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1. Seguences
A sequence can be thought of as a list of numbers written in a definite order:

ai,a,, as, ... Ay

The number a, is called the first term, a, is the second term, and in general a,, is the nth
term. We will deal exclusively with infinite sequences and so each term will have a
SUCCESSOr ap 1.

Notice that for every positive integer n there is a corresponding number a, and so a
sequence can be defined as a function whose domain is the set of positive integers. But we
usually write a, instead of the function notation f(n) for the value of the function at the
number.

Definition:
The sequence {a,, a, as, .. .} is also denoted by
{a.} or {an}n=1

I Convergence and divergence

Sometimes the numbers in a sequence approach a single value as the index n increases.

This happens in the sequence.
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Definition:
The sequence {an} converges to the number L if for every positive number P there
corresponds an integer N such that for all n,

n>N = la, — L| < e.

If no such number L exists, we say that {a,} diverges.
If {a,} converges to L, we write lim,— a, = L, or simply a, — L, and
call L the limit of the sequence

. Limit properties of the sequences

Let {a,} and {b,} be sequences of real numbers, and let A and B
be real numbers. The following rules hold if lim,_,~a, = A and lim,_,~b, = B.

1. Sum Rule: lim, ,~(a, + b,) = A + B

2. Difference Rule: lim, ,~(a, — b,) = A — B

3. Constant Multiple Rule: lim,_oo(k*b,) = k+B (any number k)
4. Product Rule: lim, ,~(a,*b,) = A*B

5. Quotient Rule: 1im,,ﬂ%: =% B #0

2. Infinite series

If we try to add the terms of an infinite sequence {a,},_, We get an expression of the

form
a.+a3+a3+--‘+a,,+-

which is called an infinite series (or just a series) and is denoted, for short, by the symbol

o0
Y an or Y a,
n=1

Definition:




DEFINITIONS  Given a sequence of numbers {a,}, an expression of the form
a+ay+ay+ - +a,+

is an infinite series. The number a, is the nth term of the series. The sequence {s, }
defined by
51 = 4y

s =a, + a

n
S, =a) +a, +--- +a,= Zak
k=1
is the sequence of partial sums of the series, the number s, being the nth partial
sum. If the sequence of partial sums converges to a limit L, we say that the series
converges and that its sum is L. In this case, we also write
(o o]
i ol Trse el S weR S 2a,,=L.
n=1
If the sequence of partial sums of the series does not converge, we say that the

series diverges.

Properties of series aljebra

If = a, and = b, are convergent series, then so are the series = ca,
(where ¢ is a constant), = (a, + b,). and = (a, — b,), and

oo

() X ca,=c Y, a, (i) D (an+ by) = D an + X by
n=1 n=1 n=1 n=1 n=1

o0 o0

(iii) X (@0 — b)) = X an— 2, b,
n=1

n=1 n=1

i Integral test

Let {a,,} be a sequence of positive terms. Suppose that a,, = f(x) , where f is continuous,

positive, decreasing function of x for all x > N (N a positive integer). If:

[00]

(00
f f(x) dx isconvergantthen the Z a, is also convergant
N
n=N




ii. The Ratio Test

The Ratio Test measures the rate of growth (or decline) of a series by examining the ratio

a,.1/a,. For a geometric series Y, ar™, this rate is a constant and the ar™*!/ar™ = r. series
converges if and only if its ratio is less than 1 in absolute value. The Ratio Test is a powerful
rule extending that result.

Let ): a,, be any series and suppose that:

A+
a,

Iim

n—>00

Then
1. The series converges absolutely if p < 1.
2. The series diverges if p > 1 or p is infinite.

3. Thetestis inconclusive if p = 1.

. Geometric series

Geometric series are series of the form

at+ar+arr+--- +ar"'+..- = Yar"!
n=1

in which a and r are fixed real numbers and ¢ # 0. The series can also be written as
00 ‘ s .
2a=oar”". The ratio r can be positive, as in

The sum of geometric series is defined as:

a(l —r")
Sp = ————
| —r
Definition:
The geometric series
ar"'=a+ar+ar’*+ ---
n=1
is convergent if |r| < 1 and its sum is
- a
¥ = |r] <1
n=1 L= §

If | r| = 1, the geometric series is divergent.



Iv. Power series

We begin with the formal definition, which specifies the notation and terminology used
for

POWer series.

Definition:

A power series about x = 0 is a series of the form

D e =&+ EE B+ -+ BX A (1)
n=0

A power series about x = a is a series of the form

o0

o —df=sgteli— G t+tek—aF + -~ togl—aP+--— @
n=0
in which the center a and the coefficients ¢, ¢|, ¢, . . ., C,. - - . are constants.

Radius of convergence of power series

A power series Y.® ¢, x* will converge only for certain values of x. For instance, Y5, x*
converges for —1 < x < 1. In general, there is always an interval (-R, R) in which a power
series converges, and the number R is called the radius of convergence (while the interval
itself is called the interval of convergence). The quantity R is called the radius of
convergence because, in the case of a power series with complex coefficients, the values of x
with |x| < R form an open disk with radius R.

To find the radius of convergance we follow the steps:

1. Use the ratio test and evaluate the limit and but the ratio < 1

A+
a,

Iim
n —00

:p-

2. Solve the inequality to find the interval of x.

3. Test the endpoint value of the interval for convergance.



http://mathworld.wolfram.com/PowerSeries.html
http://mathworld.wolfram.com/PowerSeries.html
http://mathworld.wolfram.com/PowerSeries.html
http://mathworld.wolfram.com/OpenDisk.html




Examples

1. Seguences
I.  Find the first four terms of the following sequences:

n+1 6 ),

a-{ n } o (3L o {—‘”}

n=1

Solution
n 1 2 3 4 n
a- a,= — ==,
n+1 2 3 45 n+1

b- as=+vn—3,n=3 {01\/5\/5 ..... \/11—3....}

Ii.  Determine whether the sequence converges or diverges. If it converges, find the limit

n+(—=1)y 1 —12n
a-a, =2+ (0.1 b- a, = —F5— C- a4, = 75,
g = L=57 R . I e
"+ 8 " +S5n+6 n n—1
1 —n
I Sl
I a 70 — 4n?
Solution

a- lim 24 (0.1)" =2 = converges
n— oo

n+(=1)"

. . —_m
p- lim "2 — gim 14+ 5L =1 = converges
n— oo n n— oo n
: 1-2n _ q; (1)-2 _ =2 _ _
- alim 5 = lim (555 = lim, 5= —1 = converges
1
d- 1 1 —5n’ li at) 72 5
Jim =g = lim T = => converges
T n+3  _ n+3 _ _ |3 1 _
¢ nleoo n’+5n+6 nll>m:>c (n+3)(n+2) nll;rnoc n+2 0 = converges




. 2_19 - - . .
o lim el =y @=D0=D iy (n—1) =00 = diverges
n— 00 n—1 n — 0o n—1 n— 00
1i 1—n’ 1 (ﬁ) -n di
g- n Lmoo 70—4n — p Lmoo m = 00 = diverges
2

2. Infinite series

I.  Integral test
Use the Integral Test to determine if the following series is convergent or divergent.

o0 1 o0 l (s ] 1 o0 .
- 4 b_ - d_ 2n
| ,;nz ,,Zm‘ + : ,;" +4 ;e
-~ n
> n”+ 4

n=1

Solution
a- f(x) = ;'I is positive, continuous, and decreasing for x > I:

X b b
I 1 f 1 T 1
~[1 ;ng—blex ];ng—b]me [ x]l

X o0
lim (—t+1)=1= fl 1 dx converges = Y & converges

n=1

b- f(x) = x’]ﬁ 1s positive, continuous, and decreasing for x > 1
Tolodx = i " Aodx= lim [ltan~'3|
X = lim x=_ lim |stan™" %
»[‘l X2+4 b — o0 1 X2+4 b— o [2 2]]
= lim (%tan"'% — —ta '%) =7 %tan"%

b— >

f —»— dx converges = Z —2— converges
n=1

c- f(x) = Xl 7 18 positive, continuous, and decreasing for x > I:




X b b
fl L dx:b]l'mDC lx+4dx— lgnx [ln|x+4|]l

= lim (In|b+ 4| —1n}5)

b— oo

=0 =

~ =2x * s . 5
d- f(x) = e™"* is positive, continuous, and decreasing for x > 1:

diverges
n=1

X b b
f e Xdx = lim e X dx = lim [—%e‘z"]

1 b— oo YI b— o0 “ 1
— 1 l Ly _ 1
= lim (-5 +0) = 22

e- f(x) = 7 is positive and continuous for x > 1, f'(x)
%) = (4—4)7 < 0 for x > 2, thus f is decreasing for x > 3;
X . b . 1 o b
3 x2+4 dx = b]l>m:>c 3 X2+ bll)mx [fln(x +4)]3

= lim_ (3In(b? + 4) — JIn(13)) = oo

=~ f 274X diverges = Z i diverges

n=3

:>Z“_ —s+ 2 4 Z—z—dlver es

ii. Ratio test
Use the Ratio Test to determine if each series converges absolutely or diverges

- 2"t n + 2 —
a. ’; ] b. E 4)n C. 2(—])»‘1 d.z on

Solution

%.;lr>0f0ralln21
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lim | =5 | = lim ( =553
n— 00 —5=T n— 00 = =

= lim(525) = lim(3) =3 <1

n—oo

Hn-+1
= ) —=T converges
=1

b- 2—:>0f0ralln21

(n+ 134
nm(%;): nngf.g)

n—oo an n—oo

4 3 2
— T n*+4n°+6n"+4n+11Y\_ 1 1 3 1
nll)l‘l!.lo( 4n? )_ nllglo(4 titwte
= Z 4,, converges
(n+1)42
C- “+“ >O0foralln>1; lim | —=3 )
n—oo 3
= lim (&3 . 3) = lim(2t3) = 1im (1) =
H,o( w3 ayz) = Jlim (§%%) = lim (3)
“ converoes
n—l
_ . an‘] _ . 3]’1‘] . n:izn
d n]lymgo g nll>mgo (n+ 1)32n+l 3n

= lim L5 =2>1

n—oo (m+1)Y3 \2

" fvere
2 o diverges

3. Geometric series

11



Show if the following geometric series converge or diverge and find the sum if they

converge:
o o Rt N
P - 2% ¢ g
(5 1 — [2"+!
3 (3 3) -3 (%)
Solution
-— (— 1) _ -1 _
2 T r = 2 a=1

since |r| <1 = the sum of the series converges to :

a ﬂ
T—r " T @ S
o0
1 _1 _

b- ;47 r=- a=1

since |r| <1 = the sum of the series converges to :

Sum = 2 _ ! =§ for n = (0, )

4

Since n =2 then

© 1 _ 1 1 1

,;4" 40 41 12

<, gD -1 B
c- 2(—1) g r=- a=>5

since |r| <1 = the sum of the series converges to :

__a _ 5 —
S R e R
o0
5 1
-5 3)
n=

12



5 1 3 17
Sum=S5;+S, = — —10—-2 =214
RS0 T T-0) 2 =2
o0 2n+1 2 _
since |r| <1 = the sum of the series converges to :
—r
1-3

4. Power series

Find the radius and interval of comvergance of the following power series:

o0 00
00 (X _ 2);1 o0 (X _ l)u
a- > x" b-> (x + 5) c- > d-
i;) fz) rg) 10 n=1 \/IE
o0 (x _ 1)”

e_ -
”21 nz 3n
Solution

a- Ratio test

Upi anl

u,

lim <1l = lim <l = xl<l = -l<x<l
n— oo n— oo

xl‘l

Test for endpoints

o0
when x = —1 we have ) (—1)", a divergent
n=1
(o ¢)
“rhnn Y — I A hﬂ‘fﬂ v I a (“\n:lrn'nnl' Cpl";pc

the radius is 1; the interval of convergence is —1 < x < 1

b- Ratio test
dim_ "t <1 s dim [SESE <1 5 x+5] <1 > —6<x< —4

Test for endpoints

o0
> (—=1)", adivergent series
n=1



when x = —6 we have

(o, ¢]
when x = —4 we have ) 1, a divergent series
n=1

the radius is 1; the interval of convergence is —6 < x < —4

c- Ratio test
. un 1 . (x=2)"! 10° |x —2|
n]il»noc <l = imx o oo < = S <

= [x—-2[<10 = -10<x—-2<10 = —8<x< 12

Test for endpoints

when x = —8 we have ) (—1)", a divergent series

n=1

o]
when x = 12 we have ) 1, a divergent series

n=1

the radius is 10; the interval of convergence is —8 < x < 12

d- Ratio test
un x=D™" /n
n]me ! ]1m ST GoTp <1

= [x = 1]/ lim_ <l=|x—-1<1

n+l

= —1l<x—-1<1] = 0<x<?2

Test for endpoints

when x = 0 we have Z — 7 a conditionally convergent series
n—I
when x = 2 we have Z l —~, a divergent series

n=1
the radius is 1; the interval of convergence is 0 < x < 2
e- Ratio test

llnI

lim (x — 1)n+! n2 30

DM |Gyt w—re| <

lim
n— oo

. 2

Test for endpoints

0o (o @]
—3) —D® .
when x = —2 we have ) (.T% = % , an absolutely convergent series
n=1 n=1

14



3"
nZ3n

= HI" an absolutely convergent series.

g |

o0
when X = 4 we have Z
n=1

n=1

the radius is 3; the interval of convergence is =2 < x < 4
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