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The Limits

A limit is the value that a function or sequence "approaches" as the input or index
approaches some value. We say that the limit of f(x) is as x approaches a and write this
aslim,_, f(x) =1L

Proposition

1. If a and ¢ are constants then limc=c
X—a

2. limx=a
A=

Let fi(x) =L, and fo(x) =L, then
3. iiﬂ(fl(x) +fo(x)) =Ly + L,

4. lim(fi(x) = f2(x)) = Ly — L,

5. _Ll_lﬂ(fl(x)fz(x)) = L. L

. (H(x) Ly 1
6. i'ﬂ(fz(x))'ﬂ L, #0

7.1f 1_1_1:[; g(x) = L then J]rl_[’]é flg(x)) =)

Example
e VEVE Vi—3 N 1
. 1m —-— 11T = llm =
3 x=3  x3(Vx-V3)(Vx+vV3) 3(Vx++3) 23
5x% 4+ 3
2.1

xw 7x2 + 2X — 5
Divide top and bottom by x2, then we get

-7k - 5+@3/&H 5
xom TXZ + 2x =5  xoo 7 + (2/X) — (5/x2) 7
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Example: Find the following limits

Lim Y3 i Vx—V3 — lim— = 1

=3 x=3  x3(Vx-V3)(Vx+V3) B (Vx+v3) 23
5x%+3

2. lim

x=0T7x% +2x =5
Divide top and bottom by x?, then we get
, 5x%+3 , 5+ (3/x%) 5
im = lim = —
xswoTx? +2x—5 x-o7+(2/x)—(5/x%) 7

3.
Vit x -2 Vi+x -2 VEi+x +2
lim —————— = lim X
x—0 x x=0 X Vvd 4+ x + 2
) 4+x—4 , X 1
= lim = lim =
x20x\fAd+x +2 0x\4+x +2 4
Derivatives

Rules for finding derivatives

1. Constant Rule The derivative of a constant is always zero. That is if f(x) = c then
f(x) =0.

2. Power Rule The derivative of a power function, f(x) = x™ . Here 7is a number of

any kind: integer, rational, positive, negative, even irrational, as in .. The

derivative is f (x) = na™!

Multiplication by constant: The derivative of cf (x) is cf (x)

Sum Rule: The derivative of f(x) + g(x)isf (x) + g (x)

Difference Rule: The derivative of f(x) — g(x)is f (x) — g (x)

Product Rule: The derivative of the product of two functions is not the product of the

functions' derivatives; rather, it is described by the equation below

d N N
a(f(x) X gx) = f(x) x gx) + f(x) X gx)

S
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7 . Quotient Rule: The derivative of the quotient of two functions is not the quotient
of the functions' derivatives; rather, it is described by the equation below:
d f@x) ., _ g xf® - fx xg®

ax g ) T 92

Example: Find derivatives of the functions

dy
lL.y=2x+3)* = a=4(2x+3)3><2=a(2;:c+3)3

2. y=+/x2+3x = y=(x?+3x)/?

— =—(x*+30) Y (2x +3) = —
dx 2 2Vx?* + 3x
X x*+1x1—-xxX x“+ 1) " Xix
. L dy_ V@ Eixl (1/2)(x2 4+ 1)"1/2 x 2
'}’_1r‘xz+1 dx x2+1
2 2 41— 2
Ve Fl-—Xt_ Xt X
_ Vx2+1 _ Vxi+1 _ 1
x%+1 VxZ+1VxZ +1 VxZ+1

Trigonometric functions

Definitions of trigonometric functions for a right triangle A right triangle is a triangle
with a right angle (90°) For every angle 6 in the triangle, there is the side of the triangle
adjacent to it, the side opposite of it and the hypotenuse such that a?> + b? = ¢?2.

Trigonometric functions of negative angles
sin(—@) = —sin® , cos(—@) =cos@® and tan(—@) = —tan@
Some useful relationships among trigonometric functions
1. sinx+4cos?x=1 , sec’x—tan’x=1 , csc?x—cot’x=1
2. sin2x = 2sinxcosx, cos2x = cos’x —sin?x =1 — 2sin?x = 2cos’x — 1
1 —cos2x 1+ cos2x

3. sin’x = ——— , cos?x = 5
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Derivatives of trigonometric functions

If zis a function .x; the chain rule version of this differentiation rule is

1 (sinw) = du
T sinu —Eusu.dx
2 , du
.—(cosu) = —sinu.—
dx( ) dx
3 (tanw) = ) du
Ix nu) = sec u'dx
du
4.— (cotu) = —csc’u.—
dx(m u) csceu T
¢ o du
—(secu) =secutanu.—
dx( ) dx
6 ( ) = X du
7= CSCU) = — CSCUCO H'E

Example: Find derivatives of the functions

1. y=sin‘x = y=(sinx)? = é:Zsinxcosx:sian

d
2. y=cos(x?) = a}’ = —2xsin(x?)
dy 1 sec?yx
3. =t o —= 2 b =
y = tanvx = = sec Vx NN

4. y =x%*sec3x = d_y = 3x*sec3xtan3x + 2x sec 3x = x sec 3x (2 + 3x tan 3x)
X

d 1
5.y=+Vsin2x = y=(sin2x)"? = % = ?(sin 2x)" 1% x cos2x x 2

Cos 2X

vsin 2x
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Integral

If the function F(x) is an ant derivative of f(x) then the expression F(x) + C where C is
an arbitrary constant, is called the indefinite integral of f(x) and we write

[ fx)dx = F(x) + ¢

The integral of the power function

If u 15 a function of x, then

u?‘l-l-l
1.ju”du= +c:neR, n#+ -1
n+1
du
2.[—=ln|u|+r:
u

Examples

1 1 1 3 2 2 3
1.[#3x+1dx=?I3(3x+l]?—ix=?(3x+ 1)7 x ?+E=E(3I+1]?+C

xdx 1 1
2. T 2 J-Ex(x 3) Vdx > (x*=3)Y*x24c=+xt-34+c

xdx 1
3. f =?]n|xz—3|+c

x2 -3
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The integrals of trigonometric functions

If u is a function of x, then

l.jsinudu=—-::osu+c 2.fcusudu=sinu+c
3.fseczudu=tanu+r: 4.fc5c2udu=—cntu+c
5.j-secutanudu=secu+c ﬁ.[cscumtudu=—cscu+c

?.J.tanudu = —In|cosu| + ¢ = In|secu| + ¢

B.J- cotudu = In|sinu| + ¢ = —In|cscul| + ¢

Example

4.jv1+cn52xdx= f\."E{:ﬂszxdx= jﬁcusxdx=ﬁsinx+c

sin2x
5. | —dx =f 14 cos2x) V%sin2xdx=—vV1+cos2x+¢c
V1 + cos2x ( )

sin 2x 1 2s5in2x

i 1
. 1+'395217dx=? 1+cu52xdx=?ln(1+m52x)+c



