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Lecture Two: The Derivative

Definition: The derivative of the function y = f(x) with respect to the variable x is the
function y  or f (x)whose value at X is

. h) —
g = i EH I

Provided this limit exists.

Example: Use definition to find%ify = f(x) = x8

Sol:

d . f(x+h)-f ) f(x+h)3-x3

dx h-o0 h h—0 h
) 34+3x%h+3h%x+h3-x3

= lim ===  wmmmp 1im(3x? + 3xh + h?) =3x2
h-0 h h-0

Differentiation Rules:
1-Derivative of a constant function.

If y=f(x)=c where cis constant then,

Example: f(x) =1 then Z—z =f(x)=0
2-Power rule for positive integers:

If n is a positive integer, and y = f(x) = x™ ;then
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Example: y = f(x) = x3
Sol: f(x)—al—y—Bx2

) T dx
3-Derivative constant multiple rule:

If u is a differentiable function of X f(x) = c u(x), and c is a constant,
then

y Y. 4
— = f(x) = ci(x)
X
Example: f(x) = 5x® then % =6*5x =30x

4-Derivative Product rule:

If u and v are differentiable at x, then so is their product uv, and

d( )= dv+ du
dx Y T T Vax

Example: Find the derivative of y = (x2 + 8x)(x3 — 1)

Sol:
Z—z = (x? +8x).3x2+ (x> —1).(2x + 8)
5-Derivative quotient rule:

If u and v are differentiable at x and if v(x) # 0, then the quotient% IS

differentiable at x, and
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t—t2

Example: Find the derivative of y =—

Sol:

i(t—tz) _(t+4).(1-20)-(t-tH)1  (t+4)(1-28)—(t—t?)]
dx \t+4/) (t+4)2 a (t+4)2

Derivative Rules:

I General formulas Trigonometric functions
i

i . . . - . , o B
1) Er’  }={{The derivarive of a constant function is zero.) |J (1} Hﬁs‘m x)=cos x

(2) %{x)=l('ﬂ:: derivative of the identity finction is 1.) (2) ;—Iq"cas x)=-sinx
(3%{{.‘?”} =¢% {Constant Multiple) [ (3) %{rm” x)= sec’x
(4) —feot x)= -cse'x
de
4) —(:.r +v )=_+E (Sum Rulc) (5) ﬁ{ﬁrec x)= sec x e x
]
du_dv . G) E{’m‘c xl=-c5c x cot x
() _f’f-' e dx dx {Difference Rulg)
Chain rule
du ) Let & = gix) and =)
(G —f‘m#) —H— _|_~|,, {Product Rule) Then, v = f (1) = F(g(x))

=gl ¥ g'x
feyis frd ar

Pl
(?}—(! = M provided that v # 0 {Quotient Rule) dy _ dy,du
d.’.l:‘ vt dax cdu dg

£ o ay .
{S} (j) provided that x £ 0 Where — s evaluated
o } {x’“) ' (Power Rule) at #= gfx)
— — -
Example:

_vz.r“+%.r ~5x4+1 - =S¥+ :n(h 'j—

dx dx

d i d

4 B
:3x~-|-§>fr-2x—5+0:3x2+5x—5
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Example:

= i2+1 we apply the quotient with = x? —land v = x% + 1

dy (x*+1)#2x—(x* -1 +2x 2x°+2x—2x" +2x

dx (x2 + 1)2 (x2 + 1)2
4x
Example
y = (3x% +1)?
=238x*+ 1)L (3+«2x*"1+0)=2(3x*+ 1) « 6x
=36x3+12x

Example: Find z—i’ of the following functions y = sin(x? + 2x — 5)

Sol:

Z—z= cos(x?+2x—5).2x + 2 = (2x + 2) cos(x? + 2x — 5)
Example y = tan (2x) cos(x? + 1)
Sol:

dy

— = —tan (2x) sin (x? + 1).2x + cos(x? + 1) sec?(2x) .2

— = —2xtan (2x) sin (x? + 1).+2 cos(x? + 1) sec?(2x)

Second and Higher- Order Derivatives:

If f(x) isagiven function then

d ;
d_ic] = f(x) is first derivaive of y.
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dzy z ; ..
-3 = f(x) is second derivaive of y .

dx3 f(x) is third derivative of y. And so on...

Then, in general = f*(x) =

Higher Derivatives: [ Distance . Velocity and Acceleration :
If y=f(x) ,then Time : -1

First denvative: v, fx), —';_ Distance s()

Qv Velocity - v(t)

I
Second denvative: y", /"(x), 2

d’y Acceleration - a(t)

(L] L}
Third denvative: y™, f""(x) , T3
ﬂ‘ Piy.

th denvative: v ", ff
n v fx) gy

: = (x2 2 fing® a’y
Example: If y = (x* +2x+ 3)* ,find ™ and .
Sol:

L=y =2.(x*+2x +3)(2x +2)

52 = 2[(x? + 2x +3).2 + (2x + 2). (2x + 2)]

2
52 = 4(x? + 2x+3) +2(2x +2)?.

Example: A body moves along a straight line according to the law s——;rj—.?r
. Determine its velocity and acceleration at the end of 2 seconds.

Solution
ds 3

=85 37 2_3 2 o qgm v _ =1 % m
dtzrz z-24f3,adt Jr=3%2=06"Y¢
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Chain rule:

If yisafunctionof x,say y = f(x), and x is a function of t, say x = g(t)

then y is a function of t:

dy dy dx

dt ~ dx " dt
This formula is called chain rule.
Example: If y =x3 — x2+5and x = 2t* + t,find% att = 1.
Sol:
2= 2 2= (3x% - 2x0) (4 + 1)
att=1-x=2)1+1=3

L (3%32-2%3)(4+1+1) =105

at

Example

Example | ify=u-land u=2x,
dy
find —.
dx

dy _dy du
— ==L 2= 32 * 2 = 6(2x)>=24x
dx du dx

Implicit Differentiation:

Most of the functions we have dealt with so far have been described by an

equation of the form y = f(x) that expresses y explicitly in terms of the
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variable X. We have learned rules for differentiating functions defined in

this way.
Example: Find Z—i’ for the equation y? + x3 —9xy =0
Sol:
ay 2 _ 4y — o 2_9x® _gy =
2y 24327 — (9 L+ 9y) = 0> 2y L+ 3x2 - 9x 2 — 9y = 0

2y%—9x%= 9y — 3x? —>Z—z(2y—9x) = 9y — 3x?

dy _ 9y—3x2
dx 2y—9x
Example: y? =*—
Sol:
dy (+1D.1-(x-1).1 x+1-x+1_ 2
Ydx ~ (x —1)2 T (x=12 (x—-1)2
dy 2 1

dx  2y(x—-1)2  y(x—-1)2
Application of Differentiation

Indeterminate Forms and Hopital’s Rule:
Suppose that f(a) = g(a) = 0 , that f(a), §(a) exist, and that g(a) # 0

Then;

_f) _f@
=gt g@

Example: Using Hospital’s Rule and find the following:
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3x—sinx 3—cosx
) x—0 x 1 x=0
1
2y tm it 2zvarT) 1
x—0 X 1 2
x=0
RS St N O
) I T ol , "%
. x3-1 3x? 3
4) 911_1;111 4x3-x-3  12x2-1ly—q 11
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H.W

d?y d3y
dx?’ dx3

1. If y=2x3—4x>+6x—75 ,findZ—Z and
2. Use implicit differentiation to find dy/dx for xcos (2x + 3)y sinx
3. Use implicit differentiation x?+y2.25=0
4. find % y=6u-9 , u=x'2
5. y = sin? (xz + x—lz)

d

6. If y =tan3(sin2x), find é
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