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Lecture (1)

Fourier Series

Fourier series: The Fourier series formula gives an expansion of a periodic function f(x) in terms of an
infinite sum of sines and cosines . It is used to decompose any periodic function or periodic signal into the

sum of a set of simple oscillating functions, namely sines and cosines.
e The two types of Fourier series formulas are Trigonometric series and exponential series formula.
Fourier series Formula:
[ee]
y=fx) = a- + Z(a“ cosnx + b, sinnx)
n=1

f(x) = a-+ a; cosx + a, cos2x + -+ ...+ a, cosnx + b; sinx + b, sin2x + -+ .... +b, sinnx

Fourier Series Coefficients:
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Ao = Ef f(x)dx
0
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an = — j f(x)cosnx dx
0

1 27T
b, = Ef f(x)sinnx dx
0

To find Fourier Series Coefficients

y=f(x)= a+ a; cosx + a, cos2x + -+ ...+ a, cosnx + b;sinx + b, sin2x + -+ ...+ b, sinnx

f(x) =a-+ Z a, cosnx + b, sinnx

n=1
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1)jf(x)= J. a-dx + f a; cosxdx+---.....+fan cosnx dx
0 0 0 0
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+ f b; sinx dx + -+ ...+ f b, sinnx dx
0 0
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j f(x)dx = a- [2n] = a- = % f f(x)dx

2m 2n 21 2n
2) Jy f(x)cosnxdx = [ a-cosnx dx + ay [, cosx cosnx dx + [, a; cos2x cosnx dx + -+
21 2w, 2w,
fo a, cosnx cosnx dx + by fo sinx cosnx dx + b, | o, Sin2x cosnx dx +

2w,
et by [ sinnx cosnx dx
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an = — j f(x)cosnx dx
0

2w 21 2 2m
f f(x) sinnx dx = f a. sinnx dx + f a, sinnx cosnx dx + f a, cos2x sinnx dx + +-- ... ...
0 0 0 0
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+ a, f cosnx sinnx dx + b, f sinx sinnx dx + bzf sin2x sinnx dx + -+ ...
0 0 0
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+ b, ] sinnx sinnx dx
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b, = EJ f(x) sinnx dx
0

Fourier series: Even & Odd Functions

e If f(x)=f(-x) for all x (Even Function)
e If —f(X)=f(-x) for all x (Odd Function)

e For all odd function

L
ff(x)dx =0
-L

e For all Even function
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ff(x)dx=2 ff(x)dx

Also: Odd function* Odd function = Even function
Even function* Even function = Even function
Odd function * Even function = Odd function

e |f the function is an even then

L L L
1 p 2 mtxd b_l _mrxd b =0
ao_L—ff(x) x ,an—sz(X)cosT x o, n_ZJf(x)SlnT x, by =
0 0 —L

e |f the function is an Odd function then
L 0
2 nmx nmx
b, = —ff(x)sin— dx ,a, =0, f(x)= ansin—
L L L
0 n=1
Complex Form of Fourier series

T T [o0)
1 1 . .
= - —inx — inx
C. = 27Tjdx , Cn, o jf(x)e dx , f(x) z C, e
0 -7

n=—oo
Half Range Fourier Series

Odd and Even Functions law use to solve the examples of Half range Fourier series
Examplel: Find the Fourier series representing f(x) =x 0<x<2m

Sol.;

f(x) = a-+ aycosx + a, cos2x + - ... ... + by sinx + b, sin2x

1 2w _ 1 x_22n—_
a°_zf0 f(x)dx—m[z]o—ﬂ
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1 § 1 4 1 sinnx cosnx\12m
a, = ;ff(x)cosnxdxz ;f x cosnx dx = ;[(x - —1)*(— — ) 0
0 0
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, 1J.” (st 4 1f g 1[(
= — e — —_— - k —
n= f(x)sinnx dx — | xsinxdx = —|(x
0 0

cosnx sinnx\12n
) (-2

n n2 0

_ 1 [—271 cosZnn] -2

T n n
1 1

X = n—2[sinx+ > sin2x + 3 sin3x + --- ]

Example 2 : Find the Fourier series expansion of the periodic function of period —2m defined by

x if T ex<Z
2 2
fix) = T 3m
m—x If 7 <X <>
Sol.:
Ao
f(x) = ?+ a, cosx + a, cos2x + -+ ...... + by sinx + b, sin2x
/2 3m/2
_1f d+1f( )d—l x? n/2+1 x?\ 3m/2
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an = — ] x cosnx dx + - j (m — x)cosnx dx
-1/2 /2
1 sinnx —cosnx| m/2 1 sinnx — cosnx\13m/2
- — — — — (-1 —=
= T ]—n/2+n[(n 2 n ( )( n? )]n/Z
1 sian cosmT sinnn cosnn 1 sin3nn S3n7r sinnn cosmT
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b, = p- J x sinnx dx + p- j (m — x)sinnx dx = ;f x sinnx dx + p- J (m — x)sinnx dx
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21 ,—cosnx — sinnx n/2 — cosnx — sinnx\13m/2
—;_x( n )_1*( n? )] —[(n—x) )_(_1)( n? )] /2
2 cos nr sin nr 1 cos 3nm sin 3nm cos ne sin nr
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1 cosnn sin il cos—3n sm—gnn
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1 3 nm 3nn]
= sin > sin 5
) = 4 [sinx sin3x N sin5x ]
fx)= | 32 o7
Example 3: Obtain the complex form of the Fourier series of the function
_ (0 —m<x<0
f@= {3 0<x<m

Sol.;
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