Integration Sarah al Ameedee.

Integration

Approximating Area y
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Integration Sarah al Ameedee.

The Indefinite Integration:

Some properties of integration:
1. Constant Multiple:

/ kf(x) dx = k / f(x) dx

/ —flx)dx = —/ f(x) dx

2. Sum and Difference:

'/(f(.\') + g(x)) dx :/f(.\‘)d.\'r/g(.\')dx

Rules of Integration
1. [dx=x+C ,[adx=a[dx= ax+C
Example : Find the following integral.
(1) [6dx=6 [dx =6Xx+C
(i) [V5dx=35[dx=35x+C
(iii) [ In(8) dx=In(8) [dx = In(8) X +C

2. f[ax"dx=a [ x"dx =

Example : Find the following integral.

22X X = C =-—Xx
A+ 51 +c

(i) | 5sdx= | 2x “dx= +c == e
2" ./ L T l i+ e

1

| ,2+l % 5
(iii) /‘\/.Td.\'z /.\'f dx = ; +<':'\T+c zi./x.‘.Hw
= 2
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Example : / (3x + 2x% — 5)dx

2
=/3.\'([\'+/2.\‘2d.\‘—de.\' = ; + T 5x + ¢

2x3 —3x d
e : X
Example : / P

Examplelf(l — > dt

| —2t+15)df =1 —
/( +17) l+l+2—|—l+(

212 13

—i- e Sl
- 2 3 - 3
H.W.: Calculate
2 2 5
I. (a) [4dx (b) [7xdx 2. (a) / P (b) / 20 d
(a) dx + (b}?xz—i— 2 b54
d) a4X f‘ _— 'y L%, 1557 o :
3 [(a) Hx +c )24.x +c]

3x* — 5x ) 3
3. (a) f( i ‘) dx  (b) /(2+9)2d9 4. (a}fﬁdx (b}fﬁdx
®, A J

3x2 63 —4 — !
1
5. (a}szFdx fb)h(fx_ﬁdx 6. (a) _df
4 |
(a) 5\/’1_5+c (b}ax/.x_';'+c

10
I:(a}ﬁ—l—c (b) — f—kf]

,/.“—'—H)h de 1 2
7. \/5 4 8. f(4+7\—6\ )d_\
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n+1
(f(x)) N

n+1 TG

3. JU@)f (x)dx =

Example : f(x2—1)32x dx =) [f)=x*1 f' (x)=2x]
(x2—1)3*1 (x -1)*
-+

+C

3+1 4
Example : f\/1+x2 2x dx E>[f(x) 1+, £ (%)= 2x]

14+xH)7 2y7 3
= (_1)1_ +C = % +C—_ (1+X2)2 +C =

2 2

2V ([T+x%)3 N

3

2x%+1

Example: [ dx

(2x34+3x—4)> ;
=f(2x3 +3x —4)75 (2x2 + 1)dx *_
3
N f (223 + 3x — 4)-5 (6x2 + 3)dx = ; (2x3+3x5 J:) ™ C
_(2x3+3x 4)~4 +C -1 +C

—12 T 12(2x3+3x—4)*

b [Ldx =In@AC [T f(X)dx = In(f()) +C

f(x)
P S S

Example : [— dx=" [~ dx= _In(x)+C

3x 3 X 3

2x°+1
Example: f2x3+3x_4 dx
= 2x%+1 do * 3 = lf 6x*+3  (y

2x3+3x—4 3 37 2x343x—4

1
=2In(2x3 +3x —4) + C
3
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5. [e*dx =e*+C, [a*dx =a*/In a+C

3_ 1 3_
Example: [e2X 1 x2dx = _ [e2X°~1 gx2qdx
6
1 3_
_ _er 1 +C
6
tan™ 2 X tan™ 2 x 1
Example: [3 ¢ s (Z)dx =43 4+ & (Z) de
tanf
=4+*3 4 [In3+C
H.W. : Calculate
S 5 2 [ dx 2 w==I1]
]. < = ’hld.‘ b by 2. b2 —_— d |
('1)/4 o )3fe5-" ('1)~ 3 dx (b)‘[( u )du

i )
2 ) 5
15 e5x +le [(a);lnx—i—c (b)%—lnu+c:|

3
|:(a) ge”‘ +c (b)

(2+43x)° Iy
3. (a}l/ T dx (bl](? +2f) dt f(Z.\'—5)7 dx

4.
(@) By + 8V + oV +c f .
i P ——
5. 24 3x-

1 4
(b) —?+4I+T+C

2 5—2 _
6. [4 2% —2% (3x2 — 1)dx /( :l )d“
7.«

u-—1
— -
8. [ 57" cos2x dx 9. sec(2x) -
(tan Zx—4)°
x“—1
10. J —g——dx 11_/ 2x(2x? = 3)°
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6. Integration of trigonometric functions

‘ smmxdx = —cosx + C ‘ cosxdx=smx + C

' sec’xdx=tanx + C | esexdx = —cotx + C
| secxtanxdyx =secx + C ‘ CSC X Cot xdx = —(CSC X
Example :

6 1
1. [sin(3x?) xdx = [sin(3x?) xdx* =_ f sin(3x2) 6x dx
6 6

= __cos (3x°) +C
6

fcsc 2(\%) dox f csc (\/x) dox —2f csc (\/x) dox

=-2 cot (Vx ) +C

3. [ cos*(x)sin(x) dx = [ cos*(x) sin(x) dx _
—1

4+1 cos®(x)
441 5 ,
4, fsec4(2x) tan(2x) dx = fSeC3(2x) sec(2x) tan(2x) dx * -
2
1
3( ) ( ) ( ) sec4(2x)
fsec Z sec 2x tan 2 2dx —T+C

5. [sin2(x)dx = fi (1 — cos(2x))dx =1{ [1dx-
2 2

1 1. _1o 1
fcos(Zx)dx}—E{x—Esm(Zx)}+C—Ex 4sm(2x)+C
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Example : Determine.

1) [cos(30—1)a6 6) jcos =
2) I.\'-Siﬂ(Z.\'" ) dx 7) j 1-sin‘3f)-cos3t dt
3) [cos®(2y)-sin(2y)dy 8) [tan’ (5x)- sec (5x) dx
4) J‘secs.\'-fan.\' dx 9) Isirr’.\'-cos3.\' dx
5) [N2+ sin3t - cos3t dt 10) j’c"' x

Solution :

1) %I3cos(30—1)d6:%sin(39—1)+c
2) ijn sin(2\--’)d\-——1cos(2\--’)+c
47 R 4 ’

3
3) -%I(cos 2_1*): (=2sin2y dy)z —%-M+ c= —é(cos,?y)g +c

3
T
4) Iseczx-(sec.v-tal1 .\'-d.\'): sec{ i
v, 1 (2+sin ?t)/ 2 = av
5) —I(2+ sin 3t)/2(3 cos 3t dt)— #+c:;\/(2+sm3t) +c

/2

6)I dH —Isec 6-d6 =tanb +c

COS

7) I(l — sin’ 31)- cos 3t dt = -;I 3cos 3t dtf — éj(sinﬁ)z - 3cos3t

1 sin’ 3t 1 1
= —sin3t—-—-"———t+ec=—-sin3t——sin’ 3t+c
3 3 3 2 9
1 tan® 5x 1 :
8) —jtan 5x- (3sec 3x d\) —+c:—tanJ5.\'+c

5 4 20
9) '[sin'.\'-cos X dx =I sin’x- ( 1-sin’ ) cos X dx
sin® x sin’ x

Sl 2
=ISIII.\‘-COS.\‘ (I.\'—Iszlr6x-co.s.\‘d\'= = — = +c




Integration Sarah al Ameedee.

cot” «/— CSC:\/-‘—'_I 36 \/_
10 ——dx =2
(corx/_) / +C’——2"0"/__2‘/—+c
/ 2
HW.:
[ cos2(x)dx f4 cos 3x dx f7 sec” 4t dt
1 | 1 sin(In x)
fisecﬁlrtanélrdr IEA -sine” dx f
; x
dx

Icar(Zx +1)-ese’(2x + 1) dx

7 . Integration of inverse trigonometric functions

7] u > >
J‘\/i—sml—+c——cosl—+c z Yu <a-
a
du 1 _ u 1 _;u
I,—,:—tan —+Cc=——coft " —+cC
a +u- a a a a
_[ du 1 _;|u P 1 _s|u 8 Vi 5
—_———=—5eC |—+Cc=——csc |—|+cC g u >da
u«/u"—a" a a a a ’
Example :
dx X
S
1) I—: sin +c
9—x’ 3
x* 1 1 5 1 . _
2) Iéd\- - —I = (3.\" dx):—sm Lxt ae
i 37 J1-(%* ) 3
sec’ x
3)-[ ', dx = sin Y (tanx ) + ¢
\/I—fan' :
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4)f5+x2 dx=fmdx

1
V5

5) [ —— dx=]

3
6

=1 tan(x) +c
( \/g)

1 .
dx=1 sec( =y

6 6
[xIVx2—( ) s s

=5 sec(5x) +c
6

H.W.: Finding the following integration.

L | ' 4o
1462

1
3. dx
49+ x2

du

S
=
7.1 dx

81 2
\/100 X

0./ '  dx
Vet (t?— i)

ZJ dx
V16— x2
4.{_ “
0.25+t2
6. (—1
J|x|\/x2—41 dx
8. J 7Tz_lmz dx
1
10.f dx
|x|[Vx2=7
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Define integration

The function is the integrand.

Upper limit of integration
o
\\‘l) / x is the variable of integration.
Integral sign \-\ d /
X) dX
Lower limit of integration /\ J ofI:I:: i)n(::?lgt;l:ld :I:J \h’j::

/ s .
Integral of f fromatob — evaluated the integral.

J2 f(x)dx = [F(x) 15 = F(b) - F@)
Where f (x) dx = F'(X)

Rules satisfied by definite integrals

*b
_/ f(\) dx A Definition

Zero Width Interval: / flx)dx =0 Also a Definition

I

Order of Integration: / flx) dx
b

Constant Multiple: / kf(x) dx = A/ fx) dx Any Number &

/ —flx) & —/ f(x)dx
b

Sum and Difference: /(f(\ + g(x)) dx —/f(\ )dx + /g(.\')dx

Additivity: /f(r)d\ +/f ) dx = /f\)d\

Example :. Calculate the following integration.

¢ odx ?

1 - 2) |cosxdx
) -_[ xX+2 / ;[
\u"l3 JE
dx dx

3) J_1+ - 4 T

-3 ’ ] - X

4 X
5) |e ?dx

10
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Solution :

f, =ln(6+2)-In(2+2)=In8—In4=3ln2-2in2=1In2

6
dx
1) .[mzln(x+2)

3x
A 3z,

: 7 | . T
2) J-cos.\'d.\':smxx =sin(—n)—sin(—)=—1-1=-2
% Z 2 2

i - V3 /4 /4 2
3) I — = tan™’ F:tan"x/}—tan"l(—\/g)z——(——)z—n
F 1+ x~ -v3 3 3 3
-3
% 4 TR E
4) I = sin™ .\1 2 st gmrtiget gt
L 1= 0 2 3 3

14

4
5) je‘f de=-2e % =-2e?-e)=2fe—e?)

Example :

/:3sin2\'d.\' = (3)(-1) cos2x| = —ECOS?.\'
JO 2 0 2 0

[ B

|
(5 ] JLVA R s —
|
oW oW
g
e
Ny
|
P —
|
o1 w
()
o]
.ﬁ ’
o
\ e
|
e N—
|
(3]
|
| SR
|
e,
|
o1 W
s

0> @
% 4
[1‘)(%)‘l 2()(_3')°' 03 20%3
= T ol b e =
& - 1 & - |

11
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2 1Y (2 — 2
= liﬁ+4\/r’] :{%\/(4)‘4—4\/3} —{.—;\/W*‘-‘lﬂ}
- 1 > -

16 2 | ) 2

Example: Find f19\/5x +4 dx

1
Sotuton: [ (5x + 4y 4% {f(9=5x+4,F () =5}
9 1 5 19 !
[LGx+4) dx x7 =f (5x+4)z >

1 GedZl g 1 Gxrad 9 2 3 3
=§[—1+1—]1=g[—3—] =—{G*9+ 4 -G*1+4)7}
2

= _{\/21:9% Vo3 } = {34327} = _{316} = 832

15
HW.:
‘ > .l 3 a2l 2 Y ‘ 2l
l. (a)/ Sx~dx (b)/ —Il‘dl 2. (u)/ (3—x")dx (b)/ (x"—4x+43)dx
1 =1 -1 1
: a)6 (b ll
[(u) 105 (b) —5] @6 (b)-13
” x - , 2 .
3. (a) :;Cosl)‘[() (b)/-.ic()s()d() 4. (d)/; 2sin20do (b)/ 3sinrdt
0 < 0 z 0
[(a) 0 (b) 4] [(a) 1 (b)4.248 |
1 & N
6 > = 5
5. (a) / S5cos3xdx (b) f 3sec” 2vdx 6. (a) / o drdr
0 0 !

[(a) 0.2352 (b) 2.598] z
(b) /; (3sin2x — 2¢cos 3x)dx
T

[(a) 0.2572 (b) 2.638]

19 4 1
(d)/ 3e¥ di (h)/ -rdl 8. (a)/ = dx (b)/ “+ dx
e~ X

[(a) 19.09 (b) 2.457] [(a) 0.2703 (b) 9.099]

12
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8. Integration of hyperbolic trigonometric functions

[ sinh x dx = cosh x +C

[ cosh x dx =sinh x +C

[ sech?x dx = tanh x +C

[ esch2x dx = - coth x +C

[tanh x sech x dx = - sech x +C

[ esch x coth x dx = - csch x +C

Example :

1-[ 2 csch VX cothvxdx = 4 [ — csch X coth Vidx x-
Vx Vax 2

dx

=8 [ cschVx coth\/x_F =-8cschvx +C

X

2-[ cosh5(2x*) sinh(2x*) x3dx = [ cosh5(2x*) sinh(2x*) x3dx x 5

= [ cosh5(2x*) sinh(2x*) 8x3dx
8

cosh®(2x%)
+
48
H.W.:

1. [sinh () dx
7

2. [ sech? (x — 2 dx
2

3. [6cosh(“—Inx)(—")dx
2 2 X

4. f cosh(lnx)dx

X

5 f4cosh3[xdx
A Jx

6. fln Y 4sinh2 (%) cosh () dx
0 2 2

8

_ 1 cosh®(2x%)
=+

8 6

13
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9. Integration of derivative of inverse hyperbolic trigonometric functions

[ =sinh() +C f_Z_=cosh™(’)+C
x4+ a X“— Qa a
[ zdx =! tanh(" Y +C =] coth’(") +C
dx _ 1 1,x dx _ 1 -1,x
| gz O+C P R
Example :
L fm dx__ = [sinh” (J_C)]Z\/?:sinh'l(ﬁ)-sinh'l(ﬂ)
“Jo V2t s 0 2 2

= sinh™ (v3) —sinh™ (0) = sinh* (v/3) -0 = 1.3

. dx dx -1
2. = [——=——===cosh™(£) +C
J \/4x2—3 \/(ZX)Z— (\/?)2 \/g

3/13  dx -3/13 dx 4 _
. —— D Cp—— 3/13
3 Jl/5 xV1—16x2 J1/5 xV1—(4x)? 4 [ sech’ (4X) ]1

. -% (sech™(4( 3/13)) - ( sech™(4(1/5)))

4. (022X - [sinh™(sin x)]5 = sinh™(sin ) — sinh™(0) = 0

Vi+
sin?x
H. W.:
a
1-f1/3 6dx 2. | 3. f 3dx
VIxZ+ 1 3—x2 1 xV1+(In x)?2
2/3 dy 5 J dx J 6dx
J\/_/3 Iyl Voy2— 1 " |x|V5x2—3 V4— 25x2

14
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Some Application of Integration

Acceleration . Velocity . Distance
Time : t Acceleration : a(t)
Velocity 1 v(t) = [ a(t)dt Distance : s(t) = [v(t)dt

Example: A body moves along a straight line according to v(t) = 2t -4

(m/s).

1. Find distance through [1,4].

2t-4=0 |, t=2¢c[14] , sy =|[i@t—4)de|+]|[*@t -
2

4)de | = |[-44)2 [+I[C-4 | = |-1] - 14| = 5m’
2. Find displacement through[1,4]
s(t) = [7(2t — 4)dt = [t*-4t]* = 3m

1 1

3. Filr(l)d distance through the tenth second.
s(t) = [ (2t — 4)dt = [t*-4t]10 = {10>-4*10} - {9°-4*9} = 60 -45 =15 m
9 9

Example: A body moves along a straight line according to the law a(t) =
4t+2 (m? /s). Its velocity at fourth second is 50 m/s. Determine:

1. Its velocity at any time.

v(t) = [a(t)dt = [(4t + 2)dt = 2t" + 2t +C

50=2(4)*+2*4+c , c=10 ,v(t)=2t"+2t+10

2. Distance through [3,7]. )

s)=["(2t2 + 2t +10)dt =[ "+ +10t]7 =( " (7)° + (7)° + 10*7
3 3 3 3

)- ¢ (3)° + (3)°+ 10*3) = 193.3 m

3. Distance after 10 seconds

Note (2t° + 2t +10#0) , ,
s()= [ (22 + 2t +10)dt =[ “t*+t°+ 10t 10 =( " (10)° + (10)* +
0 3 0 3

10*10 )- (i (0)* + (0)* + 10*0 ) = 866.6 m

Example: A body moves along a straight line according to the law a(t) =

21t*— 10 (m/s°). Determine its velocity after 2 seconds

s(t) = [7(21¢2 — 10)dt = [7t° - 10t ]2= {7 (2)* - 10%2 }- {(7 (0)>-10 *0 }
0 0

=36 m/s

15
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2) Length of curve

If f(x) is continuously differentiable on the interval[a,b], the length of the

curvey =f(x) fromx =atox=bis

L= ["VI+(F@)?dx

: 42
Example: Find the length the curve y= b2 x32 1 ,0<x<1

3
Solution :
a=0 ,b=1
42 3
y.:JL*_XIIZ
3 2

L:fl\/1+(2\/2x)2 dx:f1\/1—-|r8xdx *E
0 8

=2Vzx

0
= 1%2(1+8x)¥*|1 = 13/6
8 3 0

312

Example: Find the length of the curve y =X""fromx=0tox =4

Solution :
a=0 ,b=4
y.=EX1/2
2
= 4/ 1772 4 9 L9/4
fO 1+(2x )dX:J'O 1+4XdX a
=L %212 = 2 (V10 -1)

9/4 3 4 S
/ 0 27

H.W.:

. 1
Find the length of the curve y = “x¥ fromx=0tox =4
3

16



Integration Sarah al Ameedee.

3) Areas under and between curves

In figure below, if we need to

determine the area of the Vet
function y = f(x) between the f
interval x = a to x = d used the » 0% > c/ i x

following rule.

Example 1: determine the area between the curve y = x*-2x°-8x and the x
— axis.
Solution: y=0

10

| y=x"-2x"-8x

P22 _8xr=0
x(x2—2x—8) =0
Mx+L2x—4) =0
r=0

x4+2)=0 xr=-2
x—4) =0 r=4
Shaded area

0 4
= [ (' — 2x% — 8x)dx — f |[Jr3 — 2% — 8x)dx
]

-20F

-62 | 422 -I*jl] quare uni
= ( ?) — (_ 3)=%3 square units

17
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Example: Determine the area enclosed between the curves y = x* + 1 and

y=7-X.
Solution: ¥
Yi=Y2 1of ;
¥4+ 1=T7—x | v
X 4+x—6=0 : A e
(x—2)x+3)=0 1 . . ’ I
x=2andx= -3 ’ ’ e ‘ ‘ !

2 2 2
Shaded area = . (7T —x)dxy — f 14;.11'2 + 1ydry = /.1 [(7T —x)— {13 + 1)]dx

9 2 2371

= _3{6—1’—1’3}:11' =[ﬁr—?—?}_3 =(|2_2_§)

i 1 1 5
— _18——+9) _(12Y _(_13l) — a2 . i
( 2 (73) ( |32) 20~ square units

Example : Determine by integration the area bounded the three straight
linesy =4-x, y =3xand 3y = x.

Shaded area ¥
1 3 yel=x y=3x
_L (31——)dr+jl. [(4—11—5]11 \‘
9 21 3 273
3x-  x XX
= _— ‘4 —_ . T
[2 6L+[I 2 6:|| o} Iy=x (ory=3)
'*
=|G-a)-0]+[(2-3-3) |
0| ; 5 ?; 4\ X
/
: : I1 6—3 4 it
-4-3-2)| = ( 3 + | 6 — 3= | = 4 square units
H.W.:

1. Find the area enclosed bv the curve v = 4 cos 3x, the x-axis and

o
ordinates x = 0 and x = E

2. Sketch the curves y = x> + 3 and y = 7— 3x and determine the
area enclosed by them.

3. Determine the area enclosed by the three straight lines y=3x,
2Zy=xand y+2r=3.

18
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4) Volume of solids of revolution

The volume of revolution, V y

obtained by rotating area A y=f(x)

through one revolution about AT
o y /

the x-axis is given by : v 7 ]
K ///é

b
. ) 0 X=a x=b x
V= / my” dx
a

If a curve x = f(y) is rotated 360° about y-axis between the limits

y =cand y =d then the volume generated , V, is given by:

4 )
V= / mx“ dy.
(.

Example: The curve y = x* +4 is rotated one revolution about the x — axis
between the limits x=1 and x=4. Determine the volume of solid of
revolution produced.

Solution: ¥

4 4
Volume = f :rjn.!2 dx = / w(x? 4+ 4)* dx
1 1

4 S8 4
= f a(x* + 82+ 16)dx =7 {? + T + lﬁx}
' 1

= 7[(204.8 4 170.67 4 64) — (0.2 + 2.67 + 16)]

= 420.67 cubic units

19
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Example: Determine the area enclosed by the two curves y = x* and y* =
8x. if this area is rotated 360° about the x-axis . determine the volume of
the solid of revolution produced.

Solution: y y=x2

At the points of intersection the co-ordinates of the

curves are equal. Since v = x? then ¥* = x*. Hence

equating the y* values at the points of intersection: 4f— — — — —F7 =8«

(or y=\(Bx)

xt = 8x |

from which, ™ —8r=0 2 |

and xx? —8)=0 |

Hence, at the points of intersection, x =0 and ~ “N_ g !

x =2. When x=0, y =0 and when x= 2,y 0 2 x

" \

The points of intersection of the curves y = x* and y? =8x are therefore at (0,0) and
(2,4). Ify*=8x then y=+/8x

Shaded area

16 8 8 2

———=——?—s(|a mits
3 3 3 juare unit

r2

. s Ay Ay
The volume produced by revolving the shaded area volume = /0 m(8x)dx — /0 m(a)dx

about the x-axis is given by: %

& &
m_l)m_q[i_%]
N 0

l6——— (0)]

[(volume produced by revolving v* = 8x) =7
— (volume produced by revolving v = x%)}

=7

r—lg\

= ().(m cubic units

H.W.:

1. The curve xy=3 is revolved one revolution about the x-axis between the
limits x=2and x=23. Determine the volume of the solid produced.

v ] .- .
2. The area between — =1 and y +x? =8 is rotated 360° about the x-axis.
¥=

Find the volume produced.

3. The curve v = 2x2 + 3 is rotated about (a) the x-axis between the limits x =
0 and x = 3, and (b) the v-axis, between the same limits. '
Determine the volume generated ineach case.

20



