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Lecture (8)

Matrices

1. Linearly Dependent & Linearly Independent Vectors
The vectors V1, V, Vs, ....., Vi are linearly dependent if and only if [V, V2, V3
Vo Vi ... Vp|# 0 thenVy, Vi, Vs, .... Vm are linearly independent.

Example 1

V,=@36,-1),V,=(82,-4),V; =(1,-1,1)

3 8 1
. I N T TR 6 2
ince _61 _24 =3 |_4 1 | 8|—1 1 |+1|_1 —4|

32-4)—-8(6-1)+(-24+2)=—-6-40—-22=—68 %0
Then Vi, V,, V3 are linearly independent

V1= (2,4,6), V2(1,3,3), V3=(1,2,3)

Since =2§ §|—1g §|+1|g g

2 1 1
4 3 2
6 3 3
=209-6)—(12—-12)+(12-18)=6—-0—-6=0

Then Vy, Vo, V3 are linearly dependent

2. Linearly Dependent & Linearly Independent Functions

. Val=0. If Vi

If v1,¥2,¥3,.....ym are functions of x then yi,y.,ys,.....ym are linearly dependent if

W(Y1,Y2,Y3s. - -...ym)= 0 Where
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V1 Y2 e Ym

!

WY1, Y2, V3s eee oY) = V4 . Yoo V'
yl(‘m—l) yz(‘m—l) ym(m_l)

If Wy, ¥2,¥3,......ym) # 0 then y1,¥,,ys,.....,ym are linearly independent

Example: 1) y; = e¥,y, = x?
x 2
w(y1,¥2) = |Zx )26x| = 2xe* — x%e* =xe*(2—x) # 0

So y; and y; are linearly independent
2) y, = 4e*,y, = 2e*

X Zex

w(y1,y2) = |i§x 2ex| = 8e?* — 8e?* =0 Soy; and y, are linearly dependent

Gauss Elimination Method
The system of linear equations is denoted by
AX = B where A is a matrix, X and B are vectors
This system is solved by using the Gauss elimination method as shown below.
Example:
The system
X, —2%x, =3

4‘x1 +6x2 = 5

b ) =[]
So, by using the Gauss elimination method as follows:
[+ 1

4R, — R, — [(1) __124 3] - [(1) __124] [2] = [g] - x;—2x,=3,—14x, =7

Can be written as

1 1
—14x2=7—>x2=—§—>x1=2<—5)+3=2

.. 2
The solution is [_1/2]




Matrix Inverse
We can use the Gauss elimination method to find the inverse of a matrix, we know that a matrix

A and its inverse A~ must satisfy the equation A x A1 = I (identity matrix). The following

example illustrates the procedure.

Example: Find A~ 1 if

2 1
a=7 4
Solution
2 111 o1 1 1 1/211/2 0
[1 4lo 1]_’2R1_’[1 4| 0 1]
1 1/211/2 0] 2 1 1/21 1/2 0
RZ_Rl*[o 7721-172 1] 7 7R 7|0 1 |—1/7 2/7
4 1
1 1007 7 4 [4/7 =177
fimgke =g 1|_1 2 |7 =y 2
7 7

Note: The matrix A has an inverse if |[A| # 0

Eigen Values & Eigen Vectors

Let A be an n X n matrix, a real or complex number A is called an Eigen value of A if det(A-
AD= 0 and with [A- Al]x= 0 then x is called an Eigen vector with respect to A where 1 is the
identity matrix.

Example: Find the Eigen values and Eigen vectors of A if

1 -1 O
g A=[1 2] was[) ] HA=|o0 1 1]
0 0 -1
Sol.: a) To find Eigen values, we have det(A — AI) = 0 then
A—Al = |1_‘1’1 _22—/1| —0 5 (1-AD)(=2-D)4+2=0>-2-A1421+2+2=0

> A2+ 2=0->11+1)=0-2,=0, 1, =-1
To find the Eigen vectors, we have [A — AI]X =0

=0 1 3]0

X1 +2x, =0 - x; = —2x,

Letx, =1 - x; = —2 — The Eigen vector for 1, =0is [_12]

Fori, = —1 - [_21 _21] [2] =0

ﬁ




2x1 +2x, =0 - 2x1 = —2x; > X1 = —Xp

Letx, =1 - x; =—1 - The Eigen vector for A, = —11is [_1]

1

b) To find Eigen values, we have det(A-Al)= 0 then

1-4

A-al=| 5 13,1|

:0—)

- 12-21-5=0 -

—B +VBZ—4AC _ +2+ 4+ 20

(1-2)2=6=0>1-21+22—-6=0

=1+V6

24

M=1+v6, 1, =1- /6

2

To find the Eigen vectors,we have [A — AI]X =0

Forl, =1+ V6 - [_;/8 _3/8“2]=0

—V6x;+3x, =0 > —V6x; =—=3x, > x1 =

3

— X
\/EZ

3

3 -

Letx, =1 - x; = —= — The Eigen vector for A, =1+ V6 is [\/g]
1

V6
_ NG 3]x1_
For i, =1 \/E—>[2 \/g[xz]‘o
-3
Véex; +3x,=0 - V6x;=-3x, > x; =— x
1 2 1 2 1 NG 2

-3
_3 R
Letx, =1 - x;, = — — The Eigen vector for A, =1 -6 is [\/g]

V6

1

c) To find Eigen values, we have det(A-Al)= 0 then

A—Al =

0 0 -1

1-4 -1 0
0 1-4 1
-2

=0 _)(1_’1)|16/1 —11—/1|+1|8 —11—/1| =0

- —(1-D?A+1)=0->-(1-224+2)A+D)->-(A-1DA-D)1+1) =0

_2.1+1:0_)11:1, _AZ

+1:0_)12:1, _1_1320_)13:_1

- A4=1 A, =1 andA;=-1

To find the Eigen vectors,we have [A— AI]1X =0

0O -1 0
FOI’ Al,Z =1- 0 0 1
0O 0 =2

The Eigen vector for 4,, = 1is

X1
X21=0 , —x,=0, x3=0,—-2x3=0
X3
a
0
0

Each choice of a gives us an Eigen vector associated with A=1

]




2 -1 01
For/13=—1—>[0 2 1”xz]=0

0 0 O0llx3
21— %, =0 5 2x;1 =%, 2 2x,+x3=0 > 2x, = —x3
Letx; =1 - x, =2 - x3=—4

1
The Eigen vector for 1; = —1is [ 2 ]
-4
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Example 13. Solve the equation % -3 % +2x=2e3 giventhatt=0,x =5, % _ 7

2
Sol:.(s?x" —sxo— x;) —3(sx' —x)+2x" = —

2
s?2x'—55s—7—3sx'"+15+2x' = —

2
x'(s?=3s+2)—55+8= —
s—3

X' (s—1(s—-2)= %+55—8
2+55(s—3)—8(s—3)

x'(s—1D(s-2)=

s—3
, 5s%2—23s+26
X T G-3)G-DG-2)
5s2 — 235 + 26 A B C

(S—l)(s—Z)(s—B): s—1+ s—2 s—3

552—235+26=A4(s—2)(s—=3)+B(s—1)(s—=3)+c(s—1)(s —2)
552—235+26=A(s>—35s—25+6)+B(s>?—3s—5+3)+C(s?—25s—s+2)
552 —23s5s+ 26 = As?> —5A4s + 6A + Bs? —4Bs + 3B + Cs? — 3Cs + 2C

552 =As*+Bs*4+Cs*?—>A+B+C=5 ST |
—23s = —54s —4Bs — 3Cs
—23=-54—-4B-3C . 2

i

S




26 =6A+3B+2C PG |

(A+B+C=5)x-2
6A+ 3B+ 2C =26

—2A—-2B—-2C =-10
6A + 3B + 2C = 26

16 — B

4A+B =16 >4A=16-B >A=——...... 1
16 — B 16 — B + 4B 16 + 3B

A+B+C=5 - +B+C=5>————+(=5>—\—+C=5
4+§B+C=5—>C=1—ZB ....... 2

16 — 3
—23=—5A—4B—3c—>—23=—5( 7 )—43—3(1—13)

—5x16 + 5B 9

—23= 4 —4B—3+ZB

23 +3=-20+ > 5 4B+ 2B 20=-20+ 25 _4p 0= 25

— = — —B — —B - — = — —B — 0= —B -
4 4 4 4

B = 0subin 1&2




