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Lecture (2)

Examplel. Find the Fourier series of the function

-1 for—-n<x<-m/2
f(x)=4 0 for —Z<x<m/2
1 for m/2<x<m
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2.1. Ordinary Differential Equations

There are two types of second ordinary differential equations : homogenous and non-

homogenous.

A second-order ODE can be written

y'+2ay'+by=1f(X) . 1

The distinctive feature of this equation is that it is linear in y and its derivatives,
whereas the function f on the right may be any given functions of x. If the equation
begins with, f(x)y" , then divide to have the standard form (1) with as the first term.

If f(x)=0 then ODE is called homogeneous such as:
y'H2ay'+by=0 2

If f(x)# 0 then ODE is called nonhomogeneous such as Eq.1

2.1.1. Ordinary Differential Equation (homogeneous)
The nature of the solutions of ODE depends on the nature of the roots. There are three
cases to consider:

1) Roots real and equals ri=r, ,y=ce™ + coxe™

2) Roots real but not equal r#r, ,y=cie™+ ce™

3) Complex or imaginary r=a+if , y=e*[A cospx+ B sinfx]

Example 2: Solve the ODE, y"+y'-2y=0
Sol.
D?+D-2=0
r2+r-2=0
(r+2)(r-1)=0
r=-2,r=1— > y=ce

rix

+0o8™” > y= cre P Hce"

Example 3: solve the ODE  y"+2y'+2y=0

Sol. D+2D+2%0
r*+2r+2=0
~BVE?AAC _ 24P 40@) _ 4 4 .
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y= e [A cos(x)+ B sin(x)]




2.1.2. Ordinary Differential Equation (nonhomogeneous)

The solution of nonhomogeneous ordinary differential equation (second order) is
Ytota= Yc tYp

to find y. value (solution of the left side of equation)

to find y, value (solution of the right side of equation)

Example 4. find the solution of ODE , y"-y'= 2 sinx
Sol.

Ytotal=Yc+Yp

Yo => D%D=0-> r’-r=0-> r(r-1)=0 = r=0, r=1
ye= cre™+ce® > ye= c1e + cpe”

Yp= A sinx+ B cosx = y'p= Ac0sx- B sinx = y,"- -A sinx- B cosx
y"-y'=2 sinx

(-A sinx- B cosx)-(A cosx-B sinx)= 2sinx

-A sinx+Bsinx= 2 sinx —>-A+B=2 ...... 1

-B cox — A cosx=0— A=-Bsubin (1)— 2B=2
B=1, A=-1

Yp= - SiNX +COSX

Y total= (C160+Czex)+ (- sinx+ cosx)

Example 5. Find the solution of ODE, 2y"-11y'+12y=3x-2
Sol. Yiotal = Yt Yp
Yo —> 2D*11D+12=0

2r*-11r+12=0

(2r-3)(r-4)=0, r1=3/2, r,=4
Vo= Cle3/2x +¢, o
Yp= AX+B —> Y= A > yp'=
2(0)-11(A)+12 (Ax+B)= 3x-2
-11 A+12 Ax+12 B=3x-2
-11A+12B=2 ... (1)
12Ax=3x = A=3/12=1/4 sub in (1)

-11*1/4+12B= -2 —> B= 1/16
Vo= 1/4 x+1/16
Viotal = C1 €72 +ce™+ 1/4 x+1/16




Example 6. Find the solution of ODE, y"-6y'+9y= e**
Sol.

Yiotal = Yet Yp

y. —> D%6D+9=0

r2-6r+9=0

(r-3)(r-3)=0, r;=3, r,=3

ye= cie¥+coxe™

yp= Ax%e¥, y',= Ax? 3e¥ + 2Axe™, y"',= (9AX’e*+6Axe™)+ (6Axe™+ 2Ae™)
yp'= (OAX%e™+ 12 Axe™+ 2Ae®)

(9AX%e¥+ 12 Axe™+ 2Ae®) — 6 (Ax? 3e® + 2Axe®) + 9 (Ax%e¥)= ¥

2Ae* =¥ A=1/2

yp=1/2 x* e

V= Cie¥+exe®™+ 1/2 x% ¥

2.2. Application of Fourier Series to solve Ordinary Differential Equations (ODES)

Example 7. Calculate the solution of equation

1 for 0<x<m
y"+50y=f(x) where f(x)=<<0 for x =0, mto2m with f(x)= f(x+2m) for all x
-1 for m<x<2m

Sol.
y'+50y =0
D?+50=0

r*+50=0, r’= -50, r= +iv/50
y.= A cosv50 x+ B sin v/50x

Y= (%)

ac= 121 [T 1dx + [[" —1dx,a=0
a=0

b= 1/n f: 1.sinnx + fnzn—l.sin nx

b= 1/m [-1/n cos nx] 7+ [+1/n cosnx]*"
b= 4/nn

f(x)= a.+ X.1° a,, cosnx + b, sinnx
4
f(x)=X7 —sinnx

Yp= 21 4/nmsinnx —> y,= Y7° C. sinnx




Y= 2P n.C.cosnx —> y",=- Y n? C.sinnx
y"+50y = f(x)

Y n?.C.sinnx + 50 Y C.sinnx = Z‘fisinnx
C[-n® + 50]= 4/nTT

C= 4/[-n*+50].nTT

4
—_ [oe] :

- ———.Sinnx
Yo X1 [-n2+50]nm

Y= Yctyp
yi= A cos V50 + B sin v/50+ Y°{4/[-n? + 50].nm} . sinnx

Homework
1) Solve the following Ordinary Differential Equations (ODES)
a) 3y"+4y-4=0
b) 3y"-6y+3=0
c) y"+3y+5=0
d) y"+6y'+10y=0
e) y"+2k%y'+ky=0

2) Construct the Fourier series over the interval -2 <x <2 for the function

(2 —-2<x<0
f(X)‘{x 0<x<?2

3) Compute the Fourier series for f(x) = x* over the interval -t<x <m




