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Example (3): Find the complete solution of the differential equation: 

𝒚́́ + 𝟐 𝒚́ + 𝒚 = 𝒆−𝒙  𝐥𝐧(𝒙) 

Solve: 

𝑦́́ + 2 𝑦́ + 𝑦 = 0 

𝑚2 + 2 𝑚 + 1 = 0      

(𝑚 + 1)(𝑚 + 1) = 0      

∴ 𝑚1 = 𝑚2 = 𝑚 = −1   

𝑦𝑐 = 𝑐1 𝑒𝑚𝑥 + 𝑐2 𝑥 𝑒𝑚 𝑥      → 

𝑦𝑐 = 𝑐1 𝑒−𝑥 + 𝑐2 𝑥 𝑒−𝑥      

𝑌 = 𝑢1 𝑦1 + 𝑢2 𝑦2 = 𝑢1 𝑒−𝑥 + 𝑢2 𝑥 𝑒−𝑥    

𝑦1 = 𝑒−𝑥,   𝑦2 = 𝑥 𝑒−𝑥 , 𝑅(𝑥) = 𝑒−𝑥  ln(𝑥) 

𝑢1  = ∫
−𝑦2

 (𝑦1𝑦́2 − 𝑦́1𝑦2 )
 𝑅(𝑥) 𝑑𝑥 

𝑢1 = ∫
−𝑥 𝑒−𝑥

 (𝑒−𝑥(−𝑥 𝑒−𝑥 + 𝑒−𝑥) − (−𝑒−𝑥)𝑥 𝑒−𝑥 )
 𝑒−𝑥  ln(𝑥) ∙ 𝑑𝑥 

𝑢1 = ∫
−𝑥 𝑒−2𝑥

 −𝑥 𝑒−2𝑥 + 𝑒−2𝑥 + 𝑥 𝑒−2𝑥
  ln(𝑥) ∙ 𝑑𝑥 = ∫ −𝑥 ln(𝑥) ∙ 𝑑𝑥 

∫ −𝑥 ln(𝑥) ∙ 𝑑𝑥 use (𝑢 ∙ 𝑑𝑣) to solve integral 

∫ 𝑢 ∙ 𝑑𝑣 = 𝑢 ∙ 𝑣 − ∫ 𝑣 ∙ 𝑑𝑢   

 𝑙𝑒𝑡  𝑢 = ln(𝑥)       →        𝑑𝑢 =
1

𝑥
 𝑑𝑥   

 𝑑𝑣 = −𝑥 ∙  𝑑𝑥   →      𝑣 = −
𝑥2

2
 

𝑢1 = ∫ −𝑥 ln(𝑥) ∙ 𝑑𝑥 = −
𝑥2

2
 ln(𝑥) − ∫ −

𝑥2

2
∙

1

𝑥
 𝑑𝑥 = −

𝑥2

2
 ln(𝑥) + ∫

𝑥

2
 𝑑𝑥 
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𝑢1 = −
𝑥2

2
 ln(𝑥) +

𝑥2

4
 

𝑢2 = ∫
𝑦1

 (𝑦1𝑦́2 − 𝑦́1𝑦2 )
 𝑅(𝑥) ∙ 𝑑𝑥 

𝑢2 = ∫
𝑒−𝑥

 (𝑒−𝑥(−𝑥 𝑒−𝑥 + 𝑒−𝑥) − (−𝑒−𝑥)𝑥 𝑒−𝑥 )
 𝑒−𝑥  ln(𝑥) ∙ 𝑑𝑥 

𝑢2 = ∫
 𝑒−2𝑥

 −𝑥 𝑒−2𝑥 + 𝑒−2𝑥 + 𝑥 𝑒−2𝑥
  ln(𝑥) ∙ 𝑑𝑥 = ∫ ln(𝑥) ∙ 𝑑𝑥 

∫ ln(𝑥) ∙ 𝑑𝑥 use (𝑢 ∙ 𝑑𝑣) to solve integral 

∫ 𝑢 ∙ 𝑑𝑣 = 𝑢 ∙ 𝑣 − ∫ 𝑣 ∙ 𝑑𝑢   

 𝑙𝑒𝑡  𝑢 = ln(𝑥)       →        𝑑𝑢 =
1

𝑥
 𝑑𝑥   

 𝑑𝑣 = 1 ∙  𝑑𝑥   →      𝑣 = 𝑥 

𝑢2 = ∫ ln(𝑥) ∙ 𝑑𝑥 = 𝑥 ln(𝑥) − ∫ 𝑥 ∙
1

𝑥
 𝑑𝑥 = 𝑥 ln(𝑥) − ∫ 1 𝑑𝑥 

𝑢2 = 𝑥 ln(𝑥) − 𝑥 

∴ 𝑌 = (−
𝑥2

2
 ln(𝑥) +

𝑥2

4
) 𝑒−𝑥 + (𝑥 ln(𝑥) − 𝑥) 𝑥 𝑒−𝑥 

𝑌 = 𝑥2𝑒−𝑥 (
1

2
ln(𝑥) −

3

4
) 

∴ The complete solution:    𝑦 = 𝑐1 𝑒−𝑥 + 𝑐2 𝑥 𝑒−𝑥 + 𝑥2𝑒−𝑥 (
1

2
ln(𝑥) −

3

4
) 

H.W: Find the complete solution of the differential equation: 

𝟏) 𝑦́́ − 2 𝑦́ + 𝑦 = 𝑥3 𝑒𝑥 

𝐀𝐧𝐬: 𝑦 = 𝑐1 𝑒𝑥 + 𝑐2𝑥 𝑒𝑥 +
1

20
𝑥5 𝑒𝑥 

 


