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1 
:  

 

Lecture Two: The Derivative 

 

Definition: The derivative of the function 𝑦 = 𝑓(𝑥) with respect to the variable x is the 

function 𝑦 ′ or 𝑓́(𝑥)whose value at x is 

𝒇́(𝒙𝟎) = 𝐥𝐢𝐦
𝒉→𝟎

𝒇(𝒙 + 𝒉) − 𝒇(𝒙)

𝒉
 

Provided this limit exists. 

Example: Use definition to find 
𝑑𝑦

𝑑𝑥
 if 𝑦 =  𝑓(𝑥)  =  𝑥3 

Sol: 

 
𝑑𝑦

𝑑𝑥
 = lim

ℎ→0

f(x+h)−f(x)

ℎ
                               lim  

ℎ→0

f(x+h)3−x3

ℎ
       

= lim
ℎ→0

x3+3x2h+3h2x+h3−x3

ℎ
                         lim

ℎ→0
(3x2 + 3xh + h2) =3x2 

Differentiation Rules: 

1-Derivative of a constant function. 

 If   𝒚 = 𝒇(𝒙) = 𝒄   𝑤ℎ𝑒𝑟𝑒 𝑐 𝑖𝑠 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑡ℎ𝑒𝑛,  

  
𝒅𝒚

𝒅𝒙
= 𝒇́(𝒙) = 𝟎 

 

 Example:  𝑓(𝑥) = 1      𝑡ℎ𝑒𝑛    
𝑑𝑦

𝑑𝑥
= 𝑓́(𝑥) = 0 

2-Power rule for positive integers: 

  If n is a positive integer, and   𝒚 = 𝒇(𝒙) = 𝒙𝒏  ;then  
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𝒇́(𝒙) =
𝒅𝒚

𝒅𝒙
= 𝒏 𝒙𝒏−𝟏 

Example: 𝑦 = 𝑓(𝑥) = 𝑥3     

Sol:                   𝑓́(𝑥) =
𝑑𝑦

𝑑𝑥
= 3 𝑥2 

3-Derivative constant multiple rule: 

 If u is a differentiable function of x   𝑓(𝑥) = 𝑐 𝑢(𝑥), and c is a constant, 

then       

 𝒅𝒚

𝒅𝒙
= 𝒇́(𝒙) = 𝒄𝒖́(𝒙) 

 Example: 𝑓(𝑥) = 5𝑥6     𝑡ℎ𝑒𝑛 
 𝑑𝑦

𝑑𝑥
= 6 ∗ 5 𝑥 = 30𝑥 

4-Derivative Product rule: 

If u and v are differentiable at x, then so is their product 𝑢𝑣, and 

𝒅

𝒅𝒙
(𝒖𝒗) = 𝒖

𝒅𝒗

𝒅𝒙
+ 𝒗

𝒅𝒖

𝒅𝒙
 

Example: Find the derivative of 𝑦 = (𝑥2 + 8𝑥)(𝑥3 − 1) 

Sol: 

       
𝑑𝑦

𝑑𝑥
= (𝑥2 + 8𝑥). 3𝑥2 + (𝑥3 − 1). (2𝑥 + 8) 

5-Derivative quotient rule: 

If u and v are differentiable at x and if  𝑣(𝑥) ≠ 0,  then the quotient 
𝑢

𝑣
  is 

differentiable at x, and 

5
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𝒅

𝒅𝒙
(

𝒖

𝒗
) =

𝒗
𝒅𝒖
𝒅𝒙

 −  𝒖
𝒅𝒗
 𝒅𝒙

𝒗𝟐
 

                                

Example: Find the derivative of     𝑦 =
𝑡−𝑡2

𝑡+4
 

Sol: 

   
𝑑

(
𝑡−𝑡2

𝑡+4
) =

(𝑡+4).(1−2𝑡)−(𝑡−𝑡2).1

(𝑡+4)2
=

(𝑡+4)(1−2𝑡)−(𝑡−𝑡2)]

(𝑡+4)2
 

Derivative Rules: 

 

 

 

 

 

 

 

 

 

 

 

 

Example:    

 

 

 

 

dt
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Example:  

 

 

 

Example  

 

 

 

 

Example: Find  
𝑑𝑦

𝑑𝑥
  of the following functions 𝑦 = sin(𝑥2 + 2𝑥 − 5) 

Sol: 

      
𝑑𝑦

= cos(𝑥2 + 2𝑥 − 5) . 2𝑥 + 2 = (2𝑥 + 2) cos(𝑥2 + 2𝑥 − 5) 

 

Example    𝑦 = 𝑡𝑎𝑛 (2𝑥) cos(𝑥2 + 1) 

     Sol: 

         
𝑑𝑦

= −tan (2𝑥) sin (𝑥2 + 1). 2x + cos(𝑥2 + 1) sec2(2𝑥) . 2  

𝑑𝑦
= −2x tan (2x) sin (𝑥2 + 1). +2 cos(𝑥2 + 1) sec2(2𝑥)  

Second and Higher- Order Derivatives: 

If  𝑓(𝑥) is a given function then 

𝑑𝑦

𝑑𝑥
= 𝑓́(𝑥)  𝑖𝑠  𝑓𝑖𝑟𝑠𝑡 𝑑𝑒𝑟𝑖𝑣𝑎𝑖𝑣𝑒 𝑜𝑓 𝑦 . 

dx

dx

dx
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𝑑2𝑦

𝑑𝑥2
= 𝑓́́(𝑥)  𝑖𝑠 𝑠𝑒𝑐𝑜𝑛𝑑 𝑑𝑒𝑟𝑖𝑣𝑎𝑖𝑣𝑒 𝑜𝑓 𝑦 . 

𝑑3𝑦

𝑑𝑥3
= 𝑓́́

́
(𝑥)𝑖𝑠 𝑡ℎ𝑖𝑟𝑑 𝑑𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒 𝑜𝑓 𝑦. And so on… 

Then, in general:  
𝒅𝒏𝒚

𝒅𝒙𝒏
= 𝒇𝒏(𝒙) = 𝒚𝒏 

 

 

 

Example: If  𝑦 = (𝑥2 + 2𝑥 + 3)2   , 𝑓𝑖𝑛𝑑
𝑑𝑦

𝑑𝑥
 𝑎𝑛𝑑 

𝑑2𝑦

𝑑𝑥2
 

Sol: 

        
 𝑑𝑦

𝑑𝑥
= 𝑦 ́ = 2 . (𝑥2 + 2𝑥 + 3)(2𝑥 + 2) 

        
𝑑2𝑦

𝑑𝑥2
= 2 [(𝑥2 + 2𝑥 + 3). 2 + (2𝑥 + 2). (2𝑥 + 2)]   

        
𝑑2𝑦

𝑑𝑥2
= 4(𝑥2 + 2𝑥 + 3)  + 2(2𝑥 + 2)2 . 

 

2
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Example  

 

 

Chain rule: 

If  𝑦 is a function of 𝑥 , say  𝑦 = 𝑓(𝑥), and 𝑥 is a function of t, say 𝑥 = 𝑔(𝑡) 

then 𝑦 is a function of t:   

𝒅𝒚

𝒅𝒕
=

𝒅𝒚

𝒅𝒙
 .

𝒅𝒙

𝒅𝒕
 

This formula is called chain rule.  

Example: If  𝑦 = 𝑥3 − 𝑥2 + 5 𝑎𝑛𝑑 𝑥 = 2𝑡2 + 𝑡 , 𝑓𝑖𝑛𝑑
𝑑𝑦

𝑑𝑡
 𝑎𝑡 𝑡 = 1. 

Sol: 

      
𝑑𝑦

𝑑𝑡
=

𝑑𝑦

𝑑𝑥
.

𝑑𝑥

𝑑𝑡
= (3𝑥2 − 2𝑥)(4𝑡 + 1) 

      𝑎𝑡 𝑡 = 1 → 𝑥 = (2)12 + 1 = 3 

𝑑𝑦

𝑑𝑡
= (3 ∗ 32 − 2 ∗ 3)(4 ∗ 1 + 1) = 105         

 

 

 

 

 

Implicit Differentiation: 

Most of the functions we have dealt with so far have been described by an 

equation of the form  𝑦 = 𝑓(𝑥)  that  expresses y explicitly in terms of the 

Example  
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variable x.  We have learned rules for differentiating functions defined in 

this way.   

Example: Find  
𝑑𝑦

𝑑𝑥
  for the equation   𝑦2 + 𝑥3 − 9𝑥𝑦 = 0 

Sol:  

       2𝑦
𝑑𝑦

𝑑𝑥
+ 3𝑥2 − (9𝑥

𝑑𝑦

𝑑𝑥
+ 9𝑦) = 0 → 2𝑦

𝑑𝑦

𝑑𝑥
+ 3𝑥2 − 9𝑥

𝑑𝑦

𝑑𝑥
− 9𝑦 = 0 

        2𝑦
𝑑𝑦

𝑑𝑥
− 9𝑥

𝑑𝑦

𝑑𝑥
= 9𝑦 − 3𝑥2  →

𝑑𝑦

𝑑𝑥
(2𝑦 − 9𝑥) = 9𝑦 − 3𝑥2 

        
𝑑𝑦

𝑑𝑥
=

9𝑦−3𝑥2

2𝑦−9𝑥
  

Example:  𝑦2 =
𝑥−1

𝑥+1
 

Sol: 

              2𝑦
𝑑𝑦

𝑑𝑥
=  

(𝑥 + 1). 1 − (𝑥 − 1). 1

(𝑥 − 1)2
=

𝑥 + 1 − 𝑥 + 1

(𝑥 − 1)2
=

2

(𝑥 − 1)2
 

 
𝑑𝑦

 𝑑𝑥
=

2

2𝑦(𝑥−1)2 = 
1

𝑦(𝑥−1)2   

Application of Differentiation 

Indeterminate Forms and Hôpital’s Rule: 

Suppose that 𝑓(𝑎) = 𝑔(𝑎) = 0  , that 𝑓́(𝑎), 𝑔́(𝑎)  exist, and that 𝑔́(𝑎)  ≠ 0  

Then; 

𝐥𝐢𝐦
𝒙→𝟎

𝒇(𝒙)

𝒈(𝒙)
=

𝒇́(𝒂)

𝒈́(𝒂)
  

 

Example: Using Hospital’s Rule and find the following: 
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    1)   lim
         𝑥→0

3𝑥−𝑠𝑖𝑛 𝑥

𝑥
=

3−𝑐𝑜𝑠 𝑥 

1
|

𝑥=0
= 2  

2)    lim
     𝑥→0

√𝑥 + 1 − 1

𝑥
=

1

2√𝑥 + 1
 

1
|

𝑥=0

=
1

2
 

3)    lim
     𝑥→2

𝑥 − 2

𝑥2 − 4
=  

1 

2𝑥
|

𝑥=2
=

1

4
  

       4)   lim
         𝑥→1

𝑥3−1

4𝑥3−𝑥−3
=

3𝑥2  

12𝑥2−1
|

𝑥=1
=

3

11
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H.W 

1. If  𝑦 = 2𝑥3 − 4𝑥2 + 6𝑥 − 5  , 𝑓𝑖𝑛𝑑
𝑑𝑦

𝑑𝑥
 𝑎𝑛𝑑 

𝑑2𝑦

𝑑𝑥2
,

𝑑3𝑦

𝑑𝑥3
 

2. Use implicit differentiation to find 𝑑𝑦/𝑑𝑥 for 𝑥𝑐𝑜𝑠 (2𝑥 + 3)𝑦 sin 𝑥 

3. Use implicit differentiation  

4.  find 
dy

dx
  

5. 𝑦 = sin2 (𝑥2 +
1

𝑥2)  

6. If  𝑦 = tan−3(sin 2𝑥), 𝑓𝑖𝑛𝑑  
𝑑𝑦

𝑑𝑥
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