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Solved Problems — Polar Coordinates
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Application: Plot the polar graph of r = 5sin 6 between 6 = 0°
and 6 = 360° using increments of 30°

A table of values at 30° intervals is produced as shown below.

0 0 30° 60° 90° 120° 150° , 180°
r=5sin0 0 2.50 4.33 5.00 4 .33 2.50 0
0 210° 240° 270° 300° 330° 360°
r=5sin@ —250 —433 -—-500 —43%8 W—2.50 0
; 90°
The graph is plotted as 120° , r=5sin6gq.
shown in Figure \ ;D » ¥

Application: Plot the polar graph of r = 4sin?0 between 6 = 0
and 6 = 27 radians using intervals of %

A table of values is produced as shown below.

0 0 Beafn /i 2_1\‘ 5_1( ® /8« 4 3 5 11 2=«
6. < 2 3 6 6 3 2 3 6
r=4sin’6 0 1 3 4 3 1T O 1 3 4 3 1 0

The zero line 0A is firstly constructed and then the broken lines at

™
intervals of 6 rad (or 30°) are produced. The maximum value of r is

4 hence OA is scaled and circles produced as shown with the largest
at a radius of 4 units.

-10 - .ﬁr.Tlm ;féa.d
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™ ™
The polar co-ordinates (0, 0), (1, =), (3, 3 ), ... (0, w) are plotted and

6
Ix 4
shown aspointsO, B, C, D, E, F, O, respectively. Then(1, ?), (3, 7),---

(0, 0) are plotted as shown by points G, H, I, J, K, O respectively. Thus
two distinct loops are produced as shown in Figure 6.24.

r

2n :2
|

|

|

r = a sin?

In general, a polar curve r = asin?6

is as shown in Figure

In a similar manner it may be shown __
that the polar curve r = acos?0 A N2

|

|

is as sketched in Figure i
|
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Application: Plot the polar graph of r = 3sin 20 between 6 = 0°
and 6 = 360°, using 15° intervals

As in previous applications a table of values may be produced.

The polar graph r = 3sin 26 is plotted as shown in Figure 6.27 and
is seen to contain four similar shaped loops displaced at 90° from

each other.

-12- Dr.Tiras sad
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Application: Sketch the polar curve r = 26 between 6 = 0 and

e ST rad at intervals of ™

2 6

A table of values may be produced
and the polar graph of r = 26 is

shown in Figure  and is seen

to be an ever-increasing spiral.

» Example 5 Sketch the graph of r = a(1 — cos #) in polar coordinates, assuming a to
be a positive constant.

Solution. Observe first that replacing & by —f does not alter the equation, so we know
in advance that the graph is symmetric about the polar axis. Thus, if we graph the upper
half of the curve, then we can obtain the lower half by reflection about the polar axis.

e As A varies from 0 to /3, r increases from 0 to a/2.
¢ As @ varies from /3 to /2, r increases from a/2 to a.
* As# varies from 7/2 to 27/3, r increases from a to 3a/2.

e As @ varies from 27r/3 to , r increases from 3a/2 to 2a.

AT
2a——
3a } a
=z
\ %
a
a \
a
. N 0
TR =m o
323
r =a(l —cos )
(a) (b) (c)

-13 - .ﬁr.Tlm ;‘@Aad
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Example 1 Determine the area of the inner loop of r=2+4cos@ .

Solution
We graphed this function back when we first started looking at polar coordmates Here 1s

the sketch again for the sake of completeness.

r=2+4cosé

So, we will need the limits that will enclose this area as we trace out the curve. This will
be the angles for which the curve passes through the origin. We can get these by setting
the equation equal to zero and solving.

0=2+4+4cosf :
costf):-l = 9:2_7r,4_7r
2 3 3

So, the area is then,
47

A:f7l(2+4cos9)2d9
1 3

:J_1(4¢1600s0+16cos 6)do

27 9
45

= {33 2+800s 6+ 4(1+cos(26))d6
3

4
= [13 6+8cos6+4cos(26)d0
3

4z
=(66+8sin6+2sin(26))3

E

= 47— 63 =2.174

- 14 - .ﬁr.Tlm ;féa.d
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Example 2 Determine the area that lies inside »=3+2sin @ and outside = 2.

Solution
Here is a sketch of the region that we are after.
6-

4 r=5%+2sné

)

7
.t‘f e
g o

~gl—

To determine this area we’ll need to know that value of & for which the two curves
intersect. We can determine these points by setting the two equations and solving.

3+2sinf =2

G = — o7 >11_”
2 6 6
Here is a sketch of the figure with these angles added.

6_

1 r=3+2siné&

. //
'3
T 1 T
g ¢

P, .

N

-4 \“\A 4

T 117
6 6

/N
L1 1 pde

S,

i3
6,

Note as well here that we also acknowledged that another representation for the angle

1167r is —% . This is important for this problem. In order to use the formula above the

area must be enclosed as we increase from the smaller to larger angle. So, if we use %

1 : . ;
to L we will not enclose the shaded area, instead we will enclose the bottom most of

the three regions. However if we use the angles ——-g— to 7?” we will enclose the area that

we’re after.

So, the area is then,

-15- .ﬁr.Tlm ;‘@Aad
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)

((3+2sin6)"—(2)' )de

B | =

»
]
|3 ols olf ol a8

oy o
0 | =

(5+12sin6+ 4sin’ 6)d6

0 |

>

(7+12sin 6~ 2cos(26))d6

L
1

Tn

:%(79—12cos9—sin(20)) 6

6

1143 147

0 L T
W

Let’s work a slight modification of the previous example.

Example 3 Determine the area of the region outside »=3+2sin € and inside r=2.

Solution
This time we’re looking for the following region.
6..
] r=3+2sin8
”"M\\‘

.

\\

- N 1 | ¥

.i
¢
/

Z”

So, this is the region that we get by using the limits -76— to 116—” The area is then

?

4
5
6

osl-‘»i

- 16 - 'ﬁr.Tlm Z@Aad
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1884
»

((2)' ~(3+2sin6)’ )ap

< 1

)

6

- [l l(—S—lZsin8—4sin29)d9
2

= [ L(~7-125in6+ 2c05(26))d6
= 2 1

P S 44
6

117

6

:%(—79 +12c0s60 +5in(260))

13 77

S =2 196
2 3

Notice that for this area the “outer” and “inner” function where opposite!

x
6

Let’s do one final modification of this example.

| Example 4 Determine the area that is inside both 7 =3+2sin6 and 7= 2.
|

\
 Solution

' Here is the sketch for this example.

] r=3+2sné

We are not going to be able to do this problem in the same fashion that we did the
previous two. There is no set of limits that will allow us to enclose this area as we
increase from one to the other.

In this case however, that is not a major problem. There are two ways to do get the area
in this problem.

-17 - 'ﬁr.Tlm Z@Aad
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Solution 1
Notice that the circle is divided up into two portions and we’re after the upper portion.
Also notice that we found the area of the lower portion in Example 3. Therefore, the area
18,

Area = Area of Circle — Area from Example 3

=7(2) -2.19
=10.370

Solution 2
In this case we do pretty much the same thing except this time we’ll think of the area as
the other portion of the limacon than the portion that we were dealing with in Example 2.

So, in this case the area is,

Area = Area of Limacon — Area from Example 2
rin

= l(3+2sme)‘ df-24.187

Jo 2

pror

= %(9+123in(9+45in2 6’)0’9—24-187

v 0
P Y 4
= %(11+125in9+2c0s(20))d9—24.187
v 0
ir
=%(ll6’—12cos(9)+sin(20)) -24.187
0
=117-24.187
=10.370

A slightly longer approach, but sometimes we are forced to take this longer approach.

- 18 - Dr.Fieas Fsad
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Example 1 Determine the lengthof r=60 0<6<1.

Solution

L=_f:\/e92+1d(9

Okay, let’s just jump straight into the formula since this is a fairly simple function.

We’ll need to use a trig substitution here.

6 =tanx df =sec® xdx
6=0 O=tanx x=0
6=1 l1=tanx gas

4

J8* +1=tan® x+1=+/sec’ x = |secx|=secx

The arc length is then,

L=j;\/92+1d0

/2
=j'4sec3xdx

0

B

& %(sec xtan x+In |sec x+1tan x|)|j

(V2 +in(1+47))

2

Tangents with Polar Coordinates

iif—s'1nt9+rcosﬁ

dx ﬂ»c:ost? ~rsiné
do

-19-
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Example 1 Determine the equation of the tangeﬁt lineto r=3+8smnéf at &= % :

Solution ‘
We’ll first need the following derivative.

-(-j—’i =8cosf
(7
i
The formula for the derivative ?ab—c becomes,

dy 80050s1nt9+(3+851n9)00s9 16cos@sinf+3cosd
dc 8cos’ - (3+8sin 8)sin @ 8cos” #—3sinf—8sin’ &

The slope of the tangent line is,

Now, at & =% we have »=7. We’ll need to get the corresponding x-y coordinates so we

| can et the tangent line.

x:’]cos(—ﬂ;]:zﬁ y:7sin[£jzz
6 6 2

2
-The tangent line is then,

L7 IS 73
=" " Ry

For the sake of completeness here is a graph of the curve and the tangent line.

¥

N

VO IO AN O R IR N O e N |

:

'
o)
=N
'

N
o
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