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KARNAUGH MAP

INTRODUCTION:

Karnaugh map, like Boolean algebra is a simplification tool applicable to digital
logic. Maurice Karnaugh, a telecommunication engineer developed the k-map at
Bell labs in 1953 while designing digital logic based telephone switching circuits.
K-map reduces logic functions more quickly and easily compared to Boolean
algebra. By reduce we mean simplify, reducing the number of gates and inputs. K-
map works well for up to six input variables. For more than six variables,

simplification should be done by CAD (Computer Automated Design).

1. KARNAUGH MAPS, TRUTH TABLES AND BOOLEAN EXPRESSION:

Karnaugh map is filled using Gray code. As we have already seen in the
previous lecture, Gray code is a numeration code which is such that, in a given
Gray sequence, each number differs from the next or the previous number only
with one bit. In order to know how to generate a Gray sequence of number,
please go back to the binary code lecture which treated the matter of numeration

systems and codes.

2.TRANSFERRING THE CONTENT OF A TRUTH TABLE INTO A K-
MAP:;
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Let us consider the following truth table:

A B X
0 0 0
0 1 1
1 0 0
1 1 1

X
B
0 0 | 1|
1 )
4
Side

The logic states of the output are written in the table according to the combination
of the input variable A and B. Each location of the table corresponds to one logic
state of the output. So we have four locations here because we have four output
combinations according to our truth table. The logic states of the inputs A and B

are filled using Gray code.

To determine the simplified Boolean expression of the output, we should follow

the following steps:
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. Look for adjacent cells; that is above or to the side of a cell. Diagonal cells

are not adjacent.
. Circle the two adjacent ones.

. Find the variables top and/or side which are the same for the group. It is the
variable B in our case. It means that, as we can notice, for the group of ones, the

variables B remains unchanged and equal to 1. Write this as the Boolean result.

. Ignore variables which are not the same for the cell group. In our case, A
varies. It is both 1 and 0. So A should be ignored; it cannot be written as Boolean

result.
. Ignore any variable not associated with cells containing ones.

. Then the Boolean expression of the output is: X = B
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Exercise 1:

For each of the following truth table, write the Boolean expression of the

output using k-maps.

A B X A B X
0 0 1 0 0 0
0 1 1 0 1 1
1 0 0 1 0 1
1 1 0 1 1 1
A B X A B X
0 0 1 0 0 1
0 1 0 0 1 1
1 0 1 1 0 0
1 1 1 1 1 1

REMARK 1: HOW TO DETERMINE THE BOOLEAN EXPRESSION OF A
GATE CIRCUIT.

. Write the Boolean expression of the output using SOP method;
. Transfer the product terms to the k-map;

. Form groups of adjacent cells;
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. Deduce simplified Boolean expression of the output.
. Draw the simplified logic circuit.
Example 1:

Let us determine the simplified Boolean expression of the following circuit using k-
map.
A B

Y | Y

—
B
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¢ Using the SOP method, the Boolean expression of the output can be written
as follow:

X =AB + AB

e The expression can then be transfer in a k-map:

0 1
0 0 E]
1 [ o

e |tis not possible to form groups of adjacent ones. The two ones of the k-

map are isolated.
¢ No simplification is therefore possible. The Boolean expression should be
left as it is.
X=AB+A4AB=A®B
This is not a simplified expression. This ‘simplification’ is just intended to
make a schematic diagram look nicer. In fact, exclusive-or function is a

combination of other functions.
3.LOGIC SIMPLIFICATION WITH KARNAUGH MAP:

Boolean simplification that we have done above could be achieved with
Boolean algebra quickly. Real world logic simplification problems call for
larger k- maps so that we may do serious work. We will now develop tools that

we need for more complex application in combinatory logic.
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3.1 GENERAL METHOD

These are the steps which should be followed for the simplification of a

Boolean expression using Karnaugh mapping.
. Draw the k-map filling the ones and the zeros in the corresponding cells;

. Observe with attention the k-map and detect the ones which are isolated:

those are the ones that are not adjacent to another one. Circle them.

. Find the ones which are adjacent only to one another one. Circle them to

form groups of two ones.

. Find groups one eight ones which are adjacent and circle them, even if

among them there are ones belonging already to a group of two ones.

. Find groups of four adjacent ones and circle them. Among the four ones
there should be at least one which has not yet been grouped.

. Then deduce the simplified Boolean expression.

The following sizes of k-map will be used.
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X
w
AB 00 01 11 10

X BC 00

b3 00 01 1k 10 01

0 11

1 10

K-map for 3 Boolean input variables K-map for four Boolean input variables

As we have already said, the input logic states are filled using Gray code, so for
instance, if we have two variables A and B, the Gray sequence will be:
00,01,11,10 (a binary sequence would have been 00,01,10,11!).

3.3. K-MAP FOR THREE INPUT BOOLEAN VARIABLES:

Let us consider the following three variables Boolean expression.
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X =ABC+ABC

This expression can be transferred in a k-map as follow:

The simplified Boolean expression of the output can therefore be determined.

X =A4B

Example 2:

Let us simplify the following Boolean expression using k-map.

X =ABC+ABC+ABC+ABC+A4B.C+ ABC
The first step consists of filling the k-map.

BC_ -
E\ou 01 1110

1o [ o [ [+

After grouping the ones, we can now deduce the simplified expression of the

output:

X=4+C
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K-map for four input Boolean variables:
Let us consider the following Boolean expression:

X=A4BCD+ABCD+ ABCD + ABCD + ABCD + ABCD + ABCD

This expression can be transferred in the k-map as follows:

X
s
AB 00 01 11 10
00 0 |[[1
01 0 | 0 [|1
11 (1 1 1 1)
10 0 | 0 [[1]0

The simplified Boolean expression of the output can therefore be deduced:

X =4AB+CD



