UNIT Il
APPLICATIONS OF LAPLACE TRANSFORM

1.1 INTRODUCTION

Laplace transform is a powerful integral transform used to switch a function from the time domain to the s
- domain. It can greatly simplify the solution of problems involving differential equations. Itis very useful in
obtaining solution of linear differential equations both ordinary and patrtial, solution of system of simultaneous
differential equations, solution of integral equations and in the evaluation of definite integral.

Ordinary and partial differential equations describe the way certain quantities vary with time such as the
current in an electrical circuit, the oscillations of a vibrating membrane, or the flow of heat through an
insulated conductor these equations are generally coupled with initial conditions that describe the state of

the system at time t = 0. A very powerful technique for solving these problems is that of Laplace transform
which transform the differential equation into an algebraic equation from which we get the solution.

Solutions of Differential Equations using Laplace Transform
The following results will be used in solving differential and integral equations using Laplace transforms.
Theorem :
If f(t) iscontinuousin t>0, f'(t) is piecewise continuous in every finite interval in the range t > o0 and
f (t) and f'(t) are of exponential order, then
L(f'(t)) =sL(f(1))-f(0)
Proof :

The given conditions ensure the existence of the Laplace transforms of f (t) and f'(t).
By definition, L(f'(t)) = [e ™ f (t)dt
0

ed (f (1))

O t—3

= [e"st f (t)]w —J.(—S)e"st f (t)dt, on integration by parts
0
0

= tLir;g[e-st f(t) |- f(0)+s.L(f (1))

=0- f(0)+sL(f(t)) [ f(t) is of exponential order]
=sL(f(t)-f(0)
Corollary 1

In the above theorem if we replace f (t) by f'(t) we get,
L(f"(t)) =sL(f'(t) - f'(0)
=s[sL(f(t)- f(0)]- f'(0)
= s?L(f (t))—sf (0)— f'(0)
Repeated application of the above theorem gives the following result:

L(F (1)) = S"L(f (t))=s"f (0) = s" 2 F1(0) —.....— f"*(0)



Solved Problems :
1. UsingLaplace transform,solve y'—y =t,y(0)=0.

Solution:
Given y'-y=t,y(0)=0

Taking Laplace transfrom on both sides,
L(y)—L(y)=L(t)
1
2

sL(y)-y(0)-L(y)= s

L(y)[s_1]=si2

1
L(y) “S6D)

| 1
ny=t {52(5—1)}

Il
D /N Ot~ Oy

tt-1

2. Solve y"—4y' +8y =¢*,y(0)=2 and y'(0) =-2.
Solution ;

Taking Laplace transforms on the sides of the equation, we get
L(y")—4L(y") +8L(y) = L(e*)
1
[S°L(Y) = 5y(0) ~ ¥ (0) |- 4[SL(Y) - Y(O)] +BL(Y) = —

ie,[s?—4s+8]L(y) :SLZ+ 25-10

1 2s-10
2 + 2
(s—=2)(s"—4s+8) s°—4s+8
A Bs+C 2s-10
= + +
s—2 s°—45+8 s?*—-4s5+8

L(y)=




SolvingwegetAzl, B=—, C:E
4 2

1 A1
4 . 4 2 . 2s-10

s—2 s?’—4s+8 s*-4s5+8
i 719
__4_, 4 2
s—2 S8°—-4s5+8
1 Tis_2)-6
__4 .4
S—2 (S-2)%+4
;
)
y:lL_l L +e2t 4
4 s—2 s?+4

_ le” +e Zcos 2t —3sin 2t
4 4

:%e” (1+7cos 2t —12sin 2t)

3. Use Laplace transform to solve y’'—y =¢' given that y(0) =1

Solution:

y-y=¢
Taking Laplace transform on both sides of the equation, we get ' —y =t, y(0) =0

1
[sL() - y(@]-L(y) =—
s-1
L(y)[s-1]= L+1
s-1

S
L(y) = (S—l)2

1 S
=t {(s—l)z}
_ L_{(s—l)+1}
(s-1)°

=1 [L} + Lt {_1 }
s—1 (s-1)?

=e'+te'
=e'(1+1)




2

d
4.  Solve dtz +9y =18t giventhat y(0)=0= y(%)

Solution :

2

d°y
dt?

Taking Laplace transform on both sides of the equation, we get

y"+9y =18t where Y'=

L(y")+9L(y) =18L(t)
18

[°L(y)-sy(0) - y'(0) | +9L(y) = =

L(y) [sz +9] = i—?+ y'(0)

[ y'(0) is not given we can take it to be a constant a]

18
=5 Ta
_as’+18

SZ

as® +18
L(y)=— T2
) s?(s*+9)
a 18
= +
s+9 s*(s*+9)

18
] L P A
g (32+9] (sz(sz+9)]

-1 a -1 2 2
=L 249 +L S_z_ (Sz+9) (using partial fractions)

asin3t
= +
a

2,[_25|n3t

Now, using the conditions y =0 and t :% we have

a . (371] 2 . (371]
0 ==sin| — |+ 7 —=sIn| —
3 2 3 2

Hence g =37 +2

(37 +2)sin 3t 2sin 3t
y= +el—

2t

=sin3t + 2t



Exercise:
1. Solve y"—4y'+8y=¢*, y(0) =2 and y'(0) =-2
2. Solve y"+4y=sinwt, y(0)=0 and y'(0) =0

3. Solve y"+y'—2y=3cos3t-11sin3t, y(0)=0 and y'(0) =6
4. Solve (D*+4D+13)y=e"'sint, y=0and Dy =0 at t =0 where D :%

5. Solve (D*+6D+9)x=6t’e™, x=0and Dx=0at t=0.
6. Solve X"+3x'+2x=2(t* +t+1), x(0)=2, x'(0)=0.

7. Solve y"—3y'-4y=2¢', y(0)=y'(0)=1,
8.  Solve x"+9x=18t, x(0)=0, X(%j =0

9. y"+4y'=cos2t, y(x)=0, y'(z)=0.

10.  x"-2x'+x=t%*, x(0)=2, x'(0)=3.

Answers :

1. y= %e” (1+7cos 2t —12sin 2t)

2.y :%(sin 2t — 2t cos 2t)
3. y=sin3dt—e?+¢

4. y :8—15[e‘t {-2cost +95int}] +e® {2 cos 3t —%sin St}

5 X= it“e‘3t

2

6. x=t’-2t+3-¢e*

7.y :i(lf-}e‘t —10te™" +12e™)
25

8. X=2t+xzsin3t

9. y:%G—ﬂNMZt

t4
10. x=|—+t+2|e
12



Solution of Integral equations using Laplace transform
Theorem :

If f(t) is piecewise continuous in every finite interval in the range t > Q and is of the exponential order, then

L j F(O)dt | =2 L(F )
S

0

Proof:

Let  g(t) =j f (t)dt

g'(t)=f(t)
L(g*(t)) = sL(g(t)) - g(0)

ie L(f(D)= sLU f (t)dt]—j f ()t

0

0

L jf(t)dt Lty
S

Corollary :

tt
L{”f(t)dtdt}%uf(t))
00 S
In generl
1
Dj ..... If(t)(dt) }:S—HL(f(t))
Problems :
t
1. Solve y+ I ydt =% + 2t
0
Solution :
t
Given y+Iydt =t*+2t
0

Taking Laplace Transform on both sides

L(y)+ LU ydt] = L(t°) + L(2t)

L+ L) - 83 2

o]
S

+
w
L 1



t
> SO|Ve3—¥+2y+Iydt:2cost, y(0)=1
0

Solution:
Given y’+2y+jydt:2cost
Taking Laplace Transf(;rm on both sides
L(y)+2L(y)+ LU ydt] = 2L(cost)
0

2s
s?+1

1
sL(y)—y(0)+2L(y)+g L(y)=
2s
s?+1
s°+2s+1|  2s
S s?+1

s?+2s+1 s
L =
) { s?+1 }[32+23+J

s
s?+1

y= L‘l[ ZS 1}:cost
s?+

t
3. Using Laplace Transform solve Y + I y(t)dt=¢™
0

L(y)[s+2+ﬂ—1:

L(y){ +1

Solution:
t

Given y+ I y(t)dt=¢™
0

Taking Laplace transform on both sides,



L(y)+L@ y(t)dt]: LEY)
L+ L) =<

L(y) [1+ﬂ - L

L(y) [ST”} -—

L(y) =ﬁ

Lt S Lt s+1-1
= (s+1)? ) | (s+1)?

el
S+ S

y=e"'—e’'t
y=e'(1-1)

t
4. Using Laplace transform, solve X+ I X(t)dt = cost +sint
0

Solution:
t
X+ I x(t)dt = cost +sint
0

Taking Laplace transform on both sides,

t

L(x)+ L[J‘x(t)dt] = L(cost +sint)

0

L(x)[l+1}: s+l
S s +1

L(X)[S_'_l}— s+1

s | s?+1

s+1 S
R ey bed

S
L(x) =
) s?+1

.'.x:L‘l( 23 1]:cost
s%+




Solving Integral Equations using convolution

Theorem :

t
By the definition of convolution, we have f (t)*g(t) = I f(u)g(t—u)du
0

and by convolution theorem, L(f (t)*g(t)) = L(f (t))L(g(t))
Problems :
t
1. Solve y=1+ Zfe‘z“y(t—u) du (1)
0

Solution :

O —_—

t

e y(t—u) du is of the form [ f (u)g(t—u)du where f(t)=e™, g(t)=y(t)
0

Taking Laplace Transform on both sides of (1),

L(y)=L@)+ ZLUe‘Z“y(t —-u) du}

1
:§+ ZL[ * y(t)} (Definition of convolution)
1 _
= S +2L(e*)L(y) (Convolution theorem)
L - 2( ! j L(y)
S S+2

L(y) =§+S+i2 L(y)

L(y)[ - }%

[S+2

L(y )—

2
T
1 2
=L =+=
g (s szj

y=1+2t

1
s
1
S

t
2. Using Laplace transform solve y =1+ I y(u)sin(t—u)du
0
Solution :
t
Given 'y :1+Iy(u)sin(t—u)du
0

Taking Laplace transform on both sides,



L(y)=L@D)+ Lﬁ' y(u)sin(t—u)du} I Y

t t
Now the integral Iy(u)sin(t —u)du is of the form I f (u)g(t—u)du where f(t)=y(t), g(t)=sint
0 0

.. (1) becomes

L(y) :%+ L(y(t)*sint)

1
s?+1

L(y) =§+ L(y)-

1
=1+=t?
y 2

t
3. Using Laplace transform, solve f(t)=cost+ Ie"“ f(t—u)du
0

Solution :

t
Given that f(t) :cost+fe‘“f(t—u)du (1)
0

Taking Laplace transform on both sides of (1),

L(f(t)) = L(cost) + LU e " f(t —u)du}

+L(e™ = f (1))

s?+1
=2 L(eYL(F ()
s°+1

S 1

e s Y



1 S
L(f(t))[l_m}:s%l
S

L) =S

4 S 4 1
o=t (ﬁ]L (sm]

f(t) =cost+sint

t
4. Solvethe integral equation y(t) =t* + I y(t)sin(t—u)du
0
Solution :
t
y() =t* + [ y()sin(t—u)du
0

Taking Laplace transform obn both sides,

L(y(t))=L(t*)+L ﬁ. y(t)sin(t — u)du}

uw=§+uwonm0

= £+ L(y)L(sint)

S3




Exercise :

1.

10.

Solve

Solve

Solve

Solve

Solve

Solve

Solve

Solve

Solve

Solve

t
x’+3x+ZIx dt=t, x(0)=0
0
t
y’+4y+5]y dt=e™ y(0)=0
0
t
x’+2x+fx dt =cost, x(0)=1
0
t
y’+4y+13jy dt =3e*'sin3t, y(0)=3
0
t
X(t) = 4t —3I x(u)sin(t—u)du
0
t
y(t)=e"' - ZI y(u) cos(t —u)du
0
t
[ y(u)y(t-u)du=2y(t)+t-2
0
t
y(t) :t+fsinu y(t—u)du
0
t
y:1+Iy(u)sin(t—u)du
0

t
f(t)=cost+[e™ f (t—u)du
0



Answers :

1.

10.

X :%(1+ e?)—e™

-1 . 1 .
=—e +—e (cost+3sint
y=- 5 ( )

X = %[(1—t)e‘t +cost |
y=¢* [3cos3t —%sin 3t +gtsin 3t +t0053t}

x:t+§sin2t
2

yt)=e™" (1—t)2

y(t) =1

3
Y 6

y=1+—

f(t) =cost+sint



Simulaneous differential equations

1. Using Laplace transform solve

given x(0) =2 and y(0)=0
Solution:
Applying Laplace transform to the given equations
Weget,  L(x')+L(y)=L(sint)
L(y") + L(x) = L(cost)

sL(X) = x(0)+ L(y) = 21
s +1
SL(Y) - Y(0) + L(x) =
s°+1
SSL)+L(Y)=——+2
s +1
- 2382 :13 —
Also sL(y)+L(x)= SZS+1 —
(D)xs= s?(x)+sL(y) = (232—+3)S (3
s +1
@= L0+l =5y __@
) _(25°+3) s
(3-(4) (s"-1L(x) = 711 P11
_25°+2s
st +1
L) = .
Substituting (5) in (2), we get
sL(y) = s 25 s(s*-1)-2s(s*+1)
Ve v (s* +1)(s* 1)
. -5°-3s
(s +1)(s2-))
_ —s(s*+3)
(P +1)(1-5?)
L= ()

(s> +1)(1-5%)



From (5), x:l_‘l( 2s ]

s?-1
= 2cosht
gLt (s*+3)
(1-s°)(s* +1)
2
Consider (82 +§) = A + B +CS;+D (N
- + - - -
(@-s)(s"+1) 1-s 1+s s°+1
$*+3=A+s)(s* +1) + B(1—s)(s* +1) + (Cs+ D)(1-s)(1+5s)
Put s=1 4=A(2)(2)
=>4=4A= A=1
Put s=-1 4=B(2)(2)
=B=1
Put s=0, 3=A+B+D
3=1+1+D
=D=1

Comparing the coefficient of S,

0=A-B+C
=C=0

Substituting the values of A, B, C, D in (7) we get

(s*+3) _ 1,1 1
1-s°)(s*+1) 1-s 1+s s°+1

o e e )
1-5 1+s s +1

y=—e"+e" +sint

Hence the solutionis X =2cosht and y=—e™ +e™" +sint

dx
2. Solve —+ax=Yy
at

d—y+ay:x

dt

giventhat X=0 and y=1when t =0

Solution :

Applying Laplace transform we get



L(x)+aL(x)=L(y)

L(y)+aL(y) =L(x)

= SL(x)—x(0) +aL(x) = L(y)
sL(y) - y(0) +aL(y) = L(x)

Given that x(0) =0, y(0)=1

- SL(x) —x(0) +aL(x) = L(y)
sL(y) - y(0)+aL(y) = L(x)

~.sL(x)+aLk(x) =L(y)
sL(y)-1+aL(y)=L(x)

s(s+a)L(x)=L(y)
(s+a)L(x)-L(y)=0 @
-L(x)+(s+a)L(y) =1 (2)

W+ (s+a)x ()= L(y)|[(s+a)’-1|=s+a

~L(y)

_ s+a
~(s+a)’-1

1
(s+a)’ -1

Also by (1) L(x) =




Exercise:
1 Solve the simultaneous equations

2x'—y'+3x=2t and X' +2y'-2x-y =t -t, x(0) =1, y(0) =1
2. Solve the simultaneous equations

D?x— Dy =cost and Dx+ D’y =—sint;x=1, Dx=0, y=0, Dy=1att=0
3. Solve xX'—y=¢'and y'+x=sint; x(0)=1, y(0)=0.
4. Solve X'—y=sint, y'—=x=-cost; x=2,and y=0at t =0.

5. Solve D*x+Yy=-5c0s2t, D’y +Xx=5c0s2t, x=Dx=Dy=1and y=-1at t=0.

Answers :

3t
1. x:—1+ge‘t +Ze5
8 8
3t
y _ St Bes g
8 8

2. x=1+tsint, y=tcost

1 .
3. X :E(et +2sint +cost —tcost)

x:%(—et —sint+cost+tsint)

4. x=2cosht, y=2sinht—sint

5. X =sint+cos2t, y=sint—cos2t



