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Transfer Functions for Systems with Gears

Transfer functions for lossless gears

At the second gear, we have

(J25? + bas + k2) O2(s) = 72(s)

N.
(Jos? + bas + ko) Oa(s) = F2+e(s)
1
N
(Jos® + bas + ka) F;QQ(S) = Fe(s)

Combining the equations of both gears, we have

|:J1 (%)s2+b1(xl)s+J (xz)s + bo (x2)5+k (%2)]@2(5)—71(3)

Ny \ 2 ) Ny \ 2
Ji| — J: b b k
[(1(1\[1) +2>8 +(1(N1) +ba | s+ ka2

@2(8) Ng/Nl
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Transfer Functions for Systems with Gears

Transfer functions for lossless gears

01
Ny
Ny
o= Ly
2=,
N:
N» 8 Ns Ni N3
03 = —0y = ——06;
Ny N2 N.
Ny Ns N5
=2
Ng

Neg

A gear train can use instead of one large radii gear. This can be done by cascading smaller

gear ratios. As shown in above figure,

_ NiNsNs

0 [
47T NoNaNg
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Transfer Functions for Systems with Gears

Transfer functions for lossless gears

Z
| ——
@
H

Starting from the left most of the gear, we can find the transfer function ©1(s)/71(s) as

follow:
(J15% + b18) O1(8) + Fer(s) = 71(s)
[(J2 + J3) 8% + b2s] Oa(s) + Tea(s) = 72(s)
[(Ja + J5) s?] Oa(s) = #4(s)

Transform all torques and angle to be in terms of 71(s) and ©1(s) respectively.
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Transfer Functions for Systems with Gears

Transfer functions for lossless gears

(3 + J3) %] 1262(5) = Lt ea(s)

Substituting 7¢2(s) to one above equation, we have

N 2
(Ja 4 J3) 82 + (Jg + J5) (ﬁ) s2 4 bas| Oa(s) = 72(s)

Na\ 2
(J2 + J3) 8% + (Ja + J5) (f) s 4 bas
4

Ny Na |
Mo (s) = 22
N, (s) N, el (s)
Substituting 71 (s) to one above equation, we have
N1\ 2 N1y N3\ 2\ N1\ 2

J J: J: — J. J. —_ b by | —
<1+(2+ 3)(N2) + (Ja + 5)(N2N4 5%+ (b1 + b2 Ny s
@1(8) - 1

7 - 2 2 2
71(s) [(Jl + (2 +Je) (W) + (Ja+ J5) (R 42) ) 2 4 <b1 +b2 (32) ) s]

O1(s) = 71(s)
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Electromechanical System Transfer Functions

An electromechanical systems is a hybrid system of electrical and mechanical variables. This
system has a lot of application for examples

® an antenna azimuth position control system
® robot and robot arm controls

® sun and star trackers
°

disk-drive position controls

Industrial robot arm
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Electromechanical System Transfer Functions

Fixed
R, Lq field

+ Tim () Om ()

e () 0(®) vt =K6é@e%:,r>

Rotor

Armature circuit

A0 (t)
b

® u(t) = K| , where vy, () is the back electromotive force (back emf), Ky is a

constant of proportionality called the back emf constant.

® The relationship between the armature current, i, (¢) , the applied armature voltage,
ea(t), and the back emf, v, (¢) is

dla( )

Raia(t) + La—=—% + vp(t) = ea(2)
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Electromechanical System Transfer Functions

® The torque developed by the motor is proportional to the armature current; thus
Tm (t) = Kiia (),

where 7,,,(t) is the torque developed by the motor, and K is a constant for
proportionality, called the motor torque constant.

® Taking the Laplace transform of both relationship and substituting I, (s) into the mesh
equation, we have

(Ra + Las)Tm(s)

X, + KpsOm(s) = Eq(s)

Tm () Om (1) The figure shows a typical equivalent
bm mechanical loading on a motor. We have

Tm(s) = (Jms2 + bms) Om(s)
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Electromechanical System Transfer Functions

Substituting 7, (s) into the armature equation yields

(Ra + Las) (Jms? + bims) Om(s)
Kt

+ KpsOm(s) = Eq(s)

Assuming that the armature inductance, L, is small compared to the armature resistance,
R, the equation become

R,

[?“ (Jms +bm) + Kb} 5Om(s) = Eq(s)
t

After simplification, the desired transfer function is

Om(s) _ Kt/(RaJm)
B "o o )]
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Electromechanical System Transfer Functions

DC motor driving a rotational mechanical load

Om (1) 71(t), N1
Motor oL(t)
Ja,ba F| /\ br
0 —F
No, 12(t) H \/

A motor with inertia J, and damping b, at the armature driving a load consisting of inertia
Jr, and damping by,. Assuming that Jg, Jr, ba, and by, are known. Then, we have

(Jas2 + bas) Om(s) +71(s) = 0.
At the load side, we obtain
(JLS2 + bLS) @L(s) = +2(S)

(JLs +bLs) @m(s) %Tl(s)
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Electromechanical System Transfer Functions

DC motor driving a rotational mechanical load

Substituting the 71 (s) back to the motor side equation, the equivalent equation is

N1\ 2 N1\ 2
(Ja+JL (i) >s2+<ba+bL (ﬁ;) )s

Or the equivalent inertial, J;,, and the equivalent damping, by, at the armature are

N1 2 Nl
Jm:Ja J -— ; bm—b b
* L(Nz) * L<N2>

Om(s) =0

Next step, we going to find the electrical constants by using a dynamometer test of motor.
This can be done by measuring the torque and speed of a motor under the condition of a
constant applied voltage. Substituting Vj,(s) = KpsOm (s) and 7, (s) = K¢la(s) in to the
Laplace transformed armature circuit, with L, = 0, yields

%Tm<s> + KpsO(s) = Ea(s)
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Electromechanical System Transfer Functions

DC motor driving a rotational mechanical load

Taking the inverse Laplace transform, we get

%Tm (t) + Kpwm (t) = eq(t)

If eq(t) is a DC voltage, at the steady state, the motor should turn a a constant speed, wy,,
with a constant torque, 7,,. With this, we have

R, K: Ky K
—Tm + Kpwm =€ = Tm = — Wwm + —e
Kt m bWm a m Ra m Ra a
® w,, =0, the value of torque is called
Torque-peed curve the stall torque, Tga). Thus
Tm
A
t K Tstall
Tstal = —5—€a = —— =
Rg Rg €a
Tstall
® 71, =0, the angular velocity becomes
€ay no-load speed, wno.-joad- Thus
€
2 eq €q
Wno-load = —— = Kp =
- m Ky Whno-load

Wno-load
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Transfer Function—-DC Motor and Load

Fixed
R field
Tm
+ Oml® L ().N) = 100
ea(t)CD ia(t) M 600 500
L — _ N-
h : by, =800 N-m s/rad m o = 100 V
1
2 D)
Ja = Skg-m Ny = 1000, 2 ()4 \ J1, = 700 kg-m?
ba = 2 N-m s/rad wm
50 rad/s

Find ©p,(s)/Ea(s) from the given system and torque-speed curve. The total inertia and the
total damping at the armature of the motor are

Ni\2 1\?
Jn=Ja+Jp (=) =54+700(— ] =12
m o + L(NQ) + (10)

N\ 2 1)?
b =bg +br | — ) =24+800(—) =10
m a+ L(Nz) + (10)
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Transfer Function—-DC Motor and Load

Next, we find the electrical constants K;/R, and K} from the torque-speed curve. Hence,

Kt _ Tsan _ 500 _ o
R, eq 100

and
Ky = —92  — 100 _,
Who-load 50

We have

Om(s) K¢/(RaJm) _ 0.417

o 1 KK, - ’
E.(s) s |:s+ 1 (bm 4 B b)] s(s+1.667)
Im R

Using the gear ratio, N1 /N2 = 0.1

Or(s) _ 0.0417
Eu(s)  s(s+ 1.667)
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