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Cauhy -Riemann Equation 

Let f (z) =u(x,y) +vi (x,y ), the necessary condition that  

f(z) be intuition in region Rishat u (x,y )sqtisfyi 

∂u

∂x
=  

∂v

∂y
                    1  

𝜕𝑢

𝜕𝑦
=  

−𝜕𝑣

𝜕𝑥
                    2  

Ex/ check the following function if they are analytic. 

 1) f (z) =x -iy  

u+𝑣i =x-iy  

u = x  

𝑣 = - y 

𝜕𝑢

𝜕𝑥
= 1     ,

𝜕𝑣

𝜕𝑦
= −1  

Since   
𝜕𝑢

𝜕𝑥
 ≠  

𝜕𝑣

𝜕𝑦
  𝑡ℎ𝑒𝑛 𝑓(𝑧)𝑖𝑠 𝑛𝑜𝑡 𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐 

2) f(z) =z2 +2z – 1  

u+𝑣i =(x +yi )2 + 2 (x+ yi ) -1   

u + 𝑣i =x2+ 2xyi – y2+ 2x +2yi -1  
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u + 𝑣i = x2-y2+2x + 2xyi +2yi -1  

u=x2- y2+ 2x-1 

𝑣 =2xy +2y  

  
𝜕𝑢

𝜕𝑥
= 2𝑥 + 2           ,

𝜕𝑢

𝜕𝑦
= 2𝑥 + 2      

  
𝜕𝑢

𝜕𝑦
=  −2𝑦           ,

𝜕𝑢

𝜕𝑥
=  −2𝑦     

∂u

∂x
=  

∂𝑣

∂y
  and 

∂u

∂y
=  

− ∂u

∂x
 

Then  f (z) is analytic  

 

H . W  

Check the following functions if analytic  

1 – f (z) = z  

2 – f (z) = z+z  

3 – f (z) = 𝑒𝑧   

4 – f (z) = 
1

𝑧
   

 



 

 

   رياضيات اسم المادة :

 زين العابدين علي . م .  م  اسم التدريسي :

 الثانية المرحلة :

 2024 -2023 السنة الدراسية :

  Analytic function :عنوان المحاضرة 

 

3 

 

Harmonic function  

 المعادلة الابلاس حققت ملاحظه / تكون الدالة توافقيه اذا  

𝜕2𝑢

𝜕𝑥2 + 
𝜕2𝑢

𝜕𝑦2 =   0                 
𝜕2𝑣

𝜕𝑥2 + 
𝜕2𝑣

𝜕𝑦2 =   0  

Ex/ prof that u (x , y ) = 𝑒𝑦 cos 𝑥     is harmonic  

�́�x= 𝑒𝑦 sin 𝑥                �̿�xx  = − 𝑒𝑦 cos 𝑥  

�́�y =  𝑒𝑦 cos 𝑥             �̿�yy   =  𝑒𝑦 cos 𝑥  

�̿�xx +�̿�yy  =0 

− 𝑒𝑦 cos 𝑥 + 𝑒𝑦 cos 𝑥 = 0   

2 –     u ( x, y ) = ln ( x2+y2)  

�́�x =
2𝑥

𝑥2+𝑦2       ,   �̿�xx =  
2(𝑥2+𝑦2)−2 (2𝑥)

(𝑥2+𝑦2)2   

= 
2𝑥2+2𝑦2−4𝑥

(𝑥2+𝑦2)2   

�́�y= 
2𝑦

𝑥2+𝑦2               �̿�yy =  
2(𝑥2+𝑦2)−2𝑦 (2𝑦)

(𝑥2+𝑦2)2       

                                      =  
2𝑥2+2𝑦2−4𝑦2 

(𝑥2+𝑦2)2      

�̿�xx + �̿�yy  =0 
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𝜕𝑢

𝜕𝑥
 = cos hx  sin y  

  
𝜕𝑢

𝜕2𝑥

𝜕𝑢

𝜕𝑦

𝜕𝑢

𝜕2𝑦

𝜕𝑢

𝜕2𝑥
  + 

𝜕𝑢

𝜕2𝑦

𝜕𝑢

𝜕𝑥2  = 
𝜕𝑣

𝜕𝑦
    

cos hx  sin x  𝜕𝑦 = 𝜕𝑣  

∫ 𝑑𝑣 ∫ 𝑠𝑖𝑛 y dy  

𝑣 𝜑 (𝑥)  

𝜕𝑣

𝜕𝑥 
  -sin x cos y + �́� (𝑥)  

 

 

= 0

= cos hx

= sin hx sin y

=-sin hx sin y

=-sin hx cos y

=-cos hx cos y +

Ex/Find harmonic f (z)that real part is

u (x ,y) = sin hx  sin y.  and harmonic conjugate?

Highlight

AHMED CH
Typewriter
y
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𝜕𝑢

𝜕𝑦
  = 

−𝜕𝑣

𝜕𝑥
  

�́� (𝑥) 

 ∫ 𝜑 (𝑥) = ∫ 𝜃                 𝜑 (𝑥)         sub in (1) 

𝑣 = -cos hx  cos y +c  

f (z) = u + 𝑣i 

  

 

and find harmonic conjugate.

Sin hx cos y = sin hx cos-

H.W /Prof that u (x , y ) = y3-3xy2 harmonic function

y
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Double Integration 

 

Properties of double integral  
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Example 1//Evaluate ∫ ∫ (𝟒 − 𝒚𝟐) 𝒅𝒚 𝒅𝒙
𝟐

𝟎

𝟑

𝟎
  

Solution //  

∫ ∫ (𝟒 − 𝒚𝟐) 𝒅𝒚 𝒅𝒙
𝟐

𝟎

𝟑

𝟎

= ∫ (𝟒𝒚 −
𝒚𝟑

𝟑
)|

𝟐

𝟎

𝟑

𝟎

𝒅𝒙

= ∫
𝟏𝟔

𝟑
 𝒅𝒙 = (

𝟏𝟔

𝟑
𝒙)|

𝟑

𝟎
= 𝟏𝟔

𝟑

𝟎

 

 

Example 2 //Evaluate ∫ ∫ (𝒔𝒊𝒏𝒙 + 𝒄𝒐𝒔𝒚) 𝒅𝒙 𝒅𝒚
𝝅

𝟎

𝟐𝝅

𝝅
  

Solution// 

∫ ∫ (𝒔𝒊𝒏𝒙 + 𝒄𝒐𝒔𝒚) 𝒅𝒙 𝒅𝒚
𝝅

𝟎

𝟐𝝅

𝝅

= ∫ (−𝒄𝒐𝒔𝒙 + 𝒙𝒄𝒐𝒔𝒚)|
𝝅

𝟎

𝝅

𝟎

𝒅𝒚

= ∫ ((𝟏 + 𝝅 𝒄𝒐𝒔𝒚) − (−𝟏 + 𝟎))𝒅𝒚
𝝅

𝟎

= ∫ (𝟐 + 𝝅𝒄𝒐𝒔𝒚) 𝒅𝒚
𝝅

𝟎

= (𝟐𝒚 + 𝝅 𝒔𝒊𝒏𝒚)|
𝟐𝝅

𝝅
= 𝟐𝝅 

 

Finding Limits of Integration in cartesian form:  
 Area- 

A=∬ 𝒅𝒙 𝒅𝒚    𝒐𝒓   𝑨 = ∬ 𝒅𝒚 𝒅𝒙 
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 Example //Find area enclosed by x=3, x=1, y=0, y=2. 

using double integration. 

Solution/ / 

A=∬ 𝒅𝒙 𝒅𝒚     

A=∫ ∫ 𝒅𝒙 𝒅𝒚 = ∫ (𝒙)| 𝟑
𝟏

𝟐

𝟎
𝒅𝒚 = ∫ 𝟐 𝒅𝒚 = (𝟐𝒚)| 𝟐

𝟎
= 𝟒

𝟐

𝟎

𝟑

𝟏

𝟐

𝟎
 

Or 

A=∬ 𝒅𝒚 𝒅𝒙     

A=∫ ∫ 𝒅𝒚 𝒅𝒙 = ∫ (𝒚)| 𝟐
𝟎

𝟑

𝟏
𝒅𝒙 = ∫ 𝟐 𝒅𝒙 = (𝟐𝒙)| 𝟑

𝟏
= 𝟒

𝟑

𝟏

𝟐

𝟎

𝟑

𝟏
 

. Example //Find the area enclosed by y=x+2  & 

y=𝒙𝟐 

Solution // 
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2=y1y 

𝒙𝟐 = 𝒙 + 𝟐 

𝒙𝟐 − 𝒙 − 𝟐 = 𝟎 

  X+1) (x-2) =0) 

X=-1, x=2 

A=∬ 𝒅𝒚 𝒅𝒙     

A=∫ ∫ 𝒅𝒚 𝒅𝒙 = ∫ (𝒚)| 𝒙+𝟐
𝒙𝟐

𝟐

−𝟏
𝒅𝒙 = ∫ (𝒙 + 𝟐) − 𝒙𝟐) 𝒅𝒙 =

𝟐

−𝟏

𝒙+𝟐

𝒙𝟐

𝟐

−𝟏

(
𝒙𝟐

𝟐
+ 𝟐𝒙 −

𝒙𝟑

𝟑
)| 𝟐

−𝟏
= 𝟐 + 𝟒 −

𝟖

𝟑
−

𝟏

𝟐
+ 𝟐 −

𝟏

𝟑
= 𝟒. 𝟓 

 

 Finding Limits of Integration in polar form 

 

 Area- 

A=∬ 𝒓 𝒅𝒓 𝒅Ɵ     
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Example //Find the area enclosed by lemniscate 𝒓𝟐=4cos2Ɵ 

Solution// 

𝑨 = 𝟒 ∫ ∫ 𝒓 𝒅𝒓 𝒅Ɵ
√𝟒𝒄𝒐𝒔𝟐𝜽

𝟎

𝝅/𝟒

𝟎

= ∫ (
𝒓𝟐

𝟐
)|

√𝟒𝒄𝒐𝒔𝟐𝜽

𝟎

𝝅/𝟒

𝟎

𝒅Ɵ

= ∫ 𝟐𝐜𝐨𝐬𝟐Ɵ𝒅𝒙 = 𝟒𝒔𝒊𝒏𝟐Ɵ|
𝝅/𝟒

𝟎
= 𝟒

𝝅/𝟒

𝟎

 

 

 Triple integral 

If f (x, y, z) is a function defined on a closed bounded region D in 

space, such as the region occupied by a solid ball or a lump of 

clay, then the integral of f over D may be defined in the 

following way.                                                                                           

 

Example 1//Evaluate ∫ ∫ ∫ (𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐) 𝒅𝒛 𝒅𝒚
𝟏

𝟎
 𝒅𝒙

𝟏

𝟎

𝟏

𝟎
 

Solution// 
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∫ ∫ ∫ (𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐) 𝒅𝒛 𝒅𝒚
𝟏

𝟎

 𝒅𝒙
𝟏

𝟎

𝟏

𝟎

= ∫ ∫ (𝒙𝟐𝒛 + 𝒚𝟐𝒛 +
𝒛𝟑

𝟑
) 

𝟏

𝟎

|
𝟏

𝟎

𝟏

𝟎

𝒅𝒚𝒅𝒙

= ∫  
𝟏

𝟎

∫ (𝒙𝟐 + 𝒚𝟐 +
𝟏

𝟑
) 𝒅𝒚𝒅𝒙

𝟏

𝟎

= ∫ (𝒙𝟐𝒚 +
𝒚𝟑

𝟑
+

𝟏

𝟑
𝒚) 

𝟏

𝟎

|
𝟏

𝟎
𝒅𝒙 = ∫ (𝒙𝟐 +

𝟐

𝟑
) 

𝟏

𝟎

𝒅𝒙

=  (
𝒙𝟑

𝟑
+

𝟐

𝟑
𝒙)|

𝟏

𝟎
= 𝟏 

 

 Surface area 

[S=∫ ∫ √𝟏 + (
𝒅𝒇

𝒅𝒙
)𝟐 + (

𝒅𝒇

𝒅𝒚
)𝟐𝒅𝒚 𝒅𝒙

𝑏

𝑎

𝑏

𝑎
] 

Example// Find the area of the following surfaces:  

      z=f(x, y)=6-3-2y  lies in the region shown in fig.  
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Solution / 

 

 

 


