In terms of vector-matrix equations, we have

0 1 00 0
X M + mg 00 0 X4 1
X | Ml X Ml " (3-22)
X5 0 0 0 1 || x3 0
X4 m Xg 1
- 0 00 —
M | | M
X1
(1 0 0 0
e 2 (3-23)
v 0 0 1 0| x;
X4

Equations (3-22) and (3-23) give a state-space representation of the inverted-pendulum system.
(Note that state-space representation of the system is not unique. There are infinitely many such
representations for this system.)

3-3 MATHEMATICAL MODELING OF ELECTRICAL SYSTEMS

Figure 3-7
Electrical circuit.
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Basic laws governing electrical circuits are Kirchhoff’s current law and voltage law.
Kirchhoff’s current law (node law) states that the algebraic sum of all currents entering and
leaving a node is zero. (This law can also be stated as follows: The sum of currents enter-
ing a node is equal to the sum of currents leaving the same node.) Kirchhoff’s voltage law
(loop law) states that at any given instant the algebraic sum of the voltages around any loop
in an electrical circuit is zero. (This law can also be stated as follows: The sum of the volt-
age drops is equal to the sum of the voltage rises around a loop.) A mathematical model
of an electrical circuit can be obtained by applying one or both of Kirchhoff’s laws to it.

This section first deals with simple electrical circuits and then treats mathematical
modeling of operational amplifier systems.

LRC Circuit. Consider the electrical circuit shown in Figure 3-7. The circuit con-
sists of an inductance L (henry), a resistance R (ohm), and a capacitance C (farad).
Applying Kirchhoff’s voltage law to the system, we obtain the following equations:

di 1
—+ Ri+— [idt=e¢ ~
L o Ri C / idt = e (3-24)
! / | dt (3-25)
— [idt=e _
C o
L R
o 1L AW O
e C=—= €
i
o o
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Figure 3-8
Electrical system.

Equations (3-24) and (3-25) give a mathematical model of the circuit.

A transfer-function model of the circuit can also be obtained as follows: Taking the
Laplace transforms of Equations (3-24) and (3-25), assuming zero initial conditions,
we obtain

LsI(s) + RI(s) + éll(s) = E(s)

11
——1I(s) = E
o 1) = Efs)
If e; is assumed to be the input and e, the output, then the transfer function of this system
is found to be
E,(s) 1

E(s) T LCs + RCs + 1

(3-26)

A state-space model of the system shown in Figure 3—7 may be obtained as follows: First,
note that the differential equation for the system can be obtained from Equation (3-26) as

5 4 R N 1 1
e, + —é,+—e,=—=¢
L’ LC? LC™
Then by defining state variables by
X1 =€,
Xy = éO
and the input and output variables by
u=e
= eo = xl
we obtain
. 0 1 |-~
X1 X1
|:. :| = 1 R + 1 |u
X5 —— —— > —
LC L |~ LC
and —
X1
=1 0
y=1 ]_xz

These two equations give a mathematical model of the system in state space.

Transfer Functions of Cascaded Elements. Many feedback systems have com-
ponents that load each other. Consider the system shown in Figure 3-8. Assume that e;
is the input and e, is the output. The capacitances C; and C, are not charged initially.

R, Ry
o———WW AW O
€ > C] pu— >C2 pu— €,
i 17)
O O
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It will be shown that the second stage of the circuit (R, C, portion) produces a loading
effect on the first stage (R, C, portion). The equations for this system are

L (iy — ip)dt + Ryiy = ¢ (3-27)
Gy
and
1 . . 1 /.
a /(12 - ll)dt + Rzlz + a /l2 dt = 0 (3—28)
1 .
c [udi=e (3-29)

Taking the Laplace transforms of Equations (3-27) through (3-29), respectively, using
zero initial conditions, we obtain

Cis[ll(s) = L(s)] + Rili(s) = E{s) (3-30)
1 1
B = KO+ Rb(s) + 5 1(s) = 0 (3-31)
1
CTsIZ(S) = E,(s) (3-32)

Eliminating /(s) from Equations (3-30) and (3-31) and writing E;(s) in terms of /,(s),
we find the transfer function between E,(s) and E;(s) to be

E,(s) 1

E(s) (R,Cis + 1)(R,Cys + 1) + R, Cys

1
"~ RC RG5> + (R Cy + R,C, + R, Cy)s + 1

(3-33)

The term R, C,s in the denominator of the transfer function represents the interaction
of two simple RC circuits. Since (RlCl + R,C, + R, C2)2 > 4R,C,R,C,, the two roots
of the denominator of Equation (3-33) are real.

The present analysis shows that, if two RC circuits are connected in cascade so
that the output from the first circuit is the input to the second, the overall transfer
function is not the product of 1/(R,C;s + 1) and 1/(R,C,s + 1). The reason for this
is that, when we derive the transfer function for an isolated circuit, we implicitly as-
sume that the output is unloaded. In other words, the load impedance is assumed to
be infinite, which means that no power is being withdrawn at the output. When the sec-
ond circuit is connected to the output of the first, however, a certain amount of power
is withdrawn, and thus the assumption of no loading is violated. Therefore, if the trans-
fer function of this system is obtained under the assumption of no loading, then it is
not valid. The degree of the loading effect determines the amount of modification of
the transfer function.
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Figure 3-9
Electrical circuits.

Complex Impedances. In deriving transfer functions for electrical circuits, we
frequently find it convenient to write the Laplace-transformed equations directly,
without writing the differential equations. Consider the system shown in Figure 3-9(a).
In this system, Z; and Z, represent complex impedances. The complex impedance
Z(s) of a two-terminal circuit is the ratio of E(s), the Laplace transform of the
voltage across the terminals, to /(s), the Laplace transform of the current through
the element, under the assumption that the initial conditions are zero, so that
Z(s) = E(s)/I(s). If the two-terminal element is a resistance R, capacitance C, or
inductance L, then the complex impedance is given by R, 1/Cs, or Ls, respectively. If
complex impedances are connected in series, the total impedance is the sum of the
individual complex impedances.

Remember that the impedance approach is valid only if the initial conditions
involved are all zeros. Since the transfer function requires zero initial conditions, the
impedance approach can be applied to obtain the transfer function of the electrical
circuit. This approach greatly simplifies the derivation of transfer functions of elec-
trical circuits.

Consider the circuit shown in Figure 3-9(b). Assume that the voltages ¢; and e, are
the input and output of the circuit, respectively. Then the transfer function of this
circuit 18

E(s) _ Zs)
E(s)  Z(s) + Zu(s)

For the system shown in Figure 3-7,

1
Z1:LS+R, ZzZF
N

Hence the transfer function E,(s)/E;(s) can be found as follows:

1
E(s) G 1
E(s) 1 LCS
i(s) Ls+R+F LCs” + RCs + 1
s

. . , o Z o)
l 1 l I
—_— —_— —_—
o Z Z, ——o0
€; ZZ €o
4 € J
e O O

(a) (b)
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EXAMPLE 3-7

Consider again the system shown in Figure 3-8. Obtain the transfer function E,(s)/E;(s) by use
of the complex impedance approach. (Capacitors C; and C, are not charged initially.)

The circuit shown in Figure 3-8 can be redrawn as that shown in Figure 3—10(a), which can be
further modified to Figure 3—10(b).

In the system shown in Figure 3-10(b) the current / is divided into two currents /; and /,.
Noting that

L =(Zs+ Z)L, L+L=1

we obtain
Z,+ Z Z
I = It B ’ L = I |
Noting that
YAVARVA
E(s) = Z,1 + 2,1, |:Zl 7, + 7 + 24]
E Z,I LI
o) =2 =5
we obtain
E,(s) _ 2,2,

E(s)  Z(Z,+ Zs + Z,) + Z)(Z5 + Z,)

Substituting Z, = R, Z, = 1/(C1s),Z3 = R,,and Z, = 1/(C2s) into this last equation, we get

11
E,(s) _ Cis Gos
E(s) < 1 1 > 1 ( 1 )
Rl—+R+—|+—(R +—
! Cls 2 Czs C1S 2 CzS
1

"~ RC,R,Cos* + (R,C, + R,C, + RGy)s + 1

which is the same as that given by Equation (3-33).

1 Z +[2
o 7 Zs '} R 2
——O
Eis) Z
Figure 3-10 E{s) Z Z E,(s) Z4
(a) The circuit of Eo(s)
Figure 3-8 shown in
terms of impedances; O O o O
(b) equivalent circuit
diagram. (a) (b)
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Figure 3-22
Mechanical system.

A-3-3.

88

)1 2
z
b k
—a— ™ —wWwW— m —_—u
Q__ Q) Q)
.
Obtain a state-space representation of the system shown in Figure 3-22.
Solution. The system equations are
miyy + by + k(y = y,) = 0
myy, + k(y, = yi) = u
The output variables for this system are y, and y,. Define state variables as
X1 =0
Xy =y
X3 = 0
Xy = Vo
Then we obtain the following equations:
X=X
. 1 . k b k
= —[-by—k(h = »)=——x ——x+ —x
my my my my
XS = X4
1 k k 1
t, = —[—k(y, —y) +u]l=—x; — — x5+ —
X4 mz[ (3> = w) + u] ", Xy m, X3 . u
Hence, the state equation is
0 1 0 0 0
0 I LS T S |V I
)'52 _ my my my 2 0 |4
X3 0 0 0 1 X3 1
Xy i 0 _L 0 Xg ;2
) my |
and the output equation is
X1
251 . 1 0 0 O X
v 00 1 0 X3
Xy

Obtain the transfer function X ,(s)/X;(s) of the mechanical system shown in Figure 3-23(a). Also
obtain the transfer function E,(s)/E;(s) of the electrical system shown in Figure 3-23(b). Show that
these transfer functions of the two systems are of identical form and thus they are analogous systems.
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Figure 3-23
(a) Mechanical
system;

(b) analogous

electrical system.

R,
f b —\WW—

oO—
]|
1
G, R

e €o

Cy T
e} . e}
(a) (b)

Solution. In Figure 3-23(a) we assume that displacements x;, x,,, and y are measured from their
respective steady-state positions. Then the equations of motion for the mechanical system shown
in Figure 3-23(a) are

bl(xi - xo) + kl(xi - xo) = bz(ffo - J’)

box, = ) = kay
By taking the Laplace transforms of these two equations, assuming zero initial conditions, we have

by[sXi(s) — sX,(s)] + k[ Xi(s) — X,(s5)] = by[sX,(s) — sY(s)]
by[sX,(s) — sY(s)] = k, Y (s)

If we eliminate Y () from the last two equations, then we obtain

bys X,(s)
bi[sXi(s) = sX,(s)] + ki[Xi(s) — X,(5)] = bosX,(s) — bps—— -
sz + kZ
or
bys
(bls + kl)Xi(S) = b1S + kl + bzs - bzsm XO(S)
Hence the transfer function X ,(s)/X,(s) can be obtained as
(s+1)(2s+1)
X,(s) _ ky ’ k, ’
Xi(s) - (bl )(bz ) b,
—s+1)—s+1]+—
k* k" k*
For the electrical system shown in Figure 3-23(b), the transfer function E,(s)/E;(s) is found to be
1
R+ —
Ey(s) L Cps
e
l(s) 1 + R] + R
(1/R2) + Czs Cls

(R,Cys + 1)(R,Cys + 1)
(R,Cis + 1)(R,Cys + 1) + RyCys

Example Problems and Solutions 89



A comparison of the transfer functions shows that the systems shown in Figures 3-23(a) and (b)
are analogous.

A-3-5. Obtain the transfer functions E,(s)/E;(s) of the bridged T networks shown in Figures 3-24(a)
and (b).

Solution. The bridged 7 networks shown can both be represented by the network of
Figure 3-25(a), where we used complex impedances. This network may be modified to that shown
in Figure 3-25(b).

In Figure 3-25(b), note that

1] = 12 + 13, 1221 = (Z3 + Z4)13

Figure 3-24
Bridged T networks. () (b)
I
.~ Z
I b
o} = = Z Z3 O
€ 22 o
I
O O
(a)
I I
(o, > > I
‘ Y
L Z
7 % o
Z3
E(s)
Y14
Eo(s)
Figure 3-25 Z,
(a) Bridged T
network in terms of Y Y
complex impedances; o O
(b) equivalent =
network. (b)
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Hence
Z,+ Z, Z

L=—">"—1  L=—"
Pz Zs+ 2, YU Z + Zy+ Z,

Iy

Then the voltages E;(s) and E,(s) can be obtained as
Ef(s) = Z,1, + 2,1,

VAVAR VA }
Zi+ Zy+ Z, !

7+

ZZy+ Zy + Z,) + Z,(Z5 + Z,)
B Z,+ Z, + Z, !

E,(s) = Z31 + 7,1,

237,

=22+ 271
Z\+Zy+ 2z, 0 T

7.7, + Zy(Z, + Z5 + Z,) ;
B Z,+ 7y + Z, !

Hence, the transfer function E,(s)/E;(s) of the network shown in Figure 3-25(a) is obtained as

E,(s) 270+ Z,(Z, + Z5 + Z,)
Ei<s) B ZZ(ZI + Z3 + Z4) + Z]Z3 + Z]Z4

For the bridged T network shown in Figure 3-24(a), substitute

1 1

leR’ 22:a7 Z3:R’ Z4:a
1 2

into Equation (3-38). Then we obtain the transfer function E,(s)/E;(s) to be
1 1
R+ —|R+R+—
E,(s) Cis ( Cys >
Ei(s) 1 (

1 1
R+R+_—|+R+R—
C,s c> C

28 28

B RC,RC,s*> + 2RC,s + 1
RC,RC,s> + (2RC, + RC,)s + 1

Similarly, for the bridged T network shown in Figure 3-24(b), we substitute

1 1

lea, Z, = Ry, Z3:a, Z,= R,

into Equation (3-38). Then the transfer function E,(s)/E;(s) can be obtained as follows:

1 1
——+R | —+—+R
E,(s) Cs Cs ! (Cs Cs 2)
E(s) <1 1 > 11 1
R|l—+—+R|+——+R—
"\cs  Cs 2 Cs Cs 2 Cs

B R,CR,Cs> + 2R,Cs + 1
R,CR,Cs> + (2R,C + R,C)s + 1

Example Problems and Solutions

(3-38)
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B-3-7. Obtain the transfor function E_(s) /E(s) of the elec-

trical circuit shown in Figure 3-36.
R R:
O_WV ‘v‘v‘vAv l O
LA ‘> g L -> C e
A Tl T
o ‘ o)

B-3-8. Consider the electncal circuit shown in Figure 3-37.
Obtain the transfer function F,(5) /f(s) by use of the block
diagram approach.

Ry Ry
O—MTW—'—'O
<, C G LA

DT )
© ‘ Q

Figure 3-37 Electrical circuit.

B-3-9. Derive the transfer function of the electrical circuit
shown in Figure 3-38, Draw a schematic diagram of an
analogous mechanical system.

&

B
O AW

& o

Figure 3-38 Flectrical circuit.



Hence
Xl[’) P2 S by s+ by + ks

TG) ~ (ms*+ bystkitks)(mas® +bz;+ka+£‘5) —ks
From Equaticn (2), we obtain

‘ _3(5) - k:
X ) My S* by sS4+ ks +FK3
Y=6) _ X3 X6 _ ks

TE) T XD U6 (st hs Rtk ) (me s -r—l:zfrh"’ks) "

B~3—?’I‘ The equations for the given circuit are as followw:
@3{+£(:’§’;'__“_’.*f_a_ = e
ﬁg €2+ “L‘f(,:.ﬂt’?“"l" L ( i - d(;) 0
Tfaw =e

Taking the Laplace transforms of these three equations, asstmingzeminitial
conditions; gives

RLE+L[sh) —sh)] =Ec6) (1):
e I.G) + E%Iz(‘? + 4 [J'J;(S)—SL{?)] =0 (2)
Z%:'_IZ(:") =£,6 ‘ (3)

From Equation (2) we obtain
(fz 'F‘C“_.Ls" +£é‘) o) = [.SZ;(.E)

i— £ 5 B — £Cs* L | . | a'
26 LCs*+ RCs+/ 1€) = &) |

Substitubing Equation (4) into Equation (1), we get

Lcs*™ .
.(f’ el 7y )L{S), e

LC(R+R2)s*+ (R RC+L)s+
. LC s* 4+ RCs+ |/
F:mEquatims (3) and (4), we have

Lb') E6) G
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From Equations (5) and (6), we obtain

E.6) _ | Ls
E;6) LCCRi+R2)s*+ (R ReC+/)s+ Ry

B-3-8, Equations for the circuit are

—é:' j(é‘,—z‘z) at + B¢, = e

"éﬁf' f Erioil) 4t +Reds+ c’

o fa‘;dif‘ =0
o =

The Laplace transforms of these three equations, with zero initial mﬁimr...

are
L6 -Le]+ &/ 56 = £ (1)

5 [re-109] + 2 L&t b =0 &

| (3)

| 5 LE = 66
Equation (1) can be rewritten as
&s [ Etr-Rze)] = 1,60~ L6 (4)

Equation (4) gives the block diagram shown in Figure fa). Equation (2) can be
modified to _

o Cas / '
L.6) = i [z60- 1.9] oM

Equation (5) yields the block diagram shown in Figure (b). Also, Equation (3) ;
givasthahlodcﬁagram@mninﬁgu:e (c). Combining the block diagrams of
Figures (a), (b), and (c), 'we obtain Figure (d). This block diagram can be
succesively modified as shown in Figures (e) through (h). In this way, we can
obtain the transfer fmacl;ian Eo(s)/Ei(s) of the given circuit. .
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Ex)

Li5) - Io(s)
(a) Gs pb—>
. Z&
oy 16-L6 B T 7
(b) ol O IO (= 2(5) E6)
es | |\ RGes+l (e) 'c-z%
ér#) L6)-Le
a _ % 4 Ces 2;6'.2_ i E'{S)
o s as [\ Rewsty [ [ 1&=]
R, F
(e) £:6) os il d Cas ] E()
/ as | § ReCest] | |Cos v
Gs
1 & _®' Cos pe
(£) E6) pon Iy A E(9)
ke ! Gs| | |RCst | |as -
Cs
Ry
R! - q‘s- -
(g) 5b5)
&) Eofs)
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- I ' —=-—-
Impedance Zp is Z 2|
z I & H iz’- €
2™ Rﬂ.+ o’-s B Iit -:
: | /
£, - E;__ _ R‘*_cés
E,'ﬁ) ZJ 1‘"23 - £ £
Rl""c,s +~ Kz ﬂ.zS
—. J’a&s +/ _
R+ ) s+ 1+ =

If we change R; to by, Ry to by, C; to 1/k;, Cz to 1/kp, then we obtain

R2025 +] . - bz'k.f-f-/
Rtk Cest/+ 22~ (bth)ts +{ + 4

Xo® - 525_"'*.1. - ba2S t+ks
Xe®)  (brth)stheth,  (hsi,) + (st i

nnanalogousmdmimlsystmis_smm.
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