Matrix:.

Matrix calculus is a mathematical toll used in connection with linear
equations , linear transformations , systems of differential equations etc.
matrices are important in physics, engineering, statistics etc.

Matrix is an array of numbers. A matrix with m rows and n columns

Is order m x n and is shown as follows..

a1 Qg A1n
F dzq Az 1
[
[A] = I Qjj I
l aml amZ amn ]

1-Matrices addition and Subtraction:.

If two matrices A and B can be added or subtracted if and only if their
dimensions are the same (i.e . both matrices have the same numder of
rows and columns ).
a-Addition:.

If A and B above are matrices of the same type then the sum is found by

adding the corresponding elements ai; + bjj.

1 2 3 2 1 2
mamle1. A= © 1 B=[ ) findAvB.

1+2 2+1 3+2
1+41 0+0 2+3

Solution:. A+B = | ] = [3 3 5 1.

2 0 5
b-Subtraction :.
If A and B above are matrices of the same type then the subtraction is

found by subtracting the corresponding elements aj; - bj.

Example2:.IfA:[1 23 ] ,B:[2 1

2
find A- B.
1 0 2 1 3 1, find
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Solution:. A-B = [1_2 2-1 B ] = [—1 1 1
1-1 0-0 -3 0o 0 -1
Example 3:. If A =[_3 0] ,B:[Z - JandC=[ -1 0]
7 —4 -7 4 -2 -4
find A- B+C.
Solution:. A—B+C = [_3_2_1 0+1+0]: [_6 1
7+7—2 —4—-4-4 12 —12

2- Scalar multiplication:.
We multiply (or divide )each element by the scalar value (a single

number).
3 1 )
Example 4:. If A=[7 —1], find (3A),( o A).
2 8
Solution:.
3 1 3x3 3x1 9 3
3A=3[7 —-1]=[3x7 3 x-1]=[21 -3].
2 8 3x2 3x 8 6 24
3 1
tfp 2)p 2
—A==|7 -1|=|7 -1
2 5 =
2 8
17 2l
3 1
— _ 3
3 1 ko221 - %
LA=_[7 -1]1= I ! - -1]
2 2 2 8 I% 821 2 2
z z] 1 4

3-Matrix multiplication:.
When the number of columns of the first matrix is the same as the

number of rows in the second matrix then matrix multiplication can
performed. If Ajj, Bjk then ( Ajj X Bjk = Cik)
-Here is an examjple of matrix multiplication for two 2x2 matrices.
® P 1= e tbg) (o +bm),

c d g h (ce+dg) (cf+dh)
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Matrix and determinants

-Here is an example of matrix multiplication for two 3x3 matrices.

a b ¢ j k 1
[d e flim n o]=
g h it p q 7
(aj+bm+cp) (ak+bn+cq) (al+ bo+cr)

[(dj +em+ fp) (dk+en+fq) (dl+eo+ fr)].
(gi+hm+ip) (@k+hn+iqg) (gl+ho+ir)

Example5:. If A =[2 3] ,B=[_5 7],Find(A><B).
1 -4 -3 4
Solution:. AxB= [ 2* > +3*=3  2x7+3xd
1x=5+ —4%x-3 1x7 +—4%x4
_—19 26
=L .7 gl

1 4 5 2 3 1
Example6:.If A=[2 1 3]B=[4 2  3],Find(AxB).
1 2 4 1 3 1
Solution:. AxB=
1*24+4%x4+5%1 1*34+4%x24+5%x3 1x1+4*x3+5x1

[2*24+1x4+3%x1 2%*34+1%x2+3x3 2x1+1x3+3=x1].
1*24+2%x44+4x1 1%x34+2%x2+4%3 1«1+2+«3+4x1

23 26 18
=[11 17 8]
14 19 11

1 -1 1 56 7,
Example7:. If A= [4 2 ],B=[ 4], Find(AxB).

0 3 -2 4 8 —
Solution:.
AxB =
1*14+ —1%x-2 1«54+ —1%x4 16+ —1x%8 1«7+ —-1%x—4
[ 4%x142%=2 4%x5+2%4 4%x64+2%8 457 +2%—4 ]
O0x1+3x—-2 O0x5+3%4 0x6+3%8 0x74+3*x—4

3 1 =2 11
=[ 0o 28 40 20]
—6 12 24 —12



Matrix and determinants

H.W:- Q 1. The matrices A to K are:
3 -1 -
A= [ ] y B=[2 3] C: [_1.3 7.4‘]
—4 7 -1 -3 2.5 — 3.9
3 5 .
3 6 _
4 -7 6 F 2 1 31 24 64
D=[-2 4 0], E55 = 7,,F=[-16 38 —19]
5 7 -4 -1 0 5.3 3.4 — 48
[ 3
3 —2 4 10
G=[1], H=[ ~], J=[-11], K=[0 1].
7 5
5 7
Determine:- )
g s AN
1. A+B [ 24 31 2. D+E 3 31 7
—4_ 2 I 3 I
6= 1
3 5 4 7 -2
2 [ 3]
21 - 1_
sAB g1 4 ABC [ﬁzss _Ziﬁ]
—_3 7_ . .
3 5
46 —56 —12.1
5. 5A+6B [0 01 6.2D+3E-4F [ 174 -92 286 |
' ' ~142 04 162—48
5 3
7. AxH B 8. AxB (s %
1 13
43 —4_ — 6=
135 e
—64 261
9. AxC Ly _eodl 10.DxJ [—52]
. —85
Pz 61 554 34  10.1
11. ExK 12 —_ 12.DxF [-12.6 104 — 20.4]
I2 I ~169 250 37.9
3 0]
13. Show that AXC # CxA
{ AxC 64 261 oxp 335 —531
227 -569 231 —2981
Q 2 . Can multiply A= [1 ] and B=[2 37 ]
1 1 2 5



Matrix and determinants

Determinants :-
Determinants are arrays which are very useful in the analysis and solution
of systems of linear algebraic equations.

- The determinant of a 2x2 matrix A = |a Z|
Cc

Det(A) or |A| is defined to be determinant

|A| = a*d — b*c

a1 42 4g3

- The determinant of a 3x3 matrix A =| @21 Q22 a3
az; 4z d4zz

azy

Qyy  Ays
IA=c a | |+c a |

az3
[+Cc a Qa1 a2
11 1 as, 12 12 |

ass as1 dsz 13 13 as; Az
¢y = (-1)"
|A|= a11(8p2*as3 — 8x3*asy) — A1 (A1 *a33) + a13(a1* a3 — 820 831)

Example 8:. Find determinants for the following:

3 -2
1- I7 A | = (3%4) - (-2*7) = 12- (-14) =26
1 5 0 4 -1 2 -1 2 4
2- 12 4 -1=1 |-51 | +0 | |
0 2 o -2 0 0 0 0 -2
=1(-2)-50)+0(-2)=-2
4 =7 6 -2 0 -2
4 0
3-1-2 4 ol=4, _,I-(7D] 1+6 1 .
e o o, 7 4 5 —4
= 4(-16-0) +7 (8-0) + 6 (-14-20 ) = -212
1 2
4- 12 3 _1w3 (Zxly_33 27
-1 =3 2 =5 3 3 10 9 90
5
Notes:.

The value of det. Of any matrix is the same if the expansion is done by
using any row or column.

+

I+ 1

+
+ +



Matrix and determinants

1 2 1
Example9:. | -1 3 2|
2 -1 1

- If we take the first row.
=113 Z-217h %41 ~1 3 |=5+105=10

-1 1 2 1 I2 —1

- If we take the second row.
=0 % Ya+3t Y2 b Z=33+10=10
-1 1 2 1 |2 -1

- If we take the first column.

=3 % Y42 2 L=se342=10
-1 1 -1 1 3 2
0 1 0 O
- Thedeterminantofa4><4matrixA:|0 L1 0|
1 1 1 1
1 1 0 0
110 0 1 0 0 1 0 0 1 1
=01 1 1]-1]J1 1 1]+0|1 1 1]-0]1 1 1]
11010 11 f 0 ) % 1 0 1 1 0
=010 -1 r0 b=
0 0 1 0 1 0

H.W:. Evaluate the following determinants:.

2 3 1 2 -1 =2
1.14 5 2 ans. (-5) 2. |-1 2 1] ans. (0)
1 2 3 3 0 -3
2 -1 2
3./t o 3 ans. (-7) [ by used the third row ]
0 2 1
1 0 -1
4. 10 2 -2 ans. (6) [ by used the first column]
2 0 1
1 1 0 O 1 -1 2 3
0 0o -2 1 2 1 2 6
5. |O 1 0 7| ans. (38) 6. | 1 0 ;3 | ans.(2)
3 0 2 1 -2 2 0 -5
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Matrix and determinants

Solution of simultaneous equations by using Cramers rule
Definition: Crammer s rule uses a method of determinants to solve

systems of equations.

Two simultaneous equationsin x and vy

ax+by=p

cx+dy=q

to solve use the following
then x= % S QD"
where; b

a b
p=1* ?I, p=P °|,D_ e p

c d “q d Y c q
Example 10:. Solve the system by Crammer's rule .

3X-y=9

X+2y=-4

solution:

D= “l=6+1=7
1 2

D=l’ Y =184=14.D,=° 7 |=120=m
4 2 1 —4

(=R =2 | y=a o
7 7

Three simultaneous equationsin x . yand z

apX +apy +apZ =b;
anX + axy + apZ = b,
az1X + agy + assZ = bs
To solve use the following

D
_ _ Dy _
then x =Dx , Y= , 7 =Dz
D D D

where

a1 A Qg3 by ay;; ags
D= |%:1 a2 a3 ,  Dx=| b2 az  ax|

a3y dzp d4sz b; a3, as;

a;; by ag a;; a4, by
Dy=|ax by ay] ) D,=|axy ay by

as; by as as; az; bs



Matrix and determinants

Example 11:. Solve the system by using Crammer's rule .

2X+y+3z=9
X—-2y+z=-2
3X+2y+22=7
Solution:
2 1 3 —2 1| 1|1 1I 3 I1 —2I 13
D=1 -2 1]|=2 - + =
3 2 2 2 2 3 2 3 2
9 1 3 -2 1 — 2 _
D= -2 -2 1]=9 |-1] | +3 | | =-13
7 2 9 2 2 7 2 7 2
2 9 3 -2 1| 9|1 1 — =26
Dy=11 -2 1| =2] - | +3 | =
3 7 9 7 2 3 2 3
2 1 9 —2 —2I 1|1 —2I 9 |1 —2I 39
D=1 -2 =-2|=2] - + =
3 9 7 2 7 3 7 3 2
then x=-13=-1 |, y=26=2 | z=39=3
13 3 13

W.H:. Solve the system by using Crammer s rule .

1. X-3y=6
2X+3y =3 ans.x=3 ,y=-1
2. X+2y+3z=5
2X—-3y—-2=3
-3X + 4y +52 = 3 ans. x=1,y=-1,z=2

3. 3a+4b-3c=2
-2a+2b+2c=15

7a—5b+4c =26 ans. x=25, y=35,z=65
4, 2X—-4y-6=0

X+y=1-z

Sy +7z =10 ans. x=0,y=-15 , z=25
5. Xi+Xo+Xg+X4=3

2X1-2Xs-X3+ 2%, =0
3X1-Xo+ 2X3+ 2%, =2
X1-Xo-2X3+ X4 =0 ans. x1=1/2 , x=3/2 , x3=0,%x3=1
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