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Properties of the Error function

Differentiating error function equation gives directly

Eerfx & e~ .using this result to integrate erfx ,by parts give

Integration of erf x

Serfx dx = x.erfx — [x =

=
=x.erfx + - e +c, where c is the constant of integration.
S erfx dx,is some times tabulated under the symbol (i erfx) with

=_1 i =
c=—Z;sothatierf0=0.

Another related function which is sometimes tabulated is the
complementary error function (erfc x), this is defined by the equation

2 (o e
erfex=1—erfx =% [Ce dx.

e dx +c

The gamma function I' (x)

This is defined by the integral, I (x) = JJ" t*~le~t dt
set x =x+1, then integrate by parts gives,

Flx+1) = [ t¥etdt = —t%e™t 1§ + x [ t*"le~t dt

r(x+1) =xr'x), (x> 0)

when x =n,and n being a positive integer = 1, we have,
r+1) =nl® =nn— DI —1) = — — ——=n1 (1),

and since I'(1) = f["e~tdt = 1, gives





image4.png
| zheBeto runction(m)

The beta — function BGm.n) is defined by the integral:
BGn,n) = flxm-i(l —xn tdx, for m>0& n>0
it is necessarily symmetric in m and n.BCumd = [} x""1(1 —
M=t dx
Ssince by putting 1 —x = . and du = —dx

in above integral will give the formula ofbeta — function B(n,m)d

BGumd = — f[Sum=1(1 — "~ du = BGmn)

An alternative form of the beta — function, obtained by putting
X =sin?0,and dx=2sin@cos0do, 1 —x = cos?0 ,and
substitute in main eq.of BGn.n) to gec

BGm,n) = f§5in 02n=1 cos 62"~ .2 5in 0 cos 0 dO .

where the limits of integration changed from 0 — 1,t0 0 — % by
putting x = 1,& x = 0,in eq.x = sin® 0,t0 find 0

oz

S0 BGr.m) = 2 f§ sin®™m=1 0 cos*"=10d6.
From which we may derive a reduction formula relating BGm, n)as

BOm,n) = SR LD,

where B(1,1> =1, ana B(3.3) =7
and how to prove that B(1.1) = 1 & 5 (3

any one of the above two relations and it leave it for you to prove it.
the relation between Gamma and Beta functions is :

BGn,n

=7 .is by using

T omany





image5.png
PROBLEM-1: Prove that erf (x)+erf, (x)=1.

SOLUTION: erf(X)=iﬂf “du, erf,(x J'
o 5o (x)zi[fe-usze-fdu}
AN /
- e au = enf ()=
= ﬁ'([e u = er, =

Dr.A.P.Hiwarekar VPKBIET, Baramati  *
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POBLEM-2:

© 1
et 2dt

el
erf (x) = —\/1=]- e”'t 2dt, and erf (oo) =

Prove that erf, (x

erf (o) = \/_'fe"z 2dt =1

't 2dt + —.[e"t_fdt

ff Nf)

We know that 1= erf (x)+erf, (x)

0 1
erf. (x)= %J‘ 't 2dt

o 9
Dr.A.P.Hiwarekar VPKBIET, Baramati  °
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PROBLEM-3: Prove that error function is an odd function.

SOLUTION: Function f (x) is said to be odd if f(-x)=-/(x)

To prove that  erf (-x) = —erf (x)

erf(x)= j”_je‘":du,
0
2 7 r®)
erf(—x):—\/;}[e du, pyut u=-t, du = —dt,

Whenu=0,1=0, Whenu=—x, t=x

erf (-x)= —%;[e":dl = —erf (%)

erf (-x)= —erf(x)°

Dr.A.P.Hiwarekar VPKBIET, Baramati ™
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This function which oceurs in the theary of probability, distribution of residence

times. conduction of heat and diffusion of matter is defined by the integral:

erfCe = Z [ e~ da.

and clearly represents the area under the curve e==*,

Fromz=0toz=1x. E

z is a dummy variable because it only enables the curve to be described and
any variable would do this. The variable z is eliminated by the limits of

integration thus leaving x as the only variable. The factor Z= is introduced

For covenience so that erfeo =1

erfos = S e " dz. orerfes = e[l e~ " dx .

to prove that erfes = 1.take I = f;"e=*" dx, and solve.

1

S et dx L 0 = (e amdE = S e dx [ e dy.
12 = 7 ax J7 o=ty hay = ff,  e~GterDay .

where the region of integration Rey is the whole of the positive quadrant
of the xy — plane.

Now transforming I? to polar coordinates r&0 using the equations

x=7rcos6 . y=rsing .thenthe element of area (dx dydhas to be

replaced by (r dr d0),and x* + y? by .
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