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1. Double integral

The definite integral can be extended to z

) ) ] z=1(x,y)
functions of more than one variable. Consider, -

for example, a function of two variables z = f (x, I~ ‘ g
y). The double integral of function f (X, y) is | ?
denoted by

<Y

ol

H F(x,y)dA R |
R

Figure 1

Where R is the region of integration in the xy-plane.

The definite integral f:f(x)dx of a function of one variable f(x) > 0 is the area under the

curve f(x) from x=a to x=b, then the double integral is equal to the volume under the surface

z=f (x, y) and above the xy-plane in the region of integration R (Figure 1).

a- Properties of double integral




If f(x, y) and g(x, y) are continuous on the bounded region R, then the following
properties hold.

1. Constant Multiple: // cf(x,y)dA = ¢ // f(x,y)dA (any number c)
R R

2. Sum and Difference:

// (flx.y) T g(x,y)dA = / fx.y)dA = /f g(x,y) dA
R R R

3. Domination:

(a) / fx,y)dA = 0 if  f(x,y)=0onR

(b) / f(x,y)dA = //g(x, y) dA if f(x,y) = g(x,y)on R
R R

4. Additivity: // f(x,y)dA = // f(x,y)dA + / f(x,y)dA
R R, R,

if R is the union of two nonoverlapping regions R, and R,

b- Cartesian form

Double integral of f(x, y) over the region R is denoted by:

ﬂ F(x,y)dA = jf F(x,y)dxdy = jd szF(x,y) dx dy Fig.2a
: : c Jx
U F(x,y)dA = ﬂ F(x,y) dy dx —jbf:F(x,y) dy dx Fig.2b
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Figure 2

C- Finding Limits of Integration in cartesian form

Using Vertical Cross-Sections

(b)

When faced with evaluating || fR f(x,y) dA, integrating first with respect to y and then

with respect to x, do the following three steps:

1- Sketch. Sketch the region of integration and label the bounding curves. (Figure 3 a).

2- Find the y-limits of integration. Imagine a vertical line L cutting through R in the

3- Find the x-limits of integration. Choose x-limits that include all the vertical lines

through R. The integral shown here (see Figure 3 ¢) is

direction of increasing y. Mark the y-values where L enters and leaves. These are the

y-limits of integration and are usually functions of x (instead of constants) (Figure 3
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Figure 3

e Using Horizontal Cross-Sections
To evaluate the same double integral as an iterated integral with the order of integration
reversed, use horizontal lines instead of vertical lines in Steps 2 and 3 (see Figure 4). The

integral is

I pVI—y?
// fx,y)dA = / / f(x,y) dxdy.
0 J1-y
2 \
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Figure 4

d- Polar form

Ty 02=92(r)

ﬂ F(r,@)dAzf f F(r,0) rdodr
T 0

R

1 1=91(1)

r2=9,(0)
F(r,0) rdr df

or
y F(r,0) dAzf:er

1=91(0)

Figure 5




e- Finding Limits of Integration in polar form

The procedure for finding limits of integration in rectangular coordinates also works for

polar coordinates. To evaluate j];?f(r, 0) dA over a region R in polar coordinates,

integrating first with respect to r and then with respect to 8, take the following steps.

1- Sketch. Sketch the region and label the bounding curves.

2- Find the r-limits of integration. Imagine a ray L from the origin cutting through R in
the direction of increasing r. Mark the r-values where L enters and leaves R. These
are the r-limits of integration. They usually depend on the angle u that L makes with
the positive x-axis.

3- Find the 8-limits of integration. Find the smallest and largest 8-values that bound R.

These are the 6-limits of integration (see figure 6). The polar iterated integral is

=2

O=m/2 pr
//f(f‘- 0) dA _/ / f(r, 0)rdrdo.
2 o=m/4 Jr="2csco

r=1+4cos#t

N /2 1+cos@
X ] / f(r.0)rdrdb.
TT;'*E ]
7 Y/
7 R— Enters Leaves at
2 at r=1+cosf
r=1

Figure 6

f- Chanqge of variables




Let x = x (w,v),y =y (u,v) then the formula for a change of variables in double

integrals from x, yto u, v is

g F(x,y) dy dx = jj PG ),y o) [3o

|du dv

that is, the integrand is expressed in terms of u and v, and dx, dy is replaced by du dv
times

the absolute value of the Jacobian.

Jdx Ox
d(x,y)| _|ou 0dv _a_xa_y_a_xa_y

)= ‘a(u,v) B dy dy| Oudv 0v du
ou Jv

For double integral transformation from the cartesian coordinates to polar coordinates

ordinates as follows:
Since x=rcosf , y=rsiné

using the Jacobian matrix, we find that

.19 y)
)= 3w, v)

cosf —rsinf

=1((cos8)? + (sinB)?) =r

sin 8 rcos 6
Then

x2 ry2 2 62
f F(x,y)dydxzj f F(r,0) rdr do
6

x1 Jy1 r1 Jo1

g- Triple integral

If f (X, Y, 2) is a function defined on a closed bounded region D in space, such as the
region occupied by a solid ball or a lump of clay, then the integral of f over D may be

defined in the following way.




x=b V=02(x) z=f2(x,y)

<=1 [ | reoniaas

D x=a y=g,(x) z=f1(x,y)

h- Surface area

Let f (X, y) be a differentiable function. As we have seen, z=f(X, y) defines a surface in x
y z-space. In some applications, it necessary to know the surface area of the surface above

some region R in the xy-plane. See the figure.
Z=(xy)

s= [ e (O (2 aya
B (ax) (ay) yax

R

Figure 7



https://math.oregonstate.edu/home/programs/undergrad/CalculusQuestStudyGuides/vcalc/multvar/multvar.html#surface

Examples
1. Double integral

a- Cartesian form

1- Find the limits of the following integral

Yy e X y=tanx
31 Yy=Nx | y=1

' |
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, |
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4 el
@ [ [ ayax ® [, [ dydx
I\'

f3f9 1 ptan Cy
o J2dxdy Jn jﬂ dx dy

(e) ﬁ]ljf 21'ldj,r'cj.!v;

o fraxay+ [ avay
O ) favaxs [} foavar O [ ayax

[} v Jo s v U

2- Evaluate the following

3 2
1 1 22
a—jj(1+8xy)dydx b-Lfo(l_";”)dxdy

01

c- f:fol(x?y—ny) dydx  d- f‘z‘j;'(sinxqtcosy) dx dy

e- [[ (snx +cosv)dA bounded by the area in fig.8
S

f- f[ xv2dA bounded by the area in fig.9
R

g- ff (x —3y)dA bounded by the area in fig.10
T

h- ,[/dA' bounded by the area in fig.11
R

I- [/ dA. bounded by the area in fig.12
R

10
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y=2x or x= ;—_v

y= 1y orxs= 2y
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y=3-xorx=3-y

11



Figure 12

Solution
32 3 y2 2
a- [ [(1+8xy)dydx = [ (y +8x2)| dx
H y )dy !y )
3
= [{i+12x}dx
0
12"2 ’
— + Sl
e 2)0

=(B3+6(9)-(0)=(B3+54)=57

b- fol fol(l— xf;yf)ddeZL'[

”
I
oL
I
|><
]
=
e
Q.
‘<

c- L3f02(x2y — 2xy) dydx = j: [% — xy2] (; dx = j:(4x — 2x?) dx

- [2x2—2T"”]3=0

0

d- f j:, (sinx + cosy) dxdy = f’ [—cosx + xcosy], dy:

2

e- ff (snx +cosv)dA4
s
,?E',-'IE ?II."IZ
= f f (smnx +cosy)dy dx
0 0
ﬂ.'.-"lz y=r ..'"2
= f dx (.1‘51'111' + sin jr)
0
/2
f< s
= f (— sinx + ]) dx
0 2

x/2
(-3 cosx +3)
= | ——_— Q05X .
2

y=0

I"I.'+R'
=—+—-=n.
2 2
CI - -

1Z
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b(1—(x/a))
/f(\‘—31)dA f d‘c/ (x —3y)dy
3 5 y=b(1—(x/a))
:/0 dx (.\) —5,\ )

y=4

- '[:I.\/_ldydx+/ [ 1dydx
=1 [YI‘/;dx+/ [yl‘f»dx

=/ (Vx +x) dx+/ (v/x— x+2)dx



b- Poalr form

1- Find the limits of the following integral

1 y=Vi-2 | ™
—t— r=1 _ /4
\/ //— \ // 7
[ N
\ T
6=/ 16=0 ) W - e
i I/ = LY = 4 cos 20
—1 0 ’ -
4
(a) (b)

w/4 pV4cos20
b- / / rdr do

T |
a- f / rdrdb ‘
o Jo 0 0

2- Evaluate the following

/2 pb6escd |
a‘fu f) 2 cos @ drdé

(

c- W/4f:\/§secgrdrd9 d- L“f:eg 1 rdrdf

o- [ [T 2 in 6 ar a6

/6 scf
e- [[ xdA bounded by area shown in fig.13
S
f- [f vdA bounded by area shown in fig.14
C
g- ﬂ dA bounded by area shown in fig.15
A

14



\ - r=14-cosf

‘i” /4 >~/Z ,
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e

Figure 13

Figure 15

Solution

T/

/2 Gesch n/2
fT f r? cos 6 drdf = 72 f/4 cot 6 csc? 0 df

= —36 [cot? 0]} = 36

w/4

/4 2secd /4
_L]; J; ﬂsin@drd@:%ﬁ) tan(:?seCQQdQ:

T \/Eﬁec n
L HLW Hrdrd@ — L/f(%seczﬁ — Zesc?6) df
= [stan @ + jcotf] " T=2-3

fﬂm,]:::se ardrdd = f; [ ')1-. MSQ d9 f cos 60 — 8 sec” 6)) do

m/ T
[ 0+ —sm29—lta 6’] 4:E




/4 V2
e-ffdizzf f rcosOrdrdb
S 0 secH

/4
f cosO(Z\/f — sec> 0) do
0

/4

rsmérdrdb

sin@(1 + cosf)>dd Let u =1+ cosh
du = —sinf do

2

2 42
U
wdu = —
0 12

0

4
3

3n/4 2sin f 3n/4
L fc rdrd@:%L/4 (4 sin? § — csc? 0) db

scf

= 1 [20 —sin20 +cot 4], =5

c- Change of variables

Evaluate the following integrals in polar form

// (x% + ¥2) dx dy
- / / vdydx
0Jo
2 y
f/ dx dy
V2JVa—y?

16



1 ViE i
& > dv d
/"/—\/W(l + x2 +y2)2 Yy dx

1 pV2-2?
e- f / (x + 2v)dy dx
0 Jx

[
S

where s is the area bounded in fig.16

g- fj (x2+1%)d4 where T is the area bounded in fig.17
T

1,' A
y=+3x
x2 +y2=a2
S
x/3
a b
Figure 17

y=Xx

| I."I"1'

(1,1)

=
r=sec

Figure 16
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Solution

ff (x2 + ¥2) dx dy

flx,y)=x*+y2=r? , dxdy=rdrdd

92=% =2
f/ (x2 +y?) =f j r? rdrdf b
6,=0 Yr;=0
[
~ Jo,=o

N

ry=2 /2 4 2
J r3 drd6 —f —
1 =0 0 4

72
drdo =4 | dg=2n
2 px
Jyes
0oJo

0

0:54

fx,y)=y=rsinf , dxdy=rdrdf

Lzﬁxydydx=‘E/“j;zmer?sinﬂdrda 7 ‘

/4
=§fo tan 6 sec? 6 df = 3

18



2y
C'/ dx dy
V2JVa—y?

x2=y , =J4—y2
y2:2 ) }71=\/§
fx,y)=1 , dxdy=rdrdo

Jaf s ayax= [ [ varan

/4 T/
— j;/ﬁ (2csc20 — 2) d6 = [—2 cotf — 16] 7.

-7 _T

—) 5

1 pV1-22 )
d- dx
/—J_mﬂ + x? +y2)2dy

yZ=\11_x2 ) y1=—\/1—x2

x2:1 , x1=—1

’ = 2 dxdy = rdrd@

(1+x2+y2)_(1+r2) ) xay =rar

f f\/lé (l+x2+y2)2 dydx_

N R e

1+P

de_zf 40 =

19



1 pV2-2?
e- / / (x + 2y)dy dx
0 Jx

x2=1 ) x1=0

Y2 =2 —x? r Y1 =X

(x +2y)=r(cosf + 2sinb)
dxdy = rdrd6

folfxﬂ (x + 2y) dy dx —fT/’f

(rcos@ + 2rsin#) r drdf

—f”/j [ costEH—2r sm(?]\/_de :f/4 (2‘fcost9+4‘[sm9) do

= [2‘/_ sinf — ‘/_cost'?r/2 =

/4

214 V3)
3

n/3 a
f—/ (x+,1')dA=f dH/ (r cos@ + r sinf)r dr
S 0 0

n/3 a
=/ (cos @ + sinf) dO / 2 dr
0 0

n/3

I
/_\wla

(smH —cosf)

0

1 7(/4
= Z/ sect 0 do
0

4

—_—

\/g 1 a
242

/4 sect
h-[ (x2+1v?)dA4 =[ do f 3 dr
T 0 0

(ﬁ+ )a’
6

1 T/4
= —/ (1 +tan’0)sec>0dh Let u = tanb
0

du = sec20db



d- Triple integral

Evaluate the following integrals:

1 pl opl V2 a3y 82—y
a- f / f (x? + v* + 22) dz dy dx b- / / ] dz dx dy
0Jo Jo 0 0 Jx2+3y?
2 VAR poray w/6 1 03
c- / f [ dz dx dy d- ysin zdxdy dz
0 J-Va—y 0 0 G </ -2
1 pl1—22 pd—x2—y
e- / / / X dz dv dx
0oJo 3

Solution
o [0 2yt dzdyax = [ [ (2 4y + 1) dyax
= [+ ax=1
f fqy‘];i:yjy dzdxdy = Lﬁﬁ3y(8 92 4}’2) dx dy

Va NG
— fo [8x — — 4xy ] dy = fo (24y — 18y® — 12y?) dy
= [12y? - %y‘l] 2 24-30=—6

ff fmy dZdXdY—ff P 2(2X—I—y)dxdy

21




= [ e il ay= [Ta—y e ey
_l (4_y)°/4J0=z(4)d/z_%

d- fmff ysmzdxdydz—fﬁmf Sy sinz dydz

- % j; sinzdz = 5(2_4\/3)

e- j;]fol_xzf:_xz_yx dzdydx = j:j;l_xzx(l —x* —y) dydx

=f]x[l—x — 3 ( XQ)]dx=Ll%x(l—x2)2dx

[ ha-e] -

(=]

e- Surface area

Find the area of the following surfaces:
a- Z=f(x,y) =6 —3x—2y lies in the region shown in fig. 18
b- Z =x?+y? lies in the region shown in fig. 19

N

Figure 18 Figure 19

Solution
a- Z=6-—3x—2y
of of
S 3 ) S )
0x dy




=] -+ w

, —3x+3 )
3
=j J J(E3)2+(=2)2+1 dydx=\/ﬁj<—§x+3)dx
0o 0 0
3 2
S=\/ﬁ<—1x2+3x> = 3V/14
0
b- Z = x? + y?2
6f_2 af_z
ax _ F dy y
S e () (2 an
B <6x> (ay)
R
=ﬂ \/1+4X2+4y2dA r? =x?+ y?
R
2m 3 227r 33 21
=ffr\/1+4r2drd8=ﬁ [1+ 4r2]2 d0=18jd9=36n
0 0 0 0 0

23



