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𝟎 

 

Integration 
 

Approximating Area 

 

What is the area of the shaded region 

R that lies above   the x-axis, below 

the y = 1 – x
2
, and between the 

vertical lines x = 0 and x = 1? 

 

The method:- 
 

 

 
 

 
 

 

 

 

 

 
 

A =∑𝟏 𝑨𝒏𝒅𝒙 

or 

A = ∫
𝟏 

𝒇(𝒙)𝒅𝒙 
𝟎 
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Some properties of integration: 

1. ∫ 𝒅𝒙 = 𝒙 + C , ∫ 𝒂 𝒅𝒙 =𝒂 ∫ 𝒅𝒙 = 𝒂𝒙 + C 

 

The Indefinite Integration: 
 

 

Rules of Integration 

Example : Find the following integral. 

(i) ∫ 6𝑑𝑥=6 ∫ 𝑑𝑥 = 6 x +C 

(ii) ∫ 
3
√5 𝑑𝑥=

3
√5 ∫ 𝑑𝑥 = 

3
√5 x +C 

(iii) ∫ 𝑙𝑛(8) 𝑑𝑥=𝑙𝑛(8) ∫ 𝑑𝑥 = 𝑙 𝑛(8) x +C 
 

 

Example : Find the following integral. 
 

2. ∫ 𝒂 𝒙 𝒅𝒙 = a ∫ 𝒙 𝒅𝒙 = 𝒏 𝒏 
𝒂 𝒙𝒏+𝟏 

+C , 𝒏 ≠ -1 
𝒏+𝟏 
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H.W.: Calculate 
 

 

 

 

 

 

 

 

 

 

 

7.  8.  



Integration  Sarah al Ameedee. 

4 

. 

 

 

 

 
 

Example : ∫(𝑥2 − 1)32x dx [ f(x)= x
2
-1 ,f ' (x)= 2x] 

(𝑥2−1)3+1 
= 

3+1 
+C = 

(𝑥2−1)4 
+C 

4 
 

 

Example : ∫ √1 + 𝑥2 2x dx [ f(x)=1+x
2
 , f ' (x)= 2x] 

1 
(1+𝑥2)2+1

 
= 1 

+1 
2 

 
+C = 

3 

(1+𝑥2)2 

3 

2 

+C= 
2

 
3 

 
3 

(1 + 𝑥2)2 +C = 

 
 

2√(1+𝑥2)3 
+C 

3 

 
 
2𝑥2+1 

Example: ∫ 
(2𝑥3+3𝑥−4 )5 𝑑𝑥 

=∫(2𝑥3 + 3𝑥 − 4 )−5 (2𝑥2 + 1)𝑑𝑥 *
3

 
3 

= 
1 

∫(2𝑥3 + 3𝑥 − 4 )−5 (6𝑥2 + 3)𝑑𝑥 = 
3 

=
(2𝑥3+3𝑥−4 )−4 

+C = = 
−1 

1 (2𝑥3+3𝑥−4 )−5+1   

+C
 

3 −5+1 

+C 
−12 12(2𝑥3+3𝑥−4 )4 

 

 

 

Example : ∫
 4 

𝑑𝑥=
 4 

∫
 1 

𝑑𝑥= 
4
ln(x) + C 

3𝑥 3 𝑥 3 
2𝑥2+1 

Example: ∫ 
2𝑥3+3𝑥−4 

𝑑𝑥 

=∫ 
2𝑥2+1 

𝑑𝑥 * 
3 

= 
1 

∫ 
6𝑥2+3 𝑑𝑥 

2𝑥3+3𝑥−4 3 3 2𝑥3+3𝑥−4 
 

= 
1
ln(2𝑥3 + 3𝑥 − 4) + C 

3 

4. 
 𝟏 

∫ 𝒅𝒙 = 𝒍 𝒏(𝒙) +C 𝒙 
, ∫ 

   𝟏   
𝒇′(𝒙)𝒅𝒙 = 𝒍 𝒏(𝒇(𝒙)) +C 

𝒇(𝒙) 

3. ∫(𝒇(𝒙)) 𝒇 (𝒙)𝒅𝒙 = 𝒏  ′ 
(𝒇(𝒙))𝒏+𝟏 

𝒏+𝟏 
+c , 𝒏 ≠ -1 
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Example : ∫ 𝑒2𝑥3−1 𝑥2𝑑𝑥 = 
1 

∫ 𝑒2𝑥3−1 6𝑥2𝑑𝑥 
6 

 

= 
1 

𝑒2𝑥3−1 
+ C

 

6 
 

tan
𝑥

 2   𝑥 
 

 

tan
𝑥

 2 𝑥 1 
 

Example : ∫ 3 4 𝑠𝑒𝑐 ( ) 𝑑𝑥 = 4 ∫ 3 
4 

tan
𝑥

 
 

 

4 𝑠𝑒𝑐 ( ) 𝑑𝑥 
4 4 

= 4 * 3 4 / ln 3+ C 
 

 

 

H.W. : Calculate 
 

 

 

 

 

 

4.  

5. 

3 

6. ∫ 4 2𝑥 −2𝑥 (3𝑥2 − 1)𝑑𝑥 
 
 
7. 

8. ∫ 5
sin 2𝑥 

cos 2𝑥 𝑑𝑥 
𝑠𝑒𝑐2(2𝑥) 

9.∫ 
(𝑡𝑎𝑛 2𝑥−4)3 dx

 
𝑥2−1 

10. ∫ 
𝑥3−3𝑥 

dx 
 
11. 

5. ∫ 𝒆𝒙𝒅𝒙 = 𝒆𝒙 +C , ∫ 𝒂𝒙𝒅𝒙 = 𝒂𝒙/ln a +C 
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Example : 

1. ∫ sin(3𝑥2) x dx = ∫ sin(3𝑥2) x dx *
6 

= 
1 

∫ sin(3𝑥2) 6x dx 
6 6 

= 
−1 

cos (3x
2
) +C 

6 
 

2. ∫ 
cs𝑐2(√𝑥) 

√𝑥 
𝑑𝑥 = ∫ 

cs𝑐2(√𝑥) 

√𝑥 

 

𝑑𝑥 *
2 

2 
= 2 ∫ 

cs𝑐2(√𝑥) 

2√𝑥 
𝑑𝑥 

= -2 cot (√𝑥 ) +C 

3. ∫ 𝑐𝑜𝑠4(𝑥) sin(𝑥) 𝑑𝑥 = ∫ 𝑐𝑜𝑠4(𝑥) sin(𝑥) 𝑑𝑥 
−1

 
−1 

=− ∫ 𝑐𝑜𝑠4(𝑥) ∗ −sin(𝑥) 𝑑𝑥= - 
𝑐𝑜𝑠4+1(𝑥) 

 
 

4+1 
+C = - 

𝑐𝑜𝑠5(𝑥) 
+C 

5 

4. ∫ 𝑠𝑒𝑐4(2𝑥) tan(2𝑥) 𝑑𝑥 = ∫ 𝑠𝑒𝑐3(2𝑥) sec(2x) tan(2𝑥) 𝑑𝑥 * 
2

 
2 

 1 3( ) 
 

 

( ) ( ) 𝑠𝑒𝑐4(2𝑥) 
 

= 
2 

∫ 𝑠𝑒𝑐 2𝑥 sec 2x tan 2𝑥 2𝑑𝑥 = +C 
4 

 

5. ∫ 𝑠𝑖𝑛2(𝑥)𝑑𝑥 = ∫ 
1

 
2 

(1 − cos(2𝑥))𝑑𝑥 = 
1 

{ ∫ 1 𝑑𝑥 - 
2 

1 
∫ cos(2𝑥) 𝑑𝑥 } = 

2 

1 
{ x – 

2 

1 
sin(2x) } + C = 

2 

1 
x – sin(2x) + C 

4 

6. Integration of trigonometric functions 
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Example : Determine. 
 

Solution : 
 

 



Integration  Sarah al Ameedee. 

8 

. 

 

 

7 . Integration of inverse trigonometric functions 

 

 

𝑯. 𝑾. : 
 

∫ 𝑐𝑜𝑠2(𝑥)𝑑𝑥 
 

 

 
 

 

 

 

sin(ln 𝑥) 
∫ 

𝑥 
dx 

 

 

 

 
 

Example : 
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∫ ∫ 

∫ 

∫ 

) 

 

 
 

𝟏 𝟏 

4) ∫ 
𝟓+𝒙𝟐 𝒅𝒙 = ∫ 

(√𝟓)𝟐+𝒙𝟐  𝒅𝒙 
 

 

 
𝟏 

5) ∫ 
√𝒙𝟐(𝒙𝟐 

= 
𝟏 

√𝟓 
 

 

− 
𝟑𝟔

)
 

𝟐𝟓 

tan
-1

( 𝒙 ) +c 
√𝟓 

𝒅𝒙 = ∫ 
𝟏

 

|𝒙|√𝒙𝟐−( 

 
 
 

𝟔 𝟐 

𝟓 

 
 
𝒅𝒙 = 𝟏 

𝟔⁄𝟓
 

 
 
sec

-1
( 𝒙 

𝟔⁄𝟓
 

 
 

) +c 

 

= 𝟓 sec
-1

( 𝟓𝒙 ) +c 
𝟔 𝟔 

 
 
 

H.W.: Finding the following integration. 
 

1. 
1

 
1+𝜃2 

3. ∫ 
1

 

𝑑𝜃 2. 𝑑𝑥 
√16− 𝑥2 

𝑑𝑥 4. ∫ 
𝑑𝑡

 
49+𝑥2 

5. ∫ 
𝑑𝑢

 
√𝑢2(𝑢2− 1) 

0.25+𝑡2 

6. 1 
|𝑥|√𝑥2−41 

 
𝑑𝑥 

 

7. ∫ 
1

 

√
 81 

−𝑥2 

100 
 

9. ∫ 
1

 

𝑑𝑥 8. 1 
𝜋2+𝑥2 

 
𝑑𝑥 10. ∫ 

1
 

𝑑𝑥 
 
 

𝑑𝑥 
√𝑡 

2(𝑡2− 
1

 
4 

|𝑥|√𝑥2−7 
) 
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∫ 
𝑏 

𝑎 
𝑓(𝑥)𝑑𝑥 = [ F(x) ]𝑏 = F(b) – F(a) 𝑎 

Where f (x) dx = F'(x) 

 

Define integration 
 
 

 

 

 

Example :. Calculate the following integration. 
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Solution : 
 

 

Example : 
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1 

 

 
 

Example: Find ∫
9 

√5𝑥 + 4 𝑑𝑥 
 

9 1 

Solution : ∫1 
(5𝑥 + 4)2 

𝑑𝑥 ,{ f(x) = 5x+4 , f '(x) = 5 } 
 

9 1 5 1 9 1
 

∫1 
(5𝑥 + 4)2   𝑑𝑥 × 

5 
= 

5 
∫1 

(5𝑥 + 4)2 
5𝑑𝑥 

 

1 
1 (5𝑥+4)2

+1   
9 

 
  

3 
1 (5𝑥+4)2   9 2 3 3 

 
= [ 1 

5 +1 
2 

]1 = 
5 

[ 3 ]1 
2 

= {(5 ∗ 9 + 4)2 - (5 ∗ 1 + 4)2} 
15 

 

= 
2 

{√493 - √93 } = {343 – 27} = 
15 

2 
{316} = 

15 

632 
 

 

15 
 

 

H.W.: 
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∫ 𝒔𝒊𝒏𝒉 𝒙 𝒅𝒙 = cosh x +C ∫ 𝒄𝒐𝒔𝒉 𝒙 𝒅𝒙 = sinh x +C 

∫ 𝒔𝒆𝒄𝒉𝟐𝒙 𝒅𝒙 = tanh x +C ∫ 𝒄𝒔𝒄𝒉𝟐𝒙 𝒅𝒙 = - coth x +C 

∫ 𝒕𝒂𝒏𝒉 𝒙 𝒔𝒆𝒄𝒉 𝒙 𝒅𝒙 = - sech x +C ∫ 𝒄𝒔𝒄𝒉 𝒙 𝒄𝒐𝒕𝒉 𝒙 𝒅𝒙 = - csch x +C 

 

Example : 
 

1-∫ 
4

 
√𝑥 

𝑐𝑠𝑐ℎ √𝑥 𝑐𝑜𝑡ℎ √𝑥𝑑𝑥 = 4 ∫ 
1

 
√𝑥 

 
  

𝑐𝑠𝑐ℎ √𝑥 𝑐𝑜𝑡ℎ √𝑥𝑑𝑥 ×2 
2 

 

= 8 ∫ 𝑐𝑠𝑐ℎ √𝑥 𝑐𝑜𝑡ℎ √𝑥 
𝑑𝑥

 
2√𝑥 

= - 8 csch √𝑥 + C 

 

2-∫ 𝑐𝑜𝑠ℎ5(2𝑥4) sinh(2𝑥4) 𝑥3𝑑𝑥 = ∫ 𝑐𝑜𝑠ℎ5(2𝑥4) sinh(2𝑥4) 𝑥3𝑑𝑥 × 
8

 
8 

 

= 
1 

∫ 𝑐𝑜𝑠ℎ5(2𝑥4) sinh(2𝑥4) 8𝑥3𝑑𝑥 = 
1

 
8 8 

𝑐𝑜𝑠ℎ6(2𝑥4) 
+ C 

6 
 

𝑐𝑜𝑠ℎ6(2𝑥4) 
= + C 

48 
 

H . W.: 
 

1. ∫ sinh ( 
𝑥 

) 𝑑𝑥 
7 

2. ∫ 𝑠𝑒𝑐ℎ2 (𝑥 − 
1
) 𝑑𝑥 

2 

3. ∫ 6 cosh ( 
𝑥 

− ln 𝑥 ) (
1 

− 
1 

) 𝑑𝑥 
2 

4. ∫ 
cosh(𝑙𝑛𝑥)𝑑𝑥 

𝑥 
 

5. ∫
4 cosh √𝑥𝑑𝑥 

 

2 𝑥 

1 √𝑥 

6. ∫
ln 10 

4𝑠𝑖𝑛ℎ2 ( 
𝑥
) cosh ( 

𝑥
) 𝑑𝑥 

0 2 2 

8. Integration of hyperbolic trigonometric functions 
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∫ 

∫ ∫ 1/5 

∫ 0 

∫ ∫ ∫ 

 

 
 

 
 

𝑑𝑥 𝑥 
∫ = sinh

-1
( ) +C 

√𝑥2+ 𝑎2 𝑎 

 
𝑑𝑥 𝑥 

∫ = cosh
-1

( ) +C 
√𝑥2− 𝑎2 𝑎 

 
𝑑𝑥 1 𝑥 1 𝑥 

∫ = tanh
-1

( ) +C  = coth
-1

( ) +C 
𝑎2− 𝑥2 𝑎 𝑎 𝑎 𝑎 

 
𝑑𝑥 1 𝑥 

∫ = - sech
-1

( ) +C 
𝑥√𝑎2− 𝑥2 𝑎 𝑎 

 
𝑑𝑥 1 𝑥 

∫ = - csch
-1

( ) +C 
𝑥√𝑥2+ 𝑎2 𝑎 𝑎 

 

Example : 
 

1. ∫
2√3 

 
 

 
𝑑𝑥 

 
 

 
 

= [sinh
-1

(𝑥 ) ]2√3 = sinh
-1

(2√3 ) - sinh
-1

( 0 ) 
   

0 √𝑥2+ 4 2 0 2 2 
 

= sinh
-1

 (√3) –sinh
-1

 (0) = sinh
-1

 (√3) –0 = 1.3 

2. 
𝑑𝑥 

√4𝑥2− 3 
= ∫ 

𝑑𝑥 

√(2𝑥)2− ( 

 

√3)2 

= = cosh
-1

( 𝑥 
√3 

) +C 

 

3. 
3/13 

1/5 

𝑑𝑥 
 

 

𝑥√1−16𝑥2 
= 

3/13 

1/5 

𝑑𝑥 
×

4 

𝑥√1−(4𝑥)2 4 
= -1 

4 
[ sech

-1
(4x) ]3/13 

 

= -
1

 
4 

( sech
-1

(4( 3/13)) - ( sech
-1

(4(1/5))) 

 

 
4.  𝜋 0 

cos 𝑥𝑑𝑥 
 

 

√1+ 
𝑠𝑖𝑛2𝑥 

= [sinh
-1

(sin x)]𝜋 = sinh
-1

(sin π ) – sinh
-1

(0) = 0 

 

 

H. W.: 

1.∫
1/3 

 

 
6𝑑𝑥 

 
2. ∫  

𝑑𝑥
 

 
3. ∫

𝑒
 

 

 
3𝑑𝑥 

 

 

0 √9𝑥2+ 1 3− 𝑥2 1  𝑥√1+(ln 𝑥)2 
 

 

4 . 
2/3 

√2 /3 

𝑑𝑦 
 

 

|𝑦| √9𝑦2− 1 
5. 

𝑑𝑥 

|𝑥|√5𝑥2− 3 
6. 

6𝑑𝑥 

√4− 25𝑥2 

9. Integration of derivative of inverse hyperbolic trigonometric functions 
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Some Application of Integration 
 

1) Acceleration , Velocity , Distance 

 

Time : t Acceleration : a(t) 

Velocity : v(t) = ∫ 𝑎(𝑡)𝑑𝑡 Distance : s(t) = ∫ 𝑣(𝑡)𝑑𝑡 

 
Example: A body moves along a straight line according to v(t) = 2t -4 

(m/s). 

1. Find distance through [1,4]. 

2t -4 =0 , t = 2 ϵ [ 1,4 ] , s(t) =| ∫
2
(2𝑡 − 4)𝑑𝑡 | + | ∫

4
(2𝑡 − 

1 2 
4)𝑑𝑡 | = |[t

2
-4t]2 |+|[t

2
-4t]4 | = |-1| - |4| = 5m 

1 2 

2. Find displacement through[1,4] 
s(t) = ∫

4
(2𝑡 − 4)𝑑𝑡 = [t

2
-4t]4 = 3m 

1 1 

3. Find distance through the tenth second. 
s(t) = ∫

10
(2𝑡 − 4)𝑑𝑡 = [t

2
-4t]10 = {10

2
-4*10} - {9

2
-4*9} = 60 -45 =15 m 

9 9 

 

Example: A body moves along a straight line according to the law a(t) = 

4t+2 (m
2
 /s). Its velocity at fourth second is 50 m/s. Determine: 

1. Its velocity at any time. 

v(t) = ∫ 𝑎(𝑡)𝑑𝑡 = ∫(4𝑡 + 2)𝑑𝑡 = 2t
2
 + 2t +c 

50 = 2(4)
2
 +2*4 + c , c = 10 , v(t) = 2t

2
 + 2t +10 

2. Distance through [3,7]. 
s(t) = ∫

7
(2𝑡2 + 2t + 10)𝑑𝑡 = [ 

2 
t
3
 + t

2
 + 10t ]7 =( 

2 
(7)

3
 + (7)

2
 + 10*7 

  

3 3 3 3 

)- (2 (3)
3
 + (3)

2
 + 10*3 ) = 193.3 m 

3 

3. Distance after 10 seconds 

Note (2t
2
 + 2t +10 ≠ 0 ) 

s(t) = ∫
10

(2𝑡2 + 2t + 10)𝑑𝑡 = [ 
2 

t
3
 + t

2
 + 10t ]10 =( 

2 
(10)

3
 + (10)

2
 + 

  

0 3 0 3 

10*10 )- (2 (0)
3
 + (0)

2
 + 10*0 ) = 866.6 m 

3 

 

Example: A body moves along a straight line according to the law a(t) = 

21t
2
 – 10 (m/s

2
). Determine its velocity after 2 seconds 

s(t) = ∫
2
(21𝑡2 − 10)𝑑𝑡 = [7t

3
 - 10t ]2= {7 (2)

3
 - 10*2 }- {(7 (0)

3
 -10 *0 } 

0 0 

= 36 m/s 
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If f(x) is continuously differentiable on the interval[a,b], the length of the 

curve y = f(x) from x = a to x = b is 

L = ∫
𝑏 

√1 + (𝑓′(𝑥))2 dx 
𝑎 

 

2) Length of curve 
 
 

 

 

Example: Find the length the curve y = 
4√2 

x
3/2

 -1 , 0 ≤ x ≤ 1 
3 

Solution : 

a = 0 , b = 1 
 

y' = 
4√2 

* 
3 

x
1/2

 = 2√2𝑥 
3 2 

 

L = ∫
1 √1 + (2√2𝑥)2 dx = ∫

1 
√1 + 8𝑥 dx * 

8
 

0 0 8 
= 1 * 2 (1+8x)

3/2
]1 = 13/6 

  

8 3 0
 

 

 

Example: Find the length of the curve y = x
3/2

 from x = 0 to x = 4 

Solution : 

a = 0 , b = 4 

y' = 
3 

x
1/2

 
2 

 
  

L = 4 √ 3 1/2   2 4 √ 9 9/4 
 

 

∫0 
1 + (

2 
𝑥 ) dx = ∫0 

1 + 𝑥 dx * 
4 9/4 

= 1   * 2 [(1+9 𝑥)
3/2

]4 = 
8

 
   

 ( √103 – 1) 

9/4 3 4 0 27 
 

 

H.W.: 

Find the length of the curve y = 
1 

x
3/2

 from x = 0 to x = 4 
3 
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3) Areas under and between curves 
 

 

 

 

In figure below, if we need to 

determine the area of the 

function y = f(x) between the 

interval x = a to x = d used the 

following rule. 
 

 

 

 
 

 
 

Example 1: determine the area between the curve y = x
3
-2x

2
-8x and the x 

– axis. 

Solution : y = 0 
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Example: Determine the area enclosed between the curves y = x
2
 + 1 and 

y = 7 – x. 

Solution: 
y1 = y2 

 

 
Example : Determine by integration the area bounded the three straight 

lines y = 4-x, y = 3x and 3y = x. 

 

 

 

H.W.: 
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4) Volume of solids of revolution 
 
 

The volume of revolution, V , 

obtained by rotating area A 

through one revolution about 

the x-axis is given by : 

 

 

 

 

 

If a curve x = f(y) is rotated 360
o
 about y-axis between the limits 

y = c and y = d then the volume generated , V , is given by: 
 

 
 

 

Example: The curve y = x
2
 +4 is rotated one revolution about the x – axis 

between the limits x=1 and x=4. Determine the volume of solid of 

revolution produced. 

Solution: 
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Example: Determine the area enclosed by the two curves y = x
2
 and y

2
 = 

8x. if this area is rotated 360
o
 about the x-axis . determine the volume of 

the solid of revolution produced. 

Solution: 

Hence, at the points of intersection, x =0 and 

x =2. When x= 0 , y =0 and when x= 2, y 

=4. 

 
The points of intersection of the curves y = x

2
 and y

2
 =8x are therefore at (0,0) and 

(2,4). If y
2
 = 8x then y = √8𝑥 

 

 
 

H.W.: 
 
 


